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ON THE DISTRIBUTION FUNCTION OF THE REMAINDER TERM 
OF THE PRIME NUMBER THEOREM.* 


Otto Toeplitz in Memoriam 


By AUREL WINTNER. 


Introduction. The classical result of Littlewood * on the distribution of 
primes, when expressed in terms of the standard function 


y(z) = & log p= & A(n), where — A() (s) 


(o> 1), 
states that, under Riemann’s hypothesis, 
(1) V2) _ 9,(log, as T—> ©; 


while, according to von Koch ? 


(II) = O(log? as 00, 


While (II) means that the remainder term, y(2) —2, of Hadamard’s 
prime number theorem, y(z) ~ @, is at most 


+ const. z4(log x)? 


for every sufficiently large x and for a certain positive constant, (1) states that 
this remainder term is at least 


+ Const. 24 log log log x 


for certain sufficiently large x and for another positive constant (where both 
signs actually occur in + Const. for certain large values of x). 
Correspondingly, neither (I) nor (II) implies any information concerning 
the asymptotic behavior of the remainder term. For instance, the upper 
estimate, (II) leaves open the question whether or not the even powers of the 
ratio on the left of (II), when measured on the proper scale of the prime 


* Received November 8, 1940. 
1Cf., e.g., A. E. Ingham, “ The distribution of prime numbers,” Cambridge Tracts in 
Mathematics and Physics, no. 30 (1932), pp. 86-107. 
2 Cf. ibid., pp. 83-84. 
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number theory and then transformed into space averages (momenta), are such 
as to lead to finite asymptotic averages. Similarly, the lower estimate, (1), 
does not preclude the following possibility: There exists on the real axis a 
bounded interval with the property that the values of the ratio on the left of 
(1) are within this bounded interval for “ almost all” values of the indepen- 
dent time variable just mentioned. 

The object of the present paper is to answer these questions by proving 
the asymptotic counterparts of the results (1), (II) of Littlewood and of 
von Koch, respectively. Needless to say, neither of the theorems to be proved 
is implied by (I) and (II) together, although neither (1) nor (II) is implied 
by the two theorems to be proved. In fact, estimates from above and from 
below are necessarily of such a nature as to take into account possible accidental 
irregularities on every set clustering at infinity, even if these sets are of relative 
measure zero. On the other hand, such sets are irrelevant from the point of 
view of statistical averages. 

The situation can be illustrated by considering that part of Littlewood’s 
discovery which was the most surprising; namely, the fact that the remainder 
term changes its sign infinitely often and in such a way that the deviation of 
a*y(x) from z can be arbitrarily large in either direction. The corresponding 
result of the present paper goes further in this qualitative respect, since it is 
to the effect that the curves y = a4y(xr) and y = 2} cross each other in arbi- 
trarily distant + y-regions with non-vanishing relative frequencies, and not 
only infinitely often (it being ‘understood that the relative amount of time 
spent in a y-region is measured on the scale of the proper independent time 
variable of the prime number theorem.) But this does not imply any explicit 
Q-estimate. 

tiemann’s hypothesis will, of course, be assumed throughout; otherwise 
the problems under consideration, like the problems considered by Littlewood, 
either do not arise at all or are known to be of a trivial nature. 

It may be mentioned that the main difficulties of the problem arise from 
the fact that nothing is known about the Diophantine structure of the non- 
trivial zeros. In particular, if it were true that these zeros (or, rather, their 
imaginary parts) are linearly independent in the rational field, then, as pointed 
out previously, much more than that what will now be proved could be inferred 
directly from the theory of infinite convolutions. 

The proofs will depend on a fact, which I proved a few years ago,’ to 


the effect that the trigonometric series (in t = log x) occurring in the explicit 


2A. Wintner, “On the asymptotic distribution of the remainder term of the prime- 
number theorem,” American Journal of Mathematics, vol. 57 (1935), pp. 534-538. 
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formula of Riemann and von Mangoldt is actually the Fourier expansion of 
the function which it represents (the Fourier character being meant in the 
sense (B) of the theory of almost periodic functions). Due to this fact, the 
asymptotic distribution theory of almost periodic functions of a real variable 
becomes applicable and leads, without too much effort, to the asymptotic 
counterpart of (II), indicated above. The asymptotic counterpart of (1) lies 
deeper, since it depends not only on the asymptotic distribution theory of almost 
periodic functions of a real variable but also on a lemma concerning asymptotic 
averages connected with analytic, uniformly almost periodic functions of a 
complex variable. 

Although the lemma in question regulates the increase of mean values 
which are represented by asymptotic averages and not, as usual, by integrals, 
it is only a manifestation of the maximum principle, and so one would expect 
it to be standard ; however, it does not seem to be available in the literature. 
In order to avoid an interruption of the following considerations, this lemma 
will be established first (in a form slightly more general than necessary for 


the problem at hand.) 


1. If f(t) is defined for 0=?¢< @ and is integrable (Z) on any 
bounded ¢-interval, put 
r 
M.{f(t)} =lim = f(t) dt, 
0 
whenever this limit exists. 
LemMA. /f a function g = g(o,t), defined on a strip 
ow, 
is non-negative, subharmonic and such as to satisfy, uniformly in o, an estimate 
of the form 
g(o,t) =O(\t| as t{—>+ o, 
where C is a sufficiently large constant, and if g(o, t) ts, for every fixed o con- 
tained in the interval aS=oa0=B8B, a uniformly almost periodic function of t, 
then the least upper bound of Mi{q(o,t)} fore So SB ts either Mi{g(a, t)} 
Mi{g9(B, t)}. 
It will be seen from the proof that, instead of the assumption of uniform 
almost periodicity on every fixed line o, it is sufficient to require that, if o is 


fixed, the ratio 
T+T 


=: g(a, t) dt 
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should tend, as T—> o, to M:{g(o,¢)} uniformly for all +r, where — 0 <7 
< oo. Although this requirement, which is necessarily satisfied in the case of 
uniform almost periodicity, does not necessitate even a generalized type of 
almost periodicity, it represents a condition which need not be satisfied if the 
function, instead of being uniformly almost periodic, is almost periodic (B?) 
for some (or, for that matter, for every) value of gq. 

If the statement of the Lemma is true on every sufficiently short sub- 
interval of c= oH 8, it is true on the whole interval a=o=f. Hence, it 
can be assumed (after a translation) that — 40 < a and B < 4x. Then, if o 
is any point of the interval «=o =, the subharmonic character of g and 
the uniform O(|¢|)-estimate (and, as a matter of fact, even a weaker 
estimate of the Phragmén-Lindeléf type) are known‘ to imply that there 
exists for every « > 0 and for every 7 > 0 a point 


(oo; to) = (ao(e, to(e, o)) 


which is situated on the boundary of the strip zo B,— 0 <t< o, and 
satisfies the inequality 
T 


T 
f g(a, t)dt —e-(e7 cosoS f t + to) dt. 
-T -T 
Since oo = o(e, 73) is either « or £, the value of the last integral cannot 


exceed 

Max ( g(a, t + ty)dt, f 
-T 


where Max (A,B) denotes A or B according as A= Bor ALB. Hence, 
division by 27 shows that, in terms of the above abbreviation, », for the 
resulting ratios, 

p(T, 0; 0) — (e7 e-7) coso S Max (p(T, to; w(T, to; B)), 
where t) = to (e, 7;@) is a certain real function. 

For a given 7 > 0, choose a positive R = R(») so large that 


| to; — Mif{g(a, t)} | | »(T, to; 8) —Mifg(B,t)} | <9 


‘Cf. G. H. Hardy, A. E. Ingham and G. Pélya, “ Notes on moduli and mean values,” 
Proceedings of the London Mathematical Society, ser. 2, vol. 27 (1928), pp. 401-409 
(more particularly pp. 407-408), where further references are given. The inequality 
referred to above is, save for the notation, identical with the case c = 0 of the first in- 


equality on p. 408, loc. cit. 
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whenever 7’ > R(y). The existence of such a function R of y alone is assured 
by the assumption that the limit relation 


p(T, 730) > (a, t)}, T— 


holds uniformly for all values of +r (where = = to), if the line 
a (where o—a,f) is fixed. Thus 


w(T,0;0) — cosoS n+ Max (Mi{g(@, t)}, M:{9(B, t)}) 


whenever 7’ > k(n). Hence, on letting «—0 and »—> 0 (in this order), one 
sees from 
u(T,0;0) Mi{g(o, t)}, 
that 
Mi{g(o,t)} S Max (Mi{g(a, t)}, Mi{g(B, t)}). 


Since this inequality holds for any point o of the interval « S o S 8, the proof 


of the Lemma is complete. 


2. By a distribution function ¢ = ¢(«), — «0 <a < o, is meant any 
monotone function for which ¢(— «) =0 and ¢(#) —1. The spectrum 
of a ¢ is defined as the (necessarily closed) set of those points « for which 
~ g(a”) whenever & <a< a”. Let [| denote the maximum (= 0) 
of the absolute values of the numbers @ contained in the spectrum of ¢; so that 
[6] < oo if and only if the spectrum is a bounded set. For k =0,1,2,---, 
let Mi.(@) be an abbreviation for the /-th momentum, 


co 


Mi(¢) = (a), 
provided that 
= — and f akdd(a) == 


do not hold simultaneously. Thus M.(¢) is always defined but can be o. 
It is easily verified that, as k + o, the 2k-th (non-negative) root of Mo.(¢) 
always tends to the limit [¢] (which can be ©); it being understood that 
[¢] = oo if, but not only if, Ma.(¢) = from a certain onward. 

For a given real-valued (measurable) function f = f(t), 0 <t< @, 
let fray = fray (t), — 0 <¢t< o, denote the characteristic function of the 
t-set defined by f(¢) < a, where @ is any fixed real number; in other words, put 
fia) (t) =1 or fray (t) = 0 according as f(t) is or is not less than a. If there 
exists a distribution function ¢ with the property that, unless @ is a discon- 
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tinuity point of ¢, the t-average M;{f,<)(t)}, as defined at the beginning of 
§ 1, exists and is equal to ¢(a), then f= f(t) is said to have an asymptotic 
distribution function, ¢. It is very important (possibly, though not probably, 
also for the result of the present paper), that Mi{f,a)(t)} is not required to 
exist if « is one of the (at most enumerable) points at which the monotone 
function ¢ has a saltus. 

It is known * that if f is uniformly almost periodic, it possesses an asymp- 
totic distribution function, ¢, and that the spectrum of this ¢ is identical with 
the (bounded) interval representing the closure of the values attained by f(t) 
for —« <t< ; so that, in particular, [¢] is the least upper bound of 


| F(t) |. 
fn is said to tend, as n> «, to f in relative measure if, for every fixed « > 0, 
lim sup {1— | f(t) }di as n> 


J 


where the integrand, { }, is the characteristic function of the ¢-set defined by 
| f(t) —fn(t) | =e (the function | f(t) —fn(t) | ce) representing the charac- 
teristic function of the ¢-set defined by | f(¢) —fn(t) | <<). It is known ® 
that if f, tends to f in relative measure, and if every fy has an asymptotic 
distribution function, on, then f has an asymptotic distribution function, ¢, 
and that ¢.—>¢. It is understood that means that > 
holds at every « which is not a discontinuity point of ¢. 

It follows, in particular, that every relatively almost periodic function f 
has an asymptotic distribution function: f being defined to be relatively almost 
periodic if it is measurable and such that there exists a sequence of uniformly 
almost periodic functions f; f2,: - - which tend to f in relative measure. This 
implies that f has an asymptotic distribution function whenever it is almost 
periodic (B“) for some q; in fact, convergence in the mean (of any index q) 
necessitates convergence in relative measure. On the other hand, straight- 
forward examples show that f can be relatively almost periodic without being 


almost periodic (B). 
3. Let the function h be defined for 0 <t< @ by 
elth(t) = y(e') —e’, (ef > 1); 


5 A. Wintner, Spektraltheorie der unendlichen Matrizen, Leipzig, 1929, pp. 267-272; 
ef. B. Jessen and A. Wintner, “ Distribution functions and the Riemann zeta function,” 
Transactions of the American Mathematical Society, vol. 38 (1935), pp. 48-88, more 
particularly p. 77. 

° Cf. B. Jessen and A. Wintner, loc. cit.®, pp. 75-76. 


0) 
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so that the lower and upper estimates mentioned at the beginning of the 
Introduction become 


(1) h(t) = Q. (log log t) 
and 
(II) h(t) = O(#?), 


respectively, while the prime number theorem appears in the form 
h(t) = o0(é*); (t> ~). 

Under Riemann’s hypothesis, let 
denote the sequence of the complex zeros of the ¢-function. The signs of 
equality are not excluded, a multiple zero, if any, being reckoned in accordance 
with its order. ; 

Since 
(1) Yn ~ 2xn/log n, (n>), 


the trigonometric series 

has a uniform majorant for all ¢ and defines, therefore, a uniformly almost 
periodic function, w(/). On the other hand, the explicit formula of Riemann 
and von Mangoldt stetes* that the trigonometric series 


x 
(3) —2 & yal 
n=1 


is convergent (for 0 <¢4< o) and represents a function, say f(¢), for which 


the sum f(/) + (/) differs from the reduced remainder term, 


of the prime number theorem only in a Dirichlet phenomenon (at the discon- 


tinuity points) and in the trivial additive terms 


£’(0) 
log 24 = and 2?) — 3 ——— 
£(0) n=i — 
(respectively introduced by the pole, s = 0, and the real zeros, s = — 2n, of 
the ¢-function). Since y(x), where x = e', has at every prime power, z= p”, 


the saltus log p and is otherwise continuous, it follows that 


(4) ho(t) =f(t) + o(t) — e** {log 27 + Flog (1 — e**)} for 0 << t < 0, 


7Cf. A. E. Ingham, loc. cit.1, pp. 76-78. 


y(z)—az_ ple’) —e® 
Vi 
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where 
(5) ho(t) u(t + —ho(t) m log p, 


4 log if log 
fo} L 5 


so that 
(6) ho(t) —f(t) — w(t) and h(t) —ho(t) 


The function f(¢) has thus far been considered as defined by the odd 
trigonometric series (3) only for 0 << ¢ < o. The number-theoretical meaning 
of this series for negative ¢ is well known ® but will be immaterial in what 


follows. 


4. The mere fact that the trigonometric series (3) represents the prin- 
cipal part of the reduced remainder term, (¥(x) — x) /z4, of the prime number 
theorem does not involve any information as to the behavior of the function 
f(t), where x =e? (the situation is well illustrated by the immensity of the 
gap between the estimates (I) — (II), §3). For instance, it is easy to see 
that a trigonometric series which is convergent for — 0 < t < oo can repre- 
sent a function (even continuous) which has neither an asymptotic distribution 
function nor Fourier averages, M;{e'! f(t) }. 

It was suggested by an apparent parallelism between certain problems 
in celestial mechanics 1° on the one hand and the “wobbly ” terms of the 
explicit formula of Riemann and von Mangoldt on the other hand, that, by 
leaving aside for a moment the aspect of the Abschatzungen and replacing it 
by a point-of-view in theoretical astronomy, it would perhaps be possible to 
obtain some new insight into the irregularities of the prime number distribu- 
tion. In this direction, it was possible to prove’! that, after a suitable 
extension of f(¢) and A(t) for negative ¢ (cf. the beginning of § 5): 

There exists for the function defined at the end of § 3 an anharmonic 
analysis, i.e., that the time averages M:{e' f(t)}, where —2 <A< », 


exist ; 


8 Cf. A. E. Ingham, loc. cit.*, pp. 80-81. 

®°H. Poincaré, Oeuvres, vol. 1 (1928), pp. 164-166; cf. A. Wintner, “ Ueber die 
kleinen numerischen Divisoren in der Theorie der allgemeinen Stérungen,” Mathe- 
matische Zeitschrift, vol. 31 (1929), pp. 434-440. 

10 A, Wintner, “Sur l’analyse anharmonique des inégalités séculaires fournies par 
approximation de Lagrange,” Rendiconti Reale Accademia dei Lincei, ser. 6, vol. 11 
(1930), pp. 464-467, and “Ueber eine Anwendung der Theorie der fastperiodischen 
Funktionen auf das Levi-Civitasche Problem der mittleren Bewegung,” Annali di Mate- 
matica, ser. 4, vol. 10 (1931-32), pp. 277-282; cf. also “Almost periodic functions and 
Hill’s theory of lunar perigee,” American Journal of Mathematics, vol. 59 (1937), pp. 
795-802, and “On an ergodic analysis of the remainder term of mean motions,” Pro- 
ceedings of the National Academy of Sciences, vol. 26 (1940), pp. 126-129. 

11 A, Wintner, loc. cit.*. 
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That the values of these Fourier averages are precisely those which one 
would expect on the basis of the formal series (3), i. e., that the prime numbers 


fi P2,* * * (by means of which (4) is representable, via (5), in finite terms) 
and the complex zeros $ + iy:,$ + ty2,- - - are connected by the following 
mysterious “ dispersion formula” : 


0 unless = + yn, 


fpirt = 


Finally, that f (and, therefore, 2) is almost periodic (B?), which ensures, 
in particular, the existence of an asymptotic distribution function. 

These facts imply, but are by no means implied by, a result of 
H. Cramér*? (although the proofs require only an adaptation of Cramér’s 
proof) ; a result according to which the quadratic t-average exists and is equal 
to the square sum of the amplitudes. In fact, not even the existence of the 
averages M;{e'* h(t)} follows from this result. 

Incidentally, not even the existence of all averages M:{g?} << and 
M,{e* g(t)} together assures that g(t) has an asymptotic distribution func- 
tion. All that is clear is that if all these averages exist, g is or is not almost 
periodic (B*) according as the sum of all squared amplitudes, | M;{e* g(t) }| ?, 
is equal to or less than M;{g*}; it being understood that the set of those real 
numbers A for which M;{e** g(t)} is distinct from 0 is at most enumerable 
by virtue of the assumption M;{g?} < 0. 

In this connection, it would be interesting to know whether or not the 


existence of all Fourier averages M;{e*! g(t) } alone, or perhaps together with 
the assumption of a finite average for | g | (but not for g*), implies that the 
A-set defined by M; {et g(t)} 0 is at most enumerable. 


5. As mentioned in the second paragraph of § 4, the function f(t) is 
now thought of as defined for negative ¢ also. This is the more necessary as 
the notion of almost periodicity (B*) is usually referred to the limit of the 
symmetric time range —T <t< T. In view of (3), it is natural to extend 
f(t) to negative ¢ by f(t) =—f(—t). The effect of this extension on the 
asymptotic distribution can be interpreted as follows: 


é 


Let a(t) be a function which is defined only 0 = ¢ < oo and which has, 
with reference to this half-line, the asymptotic distribution function x(a), 
Then, if (> 2’) is any pair of real numbers 
which are not discontinuity points of x(a), the difference y(«”) — x(a’) 
represents the asymptotic relative amount of time spent by the curve a= a(t), 


122 Of. A. E. Ingham, loc. cit.1, p. 106, where further references are given. 
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0=t< o, in the strip a <a < 2” of the (¢,a)-plane. Hence, if the fune- 
tion a(t) is extended to negative ¢ by the condition a(— ¢) = —a(t), and if 
the asymptotic distribution is referred to the limit of the svmmetric f-range 


—T<t<T, the result is the same as if one would consider a(t) only for 


tt 


positive ¢ but restrict by The existence of an asymptotic 
distribution function now means that there exists a monotone function x(«), 


— © <4< , which is of total variation 1 and such that, if B is any positive 


number for which neither « = 8 nor « = — B is a discontinuity point of x(), 
the difference x(8) — x(— 8) represents the asymptotic relative amount of 
time spent by the curve a=a(t), where 0=1t< in the strip —B 
<a(t) < £. 


It is seen from § 4 that what are usually called, under Riemann’s hy- 
pothesis, the irregularities of the prime number distribution are, as a matter 
of fact, no irregularities at all, except when measured on the logarithmico- 
exponential (Q,0)-scale; a scale which is, of course, incapable of expressing 
the hidden almost-periodicities of anharmonic analysis. It would even be 
possible that f(¢) is not only almost periodic (B*) but is equivalent (B?) toa 
uniformly almost periodic function. Actually, such a uniformly almost periodic 


function cannot exist. More than this is implied by the following theorem: 


Under Riemann’s hypothesis, the asymptotic distribution function of the 
! 


reduced remainder term, 
h(t) = (w(x) — 2) (x = et), 


of the prime number theorem is such as to possess 

(i) a spectrum which is unbounded in either direction of the a-aris (cf. 
the first paragraph of § 2); 

(ii) momenta of arbitrarily high order which, in addition, do not increase 
more rapidly than (const. k*)*, if k is the index of the momentum (this esti- 
mate cannot ensure that the momenta determine the distribution function 
uniquely). 


As explained in the Introduction, (i) and (ii) can be interpreted as dis- 
tributional counterparts of (1) and (IIL), respectively. 

Since (3) is the Fourier series (B*) of f(t), the function f(¢) has for 
—«o<t< the same asymptotic distribution function as for0 < @. 
On the other hand, it is clear from (6) that h(t) — w(t), where 0<t< a, 
has the same asymptotic distribution function as f(t). Since (2), being uni- 
formly almost periodic, is a bounded function, it follows that it is sufficient 


to prove (i) and (ii) for the asymptotic distribution function of f(¢), instead 
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of for that of h(/). This means, in the notations of § 2, that the statements 


(i) and (ii) are equivalent to 


(i) [>] =lim = 
and 
(11) = O(k*), 
respectively, where ¢ denotes the (necessarily symmetric) asymptotic distri- 


bution function of the almost periodic (B?) function f(t) which occurs in 


(4)-(5) and which has the odd Fourier series (3). 


6. It is clear from (1) that the Dirichlet series 


represents an analytic, almost periodic function in the half-plane o > 0. Let 


f(o,t) denote the imaginary part of this analytic function; so that 


(3) f(o,t) = yn gin ynt, 
where o > 0. 

Since (8) is, on every fixed line o(> 0), the Fourier series of the uni- 
formly almost periodic function f(o,7/) of ¢, and since f(t) is almost periodic 
(5°), with (3) as Fourier series, the Parseval relation is applicable to the 


difference {(7) f(o,t). Thus 


x 

f(t) t) = yn? (1 — ; (o >0). 

Y 
n=1 


Hence, it is clear from (1) that 
f(t) —f(o, t) ]?} 30 aso 0. 


This relation, when compared with the last two paragraphs of § 2, implies 
that, if do = do(a%), — © <a < ow, denotes the asymptotic distribution func- 


tion of the uniformly almost periodic function f(o,¢) of ¢, then 
(9) do 0. 


Another property of the distribution functions @o¢ which will be used is 


the fact that 
(10) = lim as 0. 

It is clear from the first and the third paragraphs of § 2 that (10) is equi- 
valent to the statement that the least upper bound of | f(o,¢)| for — oo 
<t< tends to aso—>0. Hence, it is sufficient to show that | f(¢,0)|—> 


1 
Yn 
n=1 


244 AUREL WINTNER. 

casa—>0. Actually, it is known ** from Littlewood’s proof of the 2-theorem 
(cf. the Introduction) that the relation 

(10 bis) f(o,0) ~ C log where C = const. and 0, 


holds with a bounded remainder term. Without an estimate of the remainder 
term, the asymptotic relation (10 bis) itself, which is more than sufficient for 
the present purpose, can be established very easily, as follows: 


If B:, is any non-decreasing sequence of numbers which tend to 
in such a way that 
1~rL(r), (r—> 
Bu<r 


holds for some logarithmic function, L(7), then, according to an elementary 


lemma of 
00 
= F(Bn/r) ~rL(r) f F(x) dz, (r—> 0), 
n=1 
0 


holds for any continuous function F(z), 0S which is as 


x—>o. Since (1) is equivalent to 


] 
1~=—rlogr, (r—> 0), 
Yn<r 


it follows, by choosing Bn = yn and F(2) =e sin 2/z, that 


\ 


@ 
(r/yn) exp (— yn/1) Sin ~ er log r, (r—> 
n=1 


where c is a non-vanishing constant. Hence, (10 bis) follows by choosing 
o =t in (8) and placing r= 1/o. 

7. According to (1), the sum of the absolute values of the coefficients 
of the uniformly almost periodic series (8) in ¢ is obviously convergent. 
Hence, it is clear (without any existence theorem *°) that the Young-Hausdorff 
inequalities are applicable to (8) on every fixed line o(>0). Thus, if & isa 


positive integer, 


Mi {f (oe, t) 2k { > (5 ) } (28-1) 2k 
n=1 


18 Cf, A. E. Ingham, loc. cit.1, pp. 98-99. 

14G, Pélya, “ Bemerkungen iiber unendliche Folgen und ganze Funktionen,” Mathe- 
matische Annalen, vol. 88 (1923), pp. 169-193, more particularly pp. 176-177. 

18Tn this regard, cf. H. R. Pitt, “On the Fourier coefficients of almost periodic 
functions,” Journal of the London Mathematical Society, vol. 14 (1939), pp. 143-150. 
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Since yn > 0 and o > 0, the series, { }, on the right of this inequality 
is majorized by the series 


co 
(11) Con = yn 
n=1 


which is convergent, by (1). Thus 

Mi{f < (Cx) for every o > 0. 
Furthermore,® 
(12) Mr{f(o, t)*} = $0), 
where M.x(¢c) denotes the 2k-th momentum of the asymptotic distribution 
function, ¢0, of the uniformly almost periodic function f(o,t) of ¢. Conse- 
quently, 
(13) Mx(¢c0) < (Cox)**? for every o > 0, 


where Cx depends only on k. 
Accordingly, 


co 
lim sup f << 0 
-00 


for every fixed Hence,’’ 


-r 00 
(14) lim sup (f+ f ) a*dbo(a) > 0 asr> o 
-00 r 
if & is arbitrarily fixed ; in fact, 
( + f) wk 2dbo(a) Sr? f a*dbo(a). 


8. At the beginning of §6, the function f(o,¢) was defined as the 
imaginary part of a function which is regular analytic in the half-plane o > 0. 
Hence, f(o,/) is an harmonic function, and therefore its 2k-th power is a 
non-negative subharmonic function, in the half-plane o >0. Furthermore, 
(8) and (1) imply that f(o,¢), and therefore its 2k-th power, is uniformly 
bounded and uniformly almost periodic in the half-plane o = e, where e > 0 
is arbitrary. Hence, the Lemma of § 1 is applicable to g(o, t) = f(o,¢)”* on 
any subinterval e= 8 of the interval 


16 A, Wintner, loc. cit.5, p. 271. 

17 This standard step amounts to an application of Tchebycheff’s inequality. Cf., 
e.g., A. Kolmogoroff, “ Grundbegriffe der Wahrscheinlichkeitsrechnung,” Ergebnisse der 
Mathematik und ihrer Grenzgebiete, vol. 2, no. 3 (1933), pp. 37-38. 
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On the other hand, it is clear from (8) and (1) that 
f(o,t) +0 uniformly for <t< w,asc> 
This implies that, if & is arbitrarily fixed, 
Mi{f(o,t)**} 
Since, by the Lemma of § 1, 

M:{f(o, = Max (Mi {f (a, t)**}, Mi{f(B, t)**}) > 0 
whenever 0< a<B< o, it follows that the function M;{f(o, t)**} of o must 
be monotone and non-increasing on the interval < 

Consequently, on letting o> 0, one sees from (12) that 


(15) S lim for every o > 0. 


€-0 


It is understood that the limit on the right of (15) exists in the sense that it 
might be + © ; actually, it is finite, by (13). 


9. Since the space of the functions of ¢ which are almost periodic (B?) 
for some fixed g=1 is a complete space (with reference to the topology of 
the (B%)-metric), the proof of the Young-Hausdorff extension of the Fischer- 
tiesz existence theorem can be transcribed from (L“%) to (B%) without any 


change.** On the other hand, it is clear from (1) that 


Yn” 60 every € > 0. 
n=1 
Hence, there exists for every g >1 a real-valued function f'”(¢) which is 
almost periodic (B2), has the Fourier expansion (3), and satisfies the inequality 


OO 
Mi{| (t) |a} 1/4 { (4-1) } (a-1) q, 
n=1 


In particular, if g is an even positive integer, 


(16) Me {f° (t)*} S 
by (11). 

Since f'°*)(¢) is almost periodic (B**) and has the Fourier series (3), 
it is clear from the last two paragraphs of § 2 that the asymptotic distribution 
function of the n-th partial sum of (3) tends, as n— o, to the asymptotic 
distribution function of f(t). Hence, the asymptotic distribution func- 
tion of f(t) is independent of k. Since @ was defined ($5) as the 


18 Cf. H. R. Pitt, loc. cit.15, pp. 144-148. 
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asymptotic distribution function of the function f(¢) which is represented by 
the convergent series (3), and since this f(t) is, according to §4, almost 
periodic (B*) and such as to have the Fourier series (3), it follows that ¢ 1s 
the asymptotic distribution function of every f(t). But (16), where 


Cox < #, holds for arbitrarily large values of /. Consequently,’® 


(17) Mi (t)*} = Mx($) 
for every 

In particular 
(18) Mx($) < %, 


and so 


where / is arbitrary. 
Let + be an arbitrary positive number which is such that neither «=r 
nor =-—vr is a discontinuity point of the monotone function ¢=—¢(«). 


Then, according to Helly’s theorem on term-by term integration, 


r rT 


f ddba(a) aso 0, 


by (9). Hence, on keeping & arbitrarily fixed, one sees from (19) and (14) 
that 


( > aso 0, 
This means that ~ 
(20) lim Mox( do) = Mox(¢) 


holds for every kh. 
10. According to the first paragraph of § 2, 
lim = [¢]. 
k> 
But, from (15) and (20), 
Mx(¢0) S Mx(¢) for every o > 0 and for every k. 
Hence, 


lim Mox(¢0)1/7* = [¢] for every o > 0. 


1° Cf. B. Jessen and A. Wintner, loc. cit.5, p. 76. 
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On comparing this with (10), one sees that the proof of (i), § 5 is complete. 
Clearly, this proof depends essentially on the relation (15), which in turn 
depends on the Lemma of §1. In this sense, (i), § 5 lies much deeper than 
(ii), § 5, since (ii), § 5 depends only on (13) and (20). 
In fact, it is clear from (11) and (1) that, as k— o, 


co 
co 
Cx, = OS (n log n) O f (a7 log x) */(%-1) dz, 
n=1 
1 


But the last integral can be written in the form 


0 0 0 
where 
Ax (2k 1) (4k-1)/(2k-1) __ O (2k O(k?). 
Hence, 


Cx = O(k?) ask— 
Since (13) and (20) imply that 
S 


it is clear from the Schwarz inequality that the proof of (ii), § 5 is complete. 
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POLYNOMIAL SUBSTITUTIONS.* 


By H. T. ENeGstrom. 


I. The theory of the composition of pclynomials in one variable with 
respect to the operation of substituting one polynomial into another has been 
studied by We shall use the notation f(g(x)) =f(r) X g(x) =f Xg 
and call the result the cross-product of f(2) and g(x). This operation is clearly 
non-commutative. It is associative and distributive on the right with respect 
to both addition and multiplication, that is, 


(1) 


A polynomial f which cannot be expressed in the form f=—g Xh with g 
and fh not linear will be called irreducible with respect to this operation of 
cross-product. Ritt established two fundamental results. First; in any two 
decompositions of a given polynomial into irreducible factors the number of 
non-linear factors is unique and the degrees of the factors coincide in some 
order. Second; he gave a complete analysis of the relation between any two 
decompositions of a given polynomial. Ritt’s methods are based on the mono- 
dromie group associated with f(a) —z—0. The present paper gives a purely 
algebraic proof of the first of Ritt’s results. It constitutes a generalization 
of his work in that the coefficient field is extended to an arbitrary field of 
characteristic zero. 

In Section II we find, essentially by means of the identity (3), that if 
there is a polynomial /’ which has the form F = A X f = BX g then there 
is such an F' whose degree is the least common multiple of the degrees of f 
and g. In Section III we show that if there is such an F for two given poly- 
nomials f and g then f and g have a common right hand factor, that is, 
f=f, xX ¢ and g—4q,; X ¢, where the degree of ¢ is the greatest common 
divisor of the degrees of f and g. The methods in Section II are elementary. 
In Section III use is made of the theorem of Liiroth and also of certain 
properties of algebraic extensions. An inductive proof of the first fundamental 


result of Ritt follows quickly in Section IV. 


* Received December 22, 1939; revised December 31, 1940. 


1 Ritt, “ Prime and Composite Polynomials,’ Transactions of the American Mathe- 
matical Society, vol, 23 (1922), pp. 51-66. 
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II. The left reduction. We shall consider the set K[x] of all poly- 
nomials whose coefficients lie in a field K of characteristic zero. Let f(x) be 
a polynomial in K[2x]. We shall investigate properties of the set S of all 
polynomials in K[2z] of the form A x f. Such a set will be called a left 
principal ideal and the polynomial f will be called its generator. Because of 
the right hand distributivity of the cross-product it is clear that the sum of 
two polynomials in § is also in S; in other words these principal ideals are 
closed with respect to addition. Furthermore, on account of the associativity 
of the cross-product, if @ is in S then so is A X ¢ for arbitrary A. Since we 
shall need to refer repeatedly to the degrees of polynomials we introduce the 
notation |¢{| to denote the degree of ¢. The left principal ideals have a 
further property which we express in the lemma: 


LemMA 2.1. If AXf=Q:(BXf)+R where R is a polynomial of 
degree less than that of B X f, then Q=Q: X f and R= R, Xf. 


By ordinary division we may write A =Q,-B-+ R, where | R, | <|B\. 
Substitution of f gives 


AXf=(a Xf): (BXf) +h Xf, 


where | 2, X f| <<|BXf |. Since the quotient and remainder in the ordi- 
nary division process for polynomials are unique, we conclude that Q = Q, X f 
and R R, x. 


Lemma 2.2. If AXf=BXf, where |f| >0, then A—=B. 


For the hypothesis gives A X f—BX f=(A—B) Xf=0. Hence 
the degree of A — B must be zero. If the difference between these two poly- 
nomials were an element c of K, we would have (A—B) Xf=cxf=ce. 
Hence c = 0 and '‘A = B. 

On the basis of these two lemmas we may establish the fundamental prop- 
erty of two left principal ideals that their cross-cut, the set of polynomials 
common to both, forms another left principal ideal. The coefficient field K 
may be considered as a left principal ideal generated by any element in it. 
This ideal is common to all left principal ideals. The case of interest is where 
there are polynomials of degree greater than zero in the cross-cut. We express 


the result as a theorem. 


THEoREM 2.1. If the cross-cut of two left principal ideals differs from 
the coefficient field K, it is a left principal ideal generated by any polynomial 
of minimal degree greater than zero contained in it. 


Consider the left principal ideals generated by two polynomials f and g. 


t, 
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that there is a polynomial > 0, common to both; that is, 

xX f=AsX g. Let us choose F' of minimal degree greater than zero. 
F, = Bb, X f = Bs. X g be any other polynomial in the cross-cut. 
We divide F, by F and make use of Lemma 2. 1 to obtain 


B, f= (V; x f) : (A, x f) + Rh, x 
g=(Q2X (A2X 9g) + he 


Since the remainders and quotients are unique, we have Q; X f=Q»2 X g and 
Ri But | Ry | Ay x<f| and < | As X g |, 
which contradicts the minimal character of F. Thus R, * f= R2X g is in 
K. Dividing both sides of the equality Q, X f = Qs: X g by F, we obtain in 


the same manner 


(2) 


x f= (Qs x f) (A, x f) + xX 


where R; and FR, are in K. Proceeding in this way and substituting at each 
stage into the preceding we see from (2) that B, X f is a polynomial in A: X f 
and B, X g is a polynomial in A, X g. Thus F, = C X F;; that is, any poly- 
nomial in the cross-cut is a polynomial in F or contained in the left principal 
ideal generated by F. On the other hand it follows immediately from the 
closure of the ideals with respect to cross-multiplication on the left that the 
ideal generated by F is entirely in the cross-cut. 

We can establish a further result concerning the degree of the generator 
of the cross-cut of two left principal ideals. In order to do this we prove the 


following lemma: 

LeMMA 2.3. Jf A is a polynomial of degree rv and leading coefficient ao 
there exists a polynomial » of degree v such that the degree of A — dog" ts 
less than (r—1)v. 

We write the given polynomial A in the form 

A,| < (r—1)v. Suppose 

where the coefficients a; are to be determined so that | A —ao¢" | < (r—1)». 
In the expansion of ¢” it is clear that the first coefficient containing %, is the 
coefficient of a’-*. This coefficient will have the form ra, + €, where € involves 
only those a; for which i << s. Hence a comparison of the coefficients of A with 
those of ao" gives a set of linear equations for the «; which are in triangular 
form. Thus their solution is immediate. 


H. T. ENGSTROM. 


Although we are restricting ourselves to coefficient fields of characteristic 
zero it may be noted that the results up to Lemma 2. 3 are valid for arbitrary 
fields. A difficulty arises at this point for fields whose characteristic divides r, 


THEOREM 2.2. The cross-cut of the left principal ideals generated by f 
and g ws either the coefficient field K or a left principal ideal generated by a 
polynomial whose degree is the least common multiple of the degrees of f 
and 


Suppose that the cross-cut is different from K. Then by Theorem 2.1 
it is generated by a polynomial F, where F = A X f = BX g. Since, if a is 
in K, af generates the same ideal as f we may suppose the leading coefficients 
of the polynomials A, B, f, and g to be unity. Let the greatest common 


divisor of | f | and |g! be d; that is, | f | —dp, | g 


= dv where p and vy are 
relatively prime. It is clear that the degree of F is a multiple of duv. We 
write | N—=rdpy so that | A | and |B|=—vrp. We shall show 
that the minimal property of the degree of F necessitates r 1. Suppose, 
then, that r > 1. Let two polynomials ¢ and y be determined in accordance 
with Lemma 2. 3 so that 


| A—¢" | < (r—1)r B—y" |< (r—1)zp, 
where |¢| =v and |y|=—yp. Then 
BX g—y X9|<N— dp. 


Hence, by subtraction, 
X f—y X9|< N— 


Factorization of the left hand side of this inequality gives 


<N— dpyv. 
But the second factor has degree N — dyyv since its highest. coefficient is 1. 


Hence ¢ X f—y Thus, if r > 1, we are led to 
a polynomial ¢ X f =y X g in the cross-cut which is of lower degree than 


F which is contradictory. 
It may be noted again that for fields whose characteristic divides r this 


proof is no longer valid. 


III. The right reduction. In this section we shall show that if f and 
g are irreducible in the substitution sense, then either the cross-cut of the left 
principal ideals generated by them is the coefficient field K, or, when this is 
not the case, then the degrees of f and g are relatively prime. In other words, 


| 
252 
} 


is 


is 
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when the cross-cut is generated by a polynomial F, | F | > 0, then | f | and 
|g | are relatively prime. To complete the proof it is necessary to extend 
considerations to rational functions of one variable 2. The substitution of 
one rational function $(a) into another «(a) will be denoted by a X ¢. 


LeMMA 3.1. If a polynomial F has a decomposition of the form 
F=aX where « and are rational functions, then Xf where L 
is a linear fractional function and f is a polynomial. 


Suppose then that F¥ = « X ¢ and ¢ = g/h where g and h are polynomials, 


We define the degree, | ¢ |, of a rational function ¢ by | ¢|—|g|—|h|. 
We can, by linear transformations, reduce the expression F =a X ¢ to a 
form in which | ¢| > 0. For if |@|—0, that is, g and h have the same 


degree, we can determine an element ¢ in K so that |g—ch|<|h 


| . Then 
F=a, X where (x+c) and ¢?,—(#—c) X ¢. FEurther- 


more, | ¢; | < 0, since | ¢,|=|g—ch|—|h|. If, now, | ¢| <0 we may 
write F =a, X where X (1/r) and ¢, = (1/r) X 4, so that 
>0. 


Let us suppose, then, that i =a X ¢, where |¢| >0 and ¢=—g/h, 
where g and h are relatively prime polynomials. We may write « in the form 


aoa” + 
. 


Then 


Since | ¢| > 0, or g is of higher degree than h, we have 


o|=(n—™m)|g|+ (m—n)|h| 
=(|g|—|h|)(n—m) =|a||¢ 


But since F is a polynomial we have | | > 0. Hence, since | ¢| > 0, we 
conclude that | a| > 0, or n > m. But for n > m, (4) cannot represent a 
polynomial, since g and h are relatively prime, unless 4 is a polynomial of 
degree zero. But this is equivalent to the statement that ¢ is a polynomial. 
Thus the linear transformations 2’ =2-—c and which make 
|¢| > 0 reduce ¢ to a polynomial and the lemma is proved. 

Suppose now that F = AX f=—BXg, where A, B, F, f, and g are 
polynomials and | f | dp, |g|—dv, |A| =v, | B| with relatively 
prime p and v. Let K[f] denote the field of all rational functions of f with 
K as a coefficient field. Then K[2] is a finite algebraic extension of K[f] of 


degree dp, since, if f = a + -+ dau then satisfies the relation 


y 

1 

8 

§ 

e 

e 

} 

I, 

0 

n 

d 
ft 


254. H. T. ENGSTROM. 


which is clearly irreducible in K[f]. Similarly it is an algebraic extension 
of K[g] of degree dv. From F = A X f = B X g we conclude that K[f] is 
algebraic of degree v over K[F’] and K[g] is algebraic of degree » over K[F’]. 
Now let @& be the least field containing both K[f] and K[g], that is, the 
union of K[f] and K[g]. Then, by the Theorem of Liiroth,? # is a simple 
transcendental extension of K, that is, #2 has the form K[¢] where ¢ is a 
rational function with coefficients in K. Since K[¢] contains both K[f] and 
K[g] we conclude that f =f; X ¢ and g=g, X ¢. But by Lemma 3.1 we 
can then suppose that ¢ is a polynomial since, for linear fractional L, 
K[¢] —K[L X 4]. 

Let us now consider the degrees of the various extensions with respect 
to K[F] which is contained in all of them. Since » and vy are relatively 
prime, the greatest subfield common to K[f] and K[g] is K[F] and hence 
the degree of — K[¢] over K[F’] is pv. Since K[x] is of degree duv over 
K[F] we conclude that K[2x] is of degree d over K[]. Suppose, now, that 
= ox" + a, is of degree n. It follows that K[a] is an 
extension of K[q@] of degree n, since x satisfies the equation 


which is clearly irreducible in K[¢]. Thus n=d. 

We have shown, then, that f—/f; * ¢@ and g=—g,; X ¢, where ¢ is a 
polynomial of degree d. It follows that f; and g, are polynomials of degrees 
p and v respectively. We have thus established the theorem: 


THEOREM 3.1. If there exists a polynomial F =A X f=—B X g, where 
|f | |g|—dv,|A|—v, | B| where wand v are relatively prime, 
then f and g have the form f =f: X ¢.9 = X $, where ¢ ts a polynomial 
of degree d. 


IV. The invariance of the length of decomposition chains. 


THEOREM 4.1. In two decompositions of a polynomial F into irre- 


ducible components 
r= s, and the degrees of correspond with those of gj some order. 


We make an inductive proof on the degree of F. The theorem is certainly 
true for | F | <6. Suppose it is true for all polynomials of degree less than 


2B. L. van der Waerden, Moderne Algebra (Berlin, 1930), p. 126. 


we 
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| F' |. From Theorem 3.1 and the irreducibility of f, and gs we conclude that 
if, | and | gs | are relatively prime. Since F is a polynomial of degree greater 
than zero in the cross-cut of the left principal ideals generated by f, and gs 
we conclude that there exist polynomials A and B, where | A | = 


Theorem 2. 2 gives 


gs | and 
, such that AX f-—BX gs. Furthermore, application of 


F=('X A x x fr 
and 


F=CXBX X 92 GIs 
Hence by Lemma 2. 2, 


But the degree of these polynomials is less than | F | and hence both sides of 


each equality must contain the same number of irreducible factors with the 
degrees coinciding in some order. But the theorem is valid for the two 
decompositions C x A X fr. =C X BX gs since it is valid for any two 
. Hence it is valid for 


decompositions of C and |A|=—|ge|, =| fr 


the two decompositions (5). 
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ON THE QUARTIC DEL PEZZO SURFACE.* 


By C. Ronap Cassirty. 


The complete intersection of a general pencil of quadric primals in a 
space of four dimensions is a rational surface of order four. The surface is 
representable on a plane by cubic curves through five points of the plane and 
is, therefore, one of the class known as Del Pezzo [1] surfaces. § 1 to follow 
presents a review of known properties of the surface which will here be used. 
§ 2 is devoted to a discussion of some of the curves associated with the surface 
and its plane representation, to their equations expressed in terms of the 
coordinates of the base points of the plane representation, to the equations 
defining the surface, and to related equations and identities. 

Segre, [2], p. 335, showed that the parabolic curve of the surface consists 
of its sixteen lines. Fabricius-Bjerre has shown, [3], p. 701, that the surface 
contains both elliptic and hyperbolic points. §3 relates these points to the 


map on the surface as previously described by the author, [4], p. 147. 


1. Some known facts about the surface. Let i, j, k, 1, m be any five 
distinct points in a plane such that no three of the five are collinear. On 
these five points there exists a linear system ® of cubic curves of dimension 


four. Let any five linearly independent curves of ® be selected and set 
(1) pVa=  (a=0,1,2,3,4). 


These are the equations of mapping the plane onto a surface T in S;. To the 
web of cubics on the base points and a general point « of the plane, there 
correspond oo* spaces in Sy which intersect in a point ? which is the point 
of T which corresponds to x of the plane. The section of I by the space 
SaaYa =O corresponds to the cubic curve Sdghg—0. The order of T is 
the number of its points of intersection with a general plane, i. e., with a pencil 
of spaces. But a pencil of spaces corresponds to a pencil of cubic curves 
having four variable points of intersection. Hence the order of T is four. 
A curve in the plane corresponds to a curve on T whose order is the number 
of variable points of intersection of the plane curve with cubics of ® Hence 
the conic and each of the ten lines determined by the base points map into 
lines on TI. If 2 lies at one of the base points, P is indeterminate, but the 
web of cubics having a fixed direction at one of the base points corresponds 
to o* spaces intersecting in a point P which, therefore, corresponds to the 
* Received October 9, 1940. 
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fixed direction at the base point. Hence directions about a base point corre- 
spond to a curve on I. Such a curve is a line, for the base point is a simple 
point for the general curve of ®. Since no other plane curves map into lines, 
r contains sixteen lines each of which meets five others. 

Wiman [5], p. 209, shows that [ is the intersection of a pencil, ¥, of 
quadric primals. Segre [2] studied the surface [T and its projections into 
three dimensional space from this standpoint. The pencil © contains, in 
general, five distinct cones. Let Z be any line of T and V the vertex of any 
cone in W. The plane of 1 and V is a generating plane of the cone and, since 
it cuts all members of © in Z, it cuts all members of W in another line L’ 
and is, therefore, tangent to all members of © at the point of intersection of 
L sia L’. The polar space, H, of V with respect to W cuts the cone with 
vertex V in a quadric, one of whose generators through the intersection 
of L and L’ is the intersection of the plane LL’ with H/. This generator is 
tangent to the pencil of quadrics of intersection of Y with H and hence is 


tangent to the quartic curve of intersection of H with T. Conversely, if the 


tangent at a point @ of this quartic is a generator of the quadric of inter- 
section of // with the cone having vertex V, the plane generator of this cone 
which contains the tangent line will be tangent to all members of © at Q. 
Hence it will cut T in two lines Z and L’ which intersect at Q. Since there 
are, in general, four generators of each set of generators on a quadric which 
are tangent to a quartic curve lying on the quadric, I contains sixteen lines 
each of which intersects five others. With respect to each cone of ¥, the lines 
are grouped into two sets of four pairs. Each pair of each set lies in one of 
the generating planes of a cone. The four pairs of one set lie in four planes 
of one set of rulings while the four pairs of the other set le in four planes 
of the other set of rulings. 

Rao, [6], p. 280, lists the following as the groupings of the forty points 
of intersection of the sixteen lines into groups of eight lying in the polar 
spaces of the vertices of the five cones. (1 have taken the liberty of writing 
the table in my own notation.) 

Cone i Cone j Cone i: Cone | Cone m 


(kik) (1, jl) | (kl, mi)} (m, km) (Im, | (mi, (9, mj) (a7, kD) 
( 
( 


(lil) |(jl, (m,jm)|(km,il)| gm) | (my, mk)| (ak, 71) 
(m,im)|(jm,kL)} (i, | (hig (li, Ue) (mk, ml) | (al, gk) 


2. Curves and equations associated with the surface. According to the 
general theory of pencils of quadratic forms, (cf., for example, Wiman [5], 


a 

l 
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p. 210; Bertini [7], p. 159; Rao [6], p. 275; Fabricius-Bjerre [3], p. 687), 
there exists a linear transformation which changes the vertices of the five cones 
in © into the reference points and all members of ¥ then have equations which 
are sums of squares. But a linear transformation on the codrdinates Y, im- 
poses a corresponding linear transformation on the Fy. Thus ® contains a 
particular set of five linearly independent cubic curves fg which, when taken 
as the fundamental curves of the mapping, replace (1) by 


(2) = fa(Xo; X2) ; (a= 0, 1, 2, 3, 4) 


and which make the quadrics of © all have equations which are sums of squares, 
So far as the author knows, the geometric characterization of these curves was 
first noticed by Coble several years ago and included in a set of mimeographed 
notes but never published. He was led to the determination of the curves 
through the theory of quadratic and cubic transformations in the plane. They 
will here be obtained in a different manner, viz., by using the table above. 

When the members of © have equations which are sums of squares, the 
polar spaces of the vertices of the cones in W are the codrdinate spaces. Hence 
the curves f, are those curves of ® which correspond to the quartics of inter- 
section of these polar spaces with [T. These quartics contain the points listed 
above, and the curves f, contain the points in the plane which correspond to 
them. Thus f; contains (jk,lm), (jl, km), (jm, kl) and is tangent to ij at j, 
to tk at k, to il at 1, to im at m, and to C at 1, these last five being the con- 
ditions on cubics of ® which correspond to the points (j,1j), (k, tk), (J, i), 
(m,im), and (C,t) on T. These conditions are well known in the theory 
of cubic curves. They are satisfied by a cubic which is generated by that 
specialization of the Chasles method in which the pencil of lines is the polar 
pencil of a fixed point with respect to the pencil of conics. The equation of 
fi is found by this method in (4), (5), and (6) below. Feld [8] has used 
the method to show that a cubic is invariant under an infinite number of 
quadratic transformations. For other references see [9], pp. 42-45. 

It is known (Wiman [5], p. 210) that the lines of I are invariant under 
the collineation group gig which consists of changes of sign in the codrdinate 
spaces yq and that the elements of this collineation group correspond, in the 
plane, to the elements of a group Gi, of quadratic and cubic transformations 
whose fundamental points are the base points of &. The elements of Gi will 
be represented by the identity J, the ten involutorial quadratic transformations 
of the type Aij,(/m) having self-corresponding fundamental points at 4, j,k 
and interchanging the points 1, m, and the five cubic transformations of the 
type Aijxrm having a double fundamental point at i and simple fundamental 
points at j, k, 1, m. Coble’s theorem was stated as follows: 
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THEOREM I. The cubic involution Ajjxim transforms the cubics fi, fj, 
fe, fis fm, to within a factor common to all, according to the scheme fi’ = — fi, 
fi’ fm’ =fm. The Gig effects upon the five invariant cubics a 
consisting merely of changes of sign. 

Having previously shown that the f, are the curves which map IT as sums 
of squares, the equations of the f, in terms of the codrdinates of the base 
points of ® will now be derived and Theorem I verified by direct calculation. 
Throughout the equations to follow, repeated use has been made of the well- 


known identities of the form 


(3) abe cde +- ade bce + ace dbe=0. 
The pencil of conics on the points j, k, 1, m may be written 
(4) kmx + r»jmz klz = 0 
where jlx== |1, 1, I, |. The polar line with respect to the point + is 
Lo | 
(5) jlikmax + kmijlx + A(jmi kla + kli = 0. 


Elimination of A gives the cubic f;: 


jlikmae+kmijle jmikle + kli 


| 
(6) | jlz kmex jme kla 
which may be written in any of the six forms: 
(61a) = jkl liz — jkm jlx klx 
(6ib ) = jlm mia jka lka — jlk 
(6ic) = jmk jlz mla — jml lia jkx 
(6id) =hklj jix — klm mia kjx lx 
(61e) =hkml lix kjx mjx — kmj jizx kle mle 
(6if) = Im) jix lkx mkx —Imk kia lx mje. 

Successive applications of the permutation (ijklm) to fi give 

(6ja) fj; mje kie lia —kli yx kme 
(6ha) fe =I miike myx — liv mix 
(67a) fi =mi mka tke — mik mje ye 


(6ma) fin ile jla — ijl the jhe 
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The quadratic transformation Ajj,(/m) may be written 


(7) ptp = ig jkm jkl ijx + jg ikm ikl jix jka 
+ hgijm ijl kix 
Under . Aijx (1m) the f, are all invariant, but fi, fj, fi, acquire the factor 


= — ijk rr ijm jkl jkm kil kim jx jke kix, whilst f: and fm acquire the 


factor —p. Since Aijx(lm) Aiim(jk) =Adjxim, this cubic involution 

transforms the fa, to within a factor common to all, according to the law 

fi = —fi, f;’ = fj, Tm = Tm. 


It may, similarly, be verified, as Wiman [5] proved, that the fg are 
subject to two linearly independent quadratic identities. I first obtained 
these identities by guessing, but have since had the persistence to solve the 
necessary equations for the coefficients of the identities. Nothing is required 
except the patience to manipulate determinant identities. Since there is a 
pencil of quadratic identities, there will be one which does not contain f; and 
one which does not contain f;. These two are 

(87) ijkijlijm f;? + ikjiklikmf,? + iljilkilmf,*? + imjimkimlf,? =, 
(87) jik jil jim f + jkijkijkmf,? + jlijlkjlmf,? jmijmkjmlf,? =0. 
Linear combinations of (8i) and (8/) give 

(8k) kijkilkimf,? + kjikjlkjmf;? + klikljkimf,? + kmikmjkmilf,? =0, 
(81) lijliklimf;? + Ljiljkljmf,? + lkilkjlkmf,? + Imilmjlmk 
(8m) mijmik milf + mijimjk milf + mkimkjmklf,? + mlimlj mlkf,? = 

The equations (8), when written in terms of the yg, become the equations 
of the five cones in ©. 

To verify the identities (87),- --, (8m), it is sufficient to show that, 
considered as sextic curves in the plane, each sextic contains ten lines as 
factors and, hence, vanishes identically. For example, let 7+ vj so that 
x is a point on the line ij. Then (87) becomes 
(9) ijk [klm mje kaj lig v? |? 

+ ikl ikm [Imi lji mjt v — pki lij mij v? |? 
+ alj ilk ilm [mij (mki + mkj v)ikj 
+ imjimk iml [ijk (kmi + kmjv) jliv 
— (Imi + Imj v) kjiv]?. 
The coefficients of v? and v* in (9) are identically zero because of (3). ‘The 
coefficient of v* is 
2 _2 
(10) ijk ijl ijm agl kim 
thy ikl tkm jin + ily lk jkem m imj imk iml jel 


which vanishes identically only if the second factor does. 
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The vanishing of the second factor of (10) may be shown to be a con- 
sequence of (3), but it is an identity which, in spite of its apparent interest 
due to symmetry, does not seem to have been met frequently and perhaps 
not at all. 

Since (87) vanishes identically for «—7-+ vj, the sextic curve contains 
the line ij as a factor. Similarly it may be shown that all ten lines determined 
by the points i, j, /, 1, m are factors and, hence, that the sextic vanishes 


identically. 


3. Elliptic and hyperbolic points. The pencil of spaces which contains 
the tangent plane to T at P is tangent to T at P. Such spaces intersect T 
in quartic curves having double points at P. The corresponding pencil of 
plane curves is that pencil of ® whose curves have double points at the point x 
which corresponds to P. The tangents to the two branches of the curves at x 
(or P) form an involution and the point P is an elliptic, hyperbolic, or para- 
bolic point according as this involution is elliptic, hyperbolic, or parabolic. 

The locus of the parabolic points of the surface is the sixteen lines of the 
surface. The surface contains both elliptic and hyperbolic points, cf. [2] and 
[3]. The lines divide the surface into a map consisting of sixteen five-sided 
regions and twenty four-sided regions with adjacent regions of different type 
and with four regions at each vertex. This map was discussed in [4], pp. 


146-149, and has been drawn by Coxeter, [10], Fig. 17. 


THEOREM I]. The elliptic points of T lie within the five-sided regions 
of the map; the hyperbolic points lie within the four-sided regions of the map. 


Since the pairs of lines of an elliptic involution separate each other while 
the pairs of a hyperbolic involution do not separate each other, it will be shown 
that the pairs of tangents at 2 to curves of ® which have double points at x 
separate each other if x is in a five-sided region of the map and do not separate 
each other if x is in a four-sided region. Probably the easiest way to approach 
the matter is to consider those cubics of & which degenerate into lines on x 
and one of the base points and conics on x and the remaining base points. 
To this end, suppose the conic, C, on the base points, to be projected into a 
circle. Suppose, also, that the base points, 7, 7, /, 1, m, lie in that order on C. 
(Reference to Fig. 1 of [4] may be helpful.) Let 2 be any point in one of 
the five-sided regions of the map, say in that one whose bounding lines are 
i, im, jk, 7, C. Now consider the degenerate cubics which consist of the line 

2 
iz and the conic jklmx and of the line jx and the conic klmiz. The pairs 
of the involution separate each other at x. Therefore any point of this 


five-sided region is an elliptic point. A similar examination of each of the 
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remaining fifteen five-sided regions will lead to the same conclusion whilst, 
for each of the four-sided regions, the pairs do not separate each other. It 
may also be easily seen that, as 2 is moved across any boundary of any region, 
one of the directions of one of the degenerate cubics crosses one of the directions 
of the other degenerate cubic. For example, as « moves from the region 


considered above across C into the four-sided region having the boundaries 
2 2 
t, C, 7, 17, the two conics jklmxz and klmix approach coincidence with C and 


emerge with their relative directions interchanged. If, instead, 2 were to 
move across the line jk into the region bounded by j, jk, wm, jl, the conic 


2 


jklmx would degenerate into the lines jk and Im, and the relative directions 
of this conic and the line jz of the other degenerate cubic are interchanged. 
Thus the type of the involution is always changed as x moves from a region 
of one type into a region of the other type. This establishes the theorem and 
also a certain unity in the works of Fabricius-Bjerre, Rao and the author. 
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A FORMALIZATION OF RECURSIVE ARITHMETIC.* + 


By HASKELL B. Curry. 


1. Introduction. The term “ recursive arithmetic,” as used here, means 
the development of certain parts of the theory of natural numbers by postu- 
lating the elementary logical operations with free variables and equality, the 
successor function n + 1, and the possibility of making “ primitive recursive 


definitions ” of the form 


where y and x are functions of the indicated variables which have already been 
defined. Such a treatment of arithmetic was initiated by Skolem ?—although 
the essential ideas were already in Dedekind and Peano; and a considerable 
portion of it is developed in the seventh section of Hilbert-Bernays’ first 
volume.’ The ideas of recursive arithmetic were given a great impetus by the 
use made of them by Gédel in his incompleteness theorems of 1931; they have 
played an important role in metatheoretic investigations ever since. 

Certain of these metatheoretic uses of recursive arithmetic have suggested 
the desirability of formalizing it, i.e. of setting up a strictly abstract system, 
defined by a set of primitive terms, operations, axioms and rules, which has 
as an interpretation the intuitive recursive arithmetic as above conceived.‘ 
In a recent analysis of the Kleene-Rosser inconsistency theorem I found I 
needed such a formulation, and accordingly set one up as a part of a paper 
on that subject.’ This formalization differs from those of Skolem and Hilbert- 
Bernays in that it is not based on an underlying logical calculus, but is an 


* Received July 29, 1940. 

* Presented to the American Mathematical Society, April 26, 1940. 

2 “ Begriindung der elementaren Arithmetik durch die rekurrierende Denkweise ohne 
Anwendung scheinbarer Variablen mit unendlichem Ausdehnungsbereich,” Videnskaps- 
selskapet Skrifter, 1923. 

5D. Hilbert, D. and P. Bernays, Grundlagen der Mathematik, vol. 1, Berlin, 1934. 

‘For an account of the nature of a formal system see § 2 of the paper cited in the 
next footnote, or my New York address “ Some aspects of the problem of mathematical 
rigor,” forthcoming in the Bulletin of the American Mathematical Society. The system 
given below is complex, not only in that there are infinitely many primitives, but also 
in that there is a rule (viz. 2.74) of non-elementary character. It is an interesting 
example of such a non-elementary system. 

®> The paradox of Kleene and Rosser—to be published later. 
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entirely independent logical system.° The development of recursive arithmetic 
on such a basis was not carried through in detail in that paper; that is the 
principal business of the present one. The object is to show the adequacy of 
the formulation for recursive arithmetic; the final result is a proof that the 
system is equivalent to that of Hilbert and Bernays. 

The principal points in the development may be sketched in a preliminary 
way as follows. In § 2 will be found the formulation of the system; this is 
given here in detail, so that the present paper is not dependent on the previous 
one. After the consideration of some fundamental theorems in § 3, the simpler 
properties of some arithmetic functions are given in §4. In §5 it is shown 
how the propositional calculus can be set up within the system. From then 
on the paper is directed toward the end of showing that the Hilbert-Bernays 
and 8, 


formalism can be included in the present scheme.’ This occupies §§ 7 
and is discussed in a general way at the beginning of § 7; $6 consists of 
lemmas only. There are two main difficulties: the derivation of the equality 
scheme J, in 7. 4 and the theorem of 8.7. The key to the solution of both of 
these is the double induction theorem of 7. 2. 

In referring to different parts of the paper a decimal notation is used; 
the number before the decimal point is the number of the section. Where 
reference is made to two or more subdivisions of the same section number the 
latter is not repeated; thus 4. 11. 34. 15 refers to 4. 11, 4. 34, 4.15 in the order 


named. The references to different sections are separated by commas. 
2. Formulation of the primitive frame. 


2.1: Preliminary explanations. 

2.11. The system of recursive arithmetic here formulated will be called 
the system St. 

2.12. The terms of 8 will include not only numbers and numerical 
variables, but also functions of every degree of multiplicity. Accordingly we 
consider an infinite series of categories of terms, ©, ©,, G.,:--. Here 
©, includes the numbers, numerical variables, and expressions capable of being 
substituted for them ; these will be alluded to simply as (recursive) expressions. 
On the other hand the terms of €, for n > 0 represent the (recursive) func- 
tions of n arguments. 

2.13. It is also desirable to subdivide the terms of ©, according to the 
variables on which they depend (or are conceived as depending). Thus if % 


6 Tt thus carries the work of Skolem, who showed that recursive arithmetic could be 


formalized without quantifiers, a step further. 
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ig any set of variables, ©) (X) is the class of expressions whose variables, if any, 
are in X. In this connection the null set of variables is denoted by ‘’ and 
the set of ail variables by ‘¥’; so that the terms of © (©) are the constant 
expressions and ©,(%) is the same as ©. We shall also understand 
*,%n) as meaning the same as -,%n}), where Zn} 
is the set of which 2,,- - -,2, constitute the members. 


2.14. The conventions in regard to use of letters are as follows: 


2.141. Arabic numerals are used as subscripts and in intuitive discus- 
sions in their ordinary senses. ‘0’ and ‘1’ are also used to denote specific 
expressions (numbers) ; of these 0 is primitive, while the 1 is defined in terms 
of 0 and the successor function in the usual manner (see 4.0). 


2.142. L.c. italic letters, with or without subscripts, are used as follows: 

‘a,’ “m, ‘n’ for unspecified numerals in intuitive discussions and as sub- 
scripts, Just as in ordinary mathematics. 

for specific expressions, the numerical variables, constituting 
the class B. 

‘a, ‘d, ‘a, for unspecified variables (i. e. members of 

2.143. L.c. Greek letters are used for functions. The letters ‘4,’ ‘y, 
‘x’ denote unspecified functions; the others denote specific functions and so 

X 
have fixed a meaning throughout the paper. 

2.144. L.c. German letters are used for unspecified expressions. They 
may be provided with arguments, to indicate dependence on certain variables, 
as explained at the beginning of § 3. 

2.145. Capital italic letters are used for operations. These are prefixed 
to their arguments ; since the multiplicity is fixed, parentheses are unnecessary 
(as in the logical notations of the Poles). 

2.146. German capitals are used for special purposes as follows: 

‘Rt’ as in 2.11. 

‘&, ‘DO, ‘B’ for classes of terms, as in 2. 12. 13. 

‘X, 9, for unspecified classes of variables. 


“Of, ‘BY ‘ CY for unspecified terms of the propositional calculus in 5. 3. 


2.15. Miscellaneous supplementary conventions in regard to the use of 
symbols. (Note that the symbols of 2. 151-2.155 are non-formal symbols; 
ie. they are abbreviations for expressions of ordinary language). 

2.151. ‘==’ designates definitional identity. 
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2.152. ‘&’ is used as the conjunction ‘and’ between sentences; also as 
connective in the calculus of propositions. 

2.153. ‘—>’ is used as implicative connective between sentences. In this 
paper it is only used where the passage from antecedent to consequent is by 
rules 2. 71-2. 73 only.’ 

2.154. ‘=’ is similarly used for the equivalence connective. 

2.155. ‘e’ and ‘C’ are used with their usual set-theoretic meanings— 
‘e’ for class membership, ‘ C’ for inclusion. 

2.156. In the formulations below, portions of the text in parentheses 
concern the interpretation of t; they are irrelevant to the abstract formulation, 

2.157. In order to eliminate superfluous parentheses the operational and 
similar symbols are arranged according to seniority as follows—those in any 
line being senior (i. e. binding stronger) than those in a line below it.® 


>; 


&, 
Wis 

+; O, 
x, 


(multiplication) 


As regards symbols on the same line in the above arrangement, they are 

to be read from left to right, thus 
atbtc=(a+b)+e. 

2.2. Primitive terms. There is an infinite set of these, as follows (On 
the use of parentheses see 2. 156) : 

2.21. (A constant number): 0. 

2.22. An infinite sequence of numerical variables: v1, V2, * 
For the designation of unspecified members of B see 2. 142. 

2.23. (A function) o. (This is the successor function, converting any 
expression a intoa+1). 

2.24. (A function) ¢. (This is the function having 0 as its constant 
value; cf. 2. 62). 


7©-»’ is also used in §§5 and 7 as the implication connective in the propositional 
calculus. This is to make the notation the same as that of Hilbert-Ackermann. 

® Cf. my paper on the use of dots as brackets, Journal of Symbolic Logic, 2, pp. 26 
28 (1937). The dot notation is not used here because of possible confusion with 


multiplication. 
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2.25. <A set (of functions) knm, where n —1,2,3,--- and 2, 
++ +52. (Knm picks out the m-th argument from a sequence of n; cf. 2.63). 

2.3. Operations. These also form an infinite set, grouped into three 
kinds, as in 2. 31-2. 33 

2.31. For each n> 0, there is an (n+ 1)-ary operation Ay. (This 
represents the application of an n-ary function to n arguments. In accordance 
with custom) we define 


when de and ay, A2,° +, Qne Go. 

2.32. For each m >0 and n> 0 there is an n + 1-ary operation Sinn 
(representing the substitution of mn-ary functions in an m-ary one. Cf. 
2. 64 below). 

2.33. For each n > 0a binary R, (representing the recursive definition 
of an (n+ 1)-ary function in terms of an n-ary and an (n+ 2)-ary. Cf. 
2.65 below). 


2.4. Rules of formation. We turn now to the rules for the formation 
of derived expressions, and for the classification of expressions into the cate- 
gories mentioned in 2. 1. 

2.41. Oe €, (X) for any 

2.42. XC (X). 

2.43. G. 

2.44. 

2.45. Knme En (n == 1,2,- 

2.46. If Pe En, and aye (X) for 1, 2,---,n; then o(a1,° an) 
e€, (X). 

2.47. Ifde Em, and yi ec for 1= 1, 2,---,m; then En. 

2.48. If de ©, and y is an E,,.; then Rady 


© 


2.5. Hlementary propositions. The only primitive predicate of the sys- 
tem is the binary relation of equality between numerical expressions. The 
elementary propositions are those of the form 


a= pb, 
where a, be ©)(¥%). 


2.6. Azioms. In stating the axioms we have two alternatives: either we 
may state specific axioms with a substitution rule, or we may state axiom- 
schemes in the sense of von Neumann. The latter course is followed here. 


®Tn case n =0, &, is to be understood as &, 
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It is to be understood that a, 6, c, are any expressions of &, and 4, y, x, are any 
functions. 


2.61. a=q,'° 
2.62. ¢(a) =0. 
63. Knm (Qi; Qn) = Om. 
2. 64. If € and X1> Xm € G,, and = Smnbxi Xm 3 then 
2. 65. If € X€ then 
Rules of procedure. As before a, b, ¢, are arbitrary expressions of ©. 
a=bob—a. 


If de Ey, and if 


ai = 1,2,---,n); 


then 


2.74. (Mathematical induction). If pe and -, an Eo(Y), 
such that 


(i) (ai, ° 0) = ¥(a,,° Qn, 0), 
(ii) on the hypothesis that 
(1) Qn, 7) = Qn; x), 


where z is a variable not in ¥), it follows by 2. 71-2. 73 and known theorems that 


10This is redundant. For we have «,,(@) =a by 2.63, @2=x«,,(a@) by 2.71, .’, 
a=a by 2.72. 

11 Tn case n = 0, &, (D) is to be understood as in 2. 48. 

118 This rule, of course, is stronger than is necessary. In fact it is sufficient to 
assume the rule for the following cases: (a) when ¢=¢, (b) when P=RK,, yx and only 
the last argument in ¢ is replaced. (Whether this second requirement can be dispensed 
with or not I have not investigated; but at least it is sufficient). The rest of 2.73 can 
then -be derived by the methods of § 3. 

12This may, if desired, be more meticulously stated thus: (2) is the last of a 
sequence of equations such that every equation in the sequence is either the equation 
(1), or a known theorem, or is derived from certain of its predecessors by one of the 
rules 2.71, 2. 72, 2. 73. 
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then for any be &,, 


3. Fundamental theorems. 


3.0. Convention. The notation ‘a(a,,---,2n)’ shall denote an un- 
specified expression of &)(X), where X is some set of variables including 
Then shall denote the result of substituting 
Bn respectively for in a(2,° (When the argu- 
ments are omitted it is to be understood they are 2,,° - +,2n). 


E,(Q) ; then a(bi,- - -, Bn) Eo 


Proof. We proceed by intuitive induction on the construction of a, bearing 
in mind that a must be constructed from 0, 2,: --,@n by 2.46 only. We 
abbreviate a(b,,- - -,bn) to a’. 

If a=0, then a’ =0 and the theorem follows by 2.41. If a==<2j, then 
a’ =b; and the theorem follows by hypothesis. Hence the theorem holds if 
a is primitive. 


Suppose now that -,Qm), where €m and a; is an abbre- 
viation for aj(2,,° * -,@n), and that the theorem holds for the aj. Then by 
3.0 a’ = where a’; =ai(b,,: -,6,), and the theorem fol- 


lows by 2. 46. 
3.11. Corottary. CYCRB; then C E,(Y). 


Proof. If ae€,(X), then ae for some 
By the theorem for b; = 2; and 2.42. we have ae q.e.d. 


3.2. THeroremM. /f 


18 This notion of substitution is taken intuitively; but it may, if desired, be formally 
defined by induction on the construction of qg as follows: 


i) Ifa =0, then 


Il 


a(b,: +> bn) 
ii) If then 
+> Bn) = by 
iii) If a =y where ¥ is not one of the 7;, then 
=y 
iv) If a=¢ laps ), Where pe Em then 


y 
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then for any * Cn, 


Proof. This may be proved by an intuitive induction based on the proof 
of the hypothesis. If the hypothesis is an axiom, then the conclusion is also 
an axiom. On the other hand if the hypothesis follows by a rule of 2.7, and 
the indicated substitutions are allowable in the premises of the rule, then that 
same rule allows the deduction of the conclusion from the so transformed 
premises. The hypotheses of the rule are satisfied by 3.1. 


3.3. THroreM. If ace then there exists a pe En such 
that 
$(X1,° >In) = a. 


Proof. As in 3.1 we proceed by intuitive induction on the construction 


of a. 

If a is primitive, then it is either 0 or some z;. In the latter case ¢ = ky; 
fulfillsall the conditions (2.45.63). In the former case set ¢ = Sin€kn:. Then 
ge, (by 2. 44. 45. 47) ; also (by 2. 64) 


(by 2. 62) == (), 
The result follows by 2. 72. 

Suppose, now, that a—y(a:,° ,Qm), where pe Em and Ame 
(21, * -,%n), and that the theorem holds for the a;. Then there exist 


$1,° *,¢me€, such that 


(1) $:i(%1,° (¢== 1,2,°°-,m). 
Let 


Then de ©, (2.47). Also, by 2. 64, 


(by (1), 2.73) = Am) 
= 


This completes the proof by induction. 


2, ¥) >On, ZY); then there exists a be En,, such that 


(44, ° an, 0) da, 


j 
t 
t 
a 
l; 


on 


m € 
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Proof. By 3.3 there exist functions ye €n and x e€€n4. such that 


(di, ° Gn) a, 
x (a1; ° = b(a,° Qn, Z,Y). 


Hence, by 2.65 and 3.2, 6 = Anyy fulfills all the conditions. 


3.5. THEOREM. (Generalization of mathematical induction). If a(x), 


(i) a(0) —6(0), 
(ii) from the assumption that 
a(x) = 


it follows, by 2. 71-2. 73 (and known theorems) only, that 


a(o(x)) = 
then 
a= 


Proof. By 3.3 this form of induction is reduced to that of 2. 74. 


4, The elementary arithmetic functions. In this section the simpler 
properties of the sum, product and similar arithmetic functions are developed. 
The proofs are mostly well known; consequently they are only briefly indicated. 

Here, as throughout the rest of the paper, the theorems of § 3 are taken 
for granted. New functions are defined by equations to which 3.3 or 3.4 are 
applicable ; in the latter case the variable with respect to which the recursion 
takes place will always be x. By virtue of 3.2 the a, b, ete. in the following 
theorems may be thought of as arbitrary expressions. In the case of some 
functions no symbol for the function as such is given, but only an ordinary 
operational representation of its value; thus addition is defined by giving, 
according to 3. 4, the value of a + 0 and the determination of a+ o(x) from 
a+ 2x. 

In cases where no proof is stated the proof is by induction (3.5) on the 
last variable in the alphabetical order or else the theorem follows directly from 


the definitions. 
4.0. Definition: 1==0(0). 
4,1. Addition. 
4.10. Definition. 


4.101. a+0=—a. 


4,102. a+o(2) =o(a-+2). 


of 

nd 

at 

ed 

en 

ist 
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20. 


. 30. 


31. 
32. 
33. 
34, 
35. 
36. 
37. 
38. 
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0+a=—a+0—a. 

a+ (b+c)—(a+b) +e. 
o(a) +b=a+o(b) =c(a+h). 
a+b=—b-+a. 


Subtraction. 


Definitions. 


4,201. 8(0) —0. 

4.202. 8(o(z)) =z. 

4,203. a—0—a. 

4,204. a—o(r) 
8(a) =a—1. 

0—a=0. 

a(a) —oa(b) =a—b. 
(a+c)—(b+c)=a—b. 


4.241. (a+b)—a=—b. (4.11. 15. 24). 
4,242. a—a=0. (b = 0 in 4. 241). 
4,243. a-- (a+b) =0. (4. 11. 15. 22). 
4,244. a+ (4. 241. 22. 15). 
a—(b+c)=(a—b)—c= (a—c) 

4,251. (a—b)—a=0. (4. 243. 25). 
4,252. 8(a) —b=—a—oa(b) =8(a—bD). (4. 21. 25). 
Multiplication. 

Definitions. 


4,301. a-0=0. 

4,302. a-o(z) 
0-a=—a-0—0. 
1l-a=a:‘l—a. 
a(a)-b=a-b+b). 
-b=b-a. 
= (a-b) + (a-c). 
-(b-c) = (a-b) °c. 

-8(b) = (a:b) —a. 
-(b—c) =a-b—a'e. 


a 


8 8 


|_| 

11. 

12. 

13. 

14. 

15. 

4, 2. 

22. 

23. 

24. 

4, 25. 

4. 3. 
| 

| 
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4.4. Negation. 
4.40. Definition. | a | =1— a. 


4.41. |0|—1;|o(a)| =0. 
4,42. a-|a|=0. 


4,421. (a+b)-|a|=—0. (4. 42. 38. 22). 
4.43. |a|-|a|—|a]. 
4.44. 
4.45. 

4.451. |a|+ ||a||—1. (4. 42. 45. 41). 
4.46. {|0|| 0; || =1. (4.41). 
4.47. (4. 46. 41). 
4.48. a=—8(a) + 

4.481. If |a| 0, then a=—o(8(a)), (4. 48. 41. 12). 
4.49. 8(a) 8(b) = (a—b) — |b |. 
4.5. Equality function. 
4.50. Definition: a0 b=(a—b)+ (b—a). 
4,51. a00—a. (4. 20. 22. 10). 
4,52. aDa=0. (4. 242). 
4.53. (4. 15). 
4.54. (a+c)0(b+c)—aOb. (4. 24). 

4,541. o(a) Oo(b) =a DD. (4.12). 
4.55. a(bOc)=(a-b) O (a-c). (4. 35. 38). 


5. Propositional calculus. It is shown in Hilbert and Bernays** that 
every formula obtained by combining equations with the connectives of the 
propositional calculus is equivalent to a simple equation of the form a= 0. 
This idea is here used to show that the propositional calculus can be set up 
within the system §t. In fact suppose we interpret an expression a as the 
proposition a = 0; or, what amounts to the same thing, suppose we assign a 
the truth value “truth” when a=0O and “ falsity” when a—o(8(a)). 
Then the connectives of the propositional calculus are definable; in fact | a | 
is the negation of a, and the arithmetic sum and product are the logical product 
and sum respectively, while implication and equivalence are defined below. 
We shall see in this section that every formula of the propositional calculus is 
valid in ®t if its variables are replaced by expressions and its connectives are 
interpreted in the manner indicated. 

4L.c., p. 310. The idea is due to Gédel, Monatshefte fiir Mathematik u. Physik, 
vol. 38 (1931), p. 180. 
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or 


Definitions. 


5.01. aDb=|a|-b. 
5.02. a0 Cb=(a bd) + (ba). 
5.1. Preliminary theorems. 
5.11. Ifa—0, thena Db. (4. 41. 32). 
5.12. Ifa—0 and a b=—0; then (5.11. 01). 
5.13. a0 —a(b) Da=0. (5. 01, 4. 41. 31). 
§.14. aD (5. 01, 4. 32). 
5.15. If a—b, then a b= 0. (5. 01, 4. 42). 
5.16. aD C |/a|| =0. 
Proof. (5.01)a > 
(4. 42). (1) 
(4. 47) =|al-a 
(4. 34. 42) wd. (2) 


The conclusion follows by (1), (2), 4. 244, and 5. 02. 


5.2. Verification of the axioms. 


§.21. a-a a= 0. (4. 45. 43. 241. 42). 
§.22. a-b=0. (4. 36. 34. 42. 31). 
§.23. a-b 0b-a=0. (4. 34, 5.15). 
5.24. (a b) (c-a~ c:b) =—0. 


Proof. (5.01). 


(4. 34. 36) =b-c:|c-a| 

(4. 45) 

(4. 36. 35. 38) =b-(c:|c|+c-|a|+ec-|c|-|a]) 
(4. 42. 31. 36) =b-(0+c:|a|—0) 

(4. 11) =b-c:l|a| 

(4. 34. 36) =(|a|-b)-c 

(5.01) = (a b)-c. 


This reduces the theorem to 5. 22. 
6.25. a+b0C (5. 16, 4. 44). 
5.3. Turorem. Let & be a term of the classical propositional calculus 


such that 


| 
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is deducible in that calculus. Suppose now that for the variables of U we 
substitute any expressions of KR and interpret the connectives as follows: *® 


aas |a|, 
a \/b as a:b, 
a&basa+6, 
a—>bas 


Then tf t is the expression so constructed from XZ we have, as theorem in Rt, 
t= 0. 


Proof. The classical propositional calculus is generated by the rule of 


inference from the following eight axiom schemes: 
WV 
B. 
BV 
(I> BV) (CVA CV B). 
VB. 
BOW & B. 
(Y>B) V B. 
VB (ASB). 


(Of these the first four are the Hilbert-Ackermann axioms, while the last 

four give the “ definitions” of conjunction and implication). If & is an 

instance of any one of the first six schemes, then our theorem holds by 5. 2 

(and 4. 244 in case of the last two) ; if it is an instances of one of the last 

two then our theorem follows by 5.01.15. To complete the induction on the 


proof of Z we need only show that if our theorem holds for Z, and 2; — Za, 
then it holds for T.; this follows by 5. 12. 

5.4. Special cases. The following are listed for reference later. 

5, 41. (a> b) D(a+cb+c) =0. 

5.42. a bo.a=0. 

(25) (2c) (a c)) =e: Q. 

5.44. a+b0b=0. 

5.45. (a+bOc) ((a- db) (a c)) = 0. 
.46. (ab) = 0. 


or 


6. Generalized summation. These theorems are lemmas for use in § 7. 
A systematic study of generalized sums would proceed somewhat differently. 


6.0. Definition. 


15 Notation of D. Hilbert and W. Ackermann, Grundziige der theoretischen Logik, 
Berlin, 1928. 
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6.01. Ya(z) —a(0). 


a(x) 
6. 02. a(z) = a(z) +a(o(z)). 
2= 2= 
6.03. Remark. Note that z in these definitions is an apparent variable, 


and neither z nor a(z) is a constituent of S.a(z). In fact, suppose that 
2-0 


a(x) « yn) and that y is the function such that 
Yn, 7) =a(z). 
Then a(z) is Yn, x) where ¢ is defined by 
2=0 


* Yn; 0) =7(%,° 5 Yn; 0), 


6.1. THroreM. If a(a) 


then 
2=0 


Proof. By induction on b. 


Remark. The theorem is not quite trivial, for the reason remarked in 
6.03. It requires use of mathematical induction; hence it cannot be used to 
establish a premise (ii) of 2. 74. 


6.2. THroreM. If a(a) b(a); 
then 


b b 
a(z) —2 b(z). 
Proof. Induction on b. 


6.3. THerorem. If a(a) © b(a) = 0; 
then 


b b 
2-0 
Proof. Induction on 6 and 5. 41. 


6.4. THEOREM. 


Dalz + a(b)). 
Proof. Induction on a. 


6.5. THEOREM. 


> a(2) a(a) =0. 
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Proof. Induction on a using 5. 44. 


6.6. THEOREM. 
a+b a 
Da(z) Sa(z) —0. 
2=0 2-0 


Proof. Induction on b, using 5. 42. 


7. Theorems on induction and equality. We now embark on the pro- 
gram of showing that the Hilbert-Bernays technique for recursive functions 
is included in the system ft. As explained in Hilbert-Bernays, p. 307, this 
technique consists of (1) the elementary calculus with free variables, (2) the 
equality axioms J, and J,, (3) the formula 0’+40, (4) the general use of 
recursive definitions, (5) substitution and explicit definitions, and (6) the 
induction scheme. It will be shown that all these can be incorporated in 
when we interpret the primitives of the Hilbert-Bernays system as follows: 


H. B. 
a ist beweisbar a= 0 
a |a| 
a\/ b a:b 
a&b a+b 
a—>b a> b(=|a!-b) 
== 
a’ o(a) 
§(a, b) 


With this understanding the validity of the elementary calculus with free vari- 
ables has been shown in 5. 3; that of the equality axiom J, in 4. 52; the formula 
0’ 0, which becomes | o(0) 0 0 | = 0, follows by 4.51.41; while items (4) 
and (5) of the above list were established in § 3. It remains only to derive 
the induction scheme and the equality axiom Jz. This is done below in 7.1 
and 7.4 respectively. The final result is 7. 6. 

?.1. THeorem. If (i) a(0) =0, 
and (ii) 

a(rz) Da(o(x)) = 0; 
then 
a(a) =0 

Proof. By (ii) and 5.12 the premise (ii) of 3.5 is fulfilled; hence the 

theorem follows by 3. 5. 


THroreM. If 
(i) a(a,0) —0, 
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(ii) a(0,b) = 0, 
(iii) a(e,y) Da(o(z), o(y)) =0; 
then a(a,b) =0. 


Proof. Let b(a,b) —Da(z,b). 


Then (6. 01, (ii) ) b(0,b) =0; (1) 
also (6.1, (i)) b(a(a),0) =0. (2) 
Again (6.6) b(a(a),b)  b(a,b) = 0, 


while (by 6.3, (iii)) b(a,b) D ¥ a(o(z), o(b)) 


(5. 43) b(o(a), 2) D a(o(z),0(2)) (3) 
On the other hand, by 6. 4. 01, 4. 12, 
b(o(a), o(z)) = a(0, o(x)) + Ya(z+1,0(c)) 


((i), 4. 11. 12) (4) 
((8), (4)) b(o(a), 2) > b(o(a),o(x)) =0. (5) 
((2), (5), 7. 1) b(o(a),b) =0. (6) 


.. ((1), (6), 3. 5) b(a,b) =0. 
The theorem follows by 6. 5, 5. 12. 
?.3. TueroreM. If de En, then 

Proof. By induction on the construction of ¢. 

If is primitive then either 1) ¢ is 2) (a) = 0, or 3) an) 
=a; for some in. In case 1) the theorem holds by 4.541 and 5.15. In 
case 2) the conclusion of the implication is 0 (4.52) and the theorem holds 
by 5.13. In case 3) the conclusion is one of the premises and the theorem 


holds by 5. 3. 
Suppose ¢ is SmnWx1,° * * xm, and that the theorem holds for y and each yi. 


Let pi, qi be defined by 


pi +, An) =xi(O1,° +, Dn). 


Then, since the theorem holds for each yi, 
(a, +: (an D bn) O q; = 0. (1) 
Also, since the theorem holds for y, 


qi) + + (Dm Gm) W(P1, Dm) O Gm) == (), (2) 
Since, by definition and 2. 64 


2-0 
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and 
the theorem follows from (1) and (2) by 5.3. 
Suppose now that ¢ = Rnyy, and that the theorem holds for ¢ and yx. Let 
a(c,d) =b+ (cOd) c(e,d), 
where 
b=(a4,06,) (& 0 dn), 
and 
C(c,d) +, an,c) 0 > On, a). 
Then (2. 65) 


Hence, by the hypothesis on y and 5. 3, we have 


a(0,0) =0. (3) 
Again, 
a(o(x),0) =b+ (o(x) 09)  e(o(z), 0) 
(4. 51. 10) =o(b+ 2) c(a(z), 0) 
(5. 13) == (), (4) 
((3), (4), 3. 5) a(c,0) =0. (5) 
Again (4. 53), a(0,d) =a(d,0). 
(8) a(0,d) =0. (6) 
Next, since the theorem holds for x, we have (2. 65) 
b+ (cOd)+c(e,d) c(a(c),o(d)) = 0. (7) 
From (7) and 5. 45, 4.541 we have 
a(c,d) a(o(c),o(d)) =0. (8) 


By (5), (6), (8) and 7.2 we have the theorem for ¢, which completes the 
proof. 
7.4. THeorem. (quality axiom J2). 
aQOba(a) Oa(b) =0. 
Proof. Let y:,° + +, Yn be all the variables other than x in a(x), and let 
Then, by 7. 3, 
yn) + (406) Oa(b) =0. 
The premises y; 0 yi can all be dropped by 4.52 and 4. 11. 
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?7.5. THrorEM. If 


then 
a b=0. 


Remark. This theorem shows the equivalence of the formulation of 


mathematical induction in Hilbert-Bernays and that of 2. 74. 


Proof. By 2.153 b= 0 follows from a= 0 by the equality rules only. 
But these equality rules may be deduced by the propositional calculus from 
4.52 and 7.4. By the deduction theorem in the propositional calculus we 


have the theorem. 
?.6. Tuerorem. If the formula 
a=b 
can be established in the formalism of Hilbert and Bernays, then in R we have 


aD b=0. 


Proof. See the introduction to § 7. 


8. Final Theorems. To complete the proof of the equivalence of the 
system f with that of Hilbert and Bernays, it is necessary to show that the 


relations 
a=b 


and 


are equivalent in ft. Theorems related to this question are discussed in the 
present section. 
8.1. THEOREM. (o(a) —b)-(b—a) —0. 
Proof. Let a(a, b) = —b)-(b—a). 
Then (4. 22. 31) a(a, 0) =0. 
Also (4.0.40.421) a(0,b) =0. 
Finally (4. 23) a(o(r),o(y)) =a(z,y). 
Hence the theorem follows by 5. 15, 7. 2. 
8.11. CoroLtary. (a—b)(b—a) =0. (4. 23. 204. 37. 34. 22). 
8.2. THEOREM. | 
Proof. Let a(a,b) =|o(a) ~—b|-|b—a|. 
Then (4. 22. 41) a(a,0) =0. 
Also (4. 40. 42) a(0,b) = 
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Again (4. 23) a(o(x),o(y)) =a(z,y). 
Hence this theorem also follows by 7. 2. 


8.3. THEOREM. If ao Ch=0; 


then 
|| — ||] 
Proof. Suppose 
aCh=—0. 
Then (4. 244) 
ab—0. 
(5.01) |a|-b=0. 


From this and 5.01.16 and the equivalence substitution in the calculus of 
propositions, we have 


Similarly, from 
a-|b| = (2) 


Next, by 4. 451. 32 
|] 


(4. 35) 
((1), 4. 101) 
(4.45) la (3) 


But, by 4. 451. 32, 


If we put this in (3), the theorem follows by 4. 241. 


It 


8.4. THEOREM. | o(a) 
Proof. By 8.1 and 5. 16, 


| ao(a) || - (b—a) =0. 


(5.01. 02) |o(a) —b| Db—a=0. (1) 
Again, (8. 2, 5. 01, 4. 34) 

b——aD|o(a)~b| =0. (2) 
((1), (2), 5. 02) la(a)~—b| DC b—a=0. 
(8.38) || o(a) ||| = ||b—a||. 


The result follows by 4. 47. 
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8.5. THEOREM. o(a) +|b—al. 


Proof. 
(4. 208. 41) = (a—0)+]|0| 
(4. 22) = (a—0)+|0—a|I. (1) 
(4. 23) o(a) 
(4. 48) = 
(4, 252, 8. 4) —(a+o(z)) + | (2) 


(1), (2) give a proof by induction. 


8.6. THrorREM. a+ (b—a) (a—b). 


Proof. 

(4. 22. 11) a+ (0—a)=a=—0+a—0. (1) 
Suppose that a+ (a—z). (2) 
Then (8.5) a+ (o(x) ~a) =a+ 

((2)) 

(4, 48) + 
(4. 204. 451) (a—o(x))+1 

(4. 13. 15. 12) =o(xz) + (a—oa(z)). 


The theorem now follows by induction. 


8.7%. TuroreM. The relations 
a=b 
aNb=0 
are equwalent. 


Proof. The first relation implies the second, by 4.52. If the second 
relation holds, then (4.244) a—b—0&6b—a=0, whence a= b by 8.6. 


8.8. THEOREM. If 
a=b 


holds in the Hilbert-Bernays system, then it holds in ®t. (7%. 6, 8.7). 


The converse of this theorem needs no proof, since the processes of St are 
valid processes of the Hilbert-Bernays formalism. 
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TCHEBYCHEFF POLYNOMIALS AND THE TRANSFINITE 
DIAMETER.* 


By J. GILLIs. 


The major part of this paper will be devoted to the application of the 
theory of Tchebycheff polynomials to the study of the transfinite diameter. 
Theorem I was communicated to the author, without proof, by Prof. Fekete 
to whom it is due. The remaining theorems appear to be new. We shall 
begin with a study of plane sets of points, but shall examine in Sections IV 
and V the possibility of extending our methods and results to sets in general 
metric spaces. 

i, 

Let H be any bounded set in the plane of the complex variable z. For any 
positive integer n let P, denote the class of all polynomials of degree n in z 
in which the coefficient of z" is 1. There will be a member of P, with the 
property that the upper bound on JF of its absolute value is not greater than 
that of any other member of P,. The existence of such a polynomial is obvious. 
Following Faber,’ we call it a Tchebycheff polynomial of degree n for E and 
denote it by 7',(£). Let d,(#) denote the upper bound on £ of | T,(£) |. 
We omit here any consideration of the uniqueness of 7,(#), but dna(£) is 
unique by definition. It is known? that as n tends to infinity, [da(H)]?” 
tends to the transfinite diameter of H. In fact this may be taken as the 
defintiion of the transfinite diameter which we denote by 7(#). For any 


non-zero number 2 we denote by /(a) the function 


log 1/x 
and put 1(0) = 0. 


THEorEM I. (Fekete’s Theorem) Jf > F,, E (say), is a closed set lying 
r=1 


ina circle of C of unit diameter, then 


x 
(1.1) 
r= 

* Received August 1, 1939; Revised January 22, 1940. 

1G. Faber, “ itiber Tschebyscheffsche Polynome,” Journal fiir Mathematik, vol. 150 
(1919), pp. 79-106. 

2M. Fekete, “ tiber die Verteilung der Wurzeln bei gewissen algebraischen Gleichun- 
gen mit ganzzahligen Koeffizienten,” Mathematische Zeitschrift, vol. 17 (1923), pp. 
228-249. 
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Remarks. There will be no loss of generality if we assume that the sets 
#, are themselves closed. For we may replace each EL, by #£,, noting that 


7(E,) +(E,), 


A 


while, since F is closed, FE = 3 £,. 
r=1 


It is known * that 


(1.2) r(0) <4 
and so, for each r, 
(1.3) r(E-) <+(C) S$}, 


and, in particular, none of the terms on the right-hand side of (1.1) can be 
negative. 

We may suppose that the right-hand side of (1.1) is convergent, since, 
if it diverges, (1.1) is satisfied automatically. 

The proof of the theorem requires a few lemmas. 

LEMMA 1. For any set A the zeros of T,(A) all lie in the convex hull 
of A. 
This result is due to Fejér.* 

LeMMA 2. If p is any positive number and Ap denotes the set of points 


which are each distant less than p from some point of A, then 


lim r(Ap) = 7(A). 


p->0 
This lemma, first proved by Fekete,’ is an obvious deduction from the definition 
of 7(A). 


Lema 3. If A is any plane set, then, given « > 0, we can find an open 


set G containing A and such that 
t(G) <7r(A) +6 
This follows from Lemma 2 if we put G equal to Ap with a sufficiently small p. 


LemMA 4. 7(£) cannot exceed the diameter of EF. 


° Of. G. Pélya and G. Szegé, “Uber den transfiniten Durchmesser (Kapazitits 
konstante) von ebenen und riiumlichen Punktmengen,” Journal fiir Mathematik, vol. 
165 (1931), pp. 4-49. 

4G. Szegi, “Uber orthogonale Polynome, die zu einer gegebenen Kurve der kom 
plexen Ebene gehéren,” Mathematische Zeitschrift, vol. 9 (1921), p. 240; L. Fejér, “ ther 
die Lage der Nullstellen von Polynomen, die aus Minimumforderungen gewisser Art 
entspringen,” Mathematische Annalen, vol. 85 (1922), pp. 41-48. 

5M. Fekete, “iiber den transfiniten Durchmesser ebener Punktmengen, I,” Mathe 
matische Zeitschrift, vol. 32 (1930), pp. 108-114. 
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For, if the diameter of F is d, then we can enclose / in a circle of radius d, 
and the transfinite diameter of this circle can easily be seen to be not greater 
than d. 

We proceed with the proof of Theorem IJ, taking first the case where there 
is only a finite number of sets We suppose, then, that = + - 
+ Ey, where each (r= 1,2,- is a closed set, and that lies in a 
circle C of radius $. We write 7, for r(#,) and assume, in the first instance, 
that > 0 and log 1/7, is rational (r—1,2,---,N). Then choose an 
integer M so that each of the numbers M/(7,) is a positive integer, n, (say). 
Let 7,,(£,) be a polynomial of degree n,; with its n zeros in C. Consider the 

N 
product J] 7,,(#,). This is a polynomial of degree > n,,—=n (say), and so 
r=1 N 
d,(E) = Max | II T,,(£,) |. 
zeE r=1 


Suppose that this maximum is attained at some point of 2), where v= v(M). 


Then 
(1.4) dn(E) S Max | Tn, |, 
zeEyp 
since, for each r, | T,,(H,) | S1 in C. 
Hence dn(E) = dn,(Fv), 
and so 
(1. 5) log S nv/n- log [dn (Ev) 


As M tends to infinity, so do n, ny. Choose a sequence of values of M tending 
to infinity such that v(J/) is constant, =1 (say). Then we see that, for 
arbitrarily large n, 1, 


log [dn( S n,/n- log [ dn, (21) 


and so 
log [7(F)] log m1, 
~ 


which is (1.1). 
If any or all of the numbers log 7, are irrational then we proceed as 
follows. For every r for which log +, is irrational replace F by the closure 
5 


of (F;)p,, where p, is a positive number such that 


is rational and differs by arbitrarily little from 1(7,). The theorem has been 
proved for the modified sets and, since the quantities pr may be arbitrarily 
small, the theorem for the unmodified sets follows. The argument is justified 


by Lemma 2. 
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We still have to deal with the case where the number of sets E, is infinite, 


Take any positive number «. For each r (r= 1,2,-- -.) let pr be a positive 
number such that 
(1. 6) (Br) p,]} SU(rr) + «/2" 


Then the closed set # is covered by the sequence of open sets (E,)p,. Hence, 
by the Heine-Borel Theorem, we can find a finite selection of these sets to 
cover FH; let this selection consist of the sets (H,)p, for r—=1,:--,N. Write 
F, for then 

(Fr) = 7[(Er)p,]. 
By the case already proved, 


I[+(B)] = 
(rr) by (1.6) 
< these (1.7) 
Since e was arbitrary, the result follows. 


II. 
00 
THEOREM IJ. Jf > EF, is a closed plane set, FE (say), lying in a conver 
r=1 


domain D of diameter a (a= 1), then 


(2. 1) I[1/a-7r(E)] 


The proof for the case a = 1 is exactly analogous to that of Theorem I, (0 
being replaced throughout the argument by D. The case a < 1 can be deduced 
immediately by considering the sets /,* which are similar and _ similarly 
placed to the respective sets #, and have their linear dimensions increased in 

the ratio 1:a. Then £*, = > £,*, lies in a domain of diameter 1 and, clearly, 
r=1 
7(E*) ( E,*) 1 
7(L) a 


Cor. 1. Under the conditions of Theorem II, if 
St, (r—1, 2,° 


and 
— 
then 
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(2: 2) [u—l1(e) ] 
For 
—  logr, log 
= 
loga—log tr” loga—log + 
so that 
< (2 
Aloga—logr, 
— _logr*:p 
~ log a— log r’ 


and this is precisely (2.2). 


Cor. 2. If EF, => F,, is a closed plane set of diameter a, (aS V 3/2), 


f= 
and r(E,) St (r=1, 2,:--), then 


where 
(2.3) 


This follows by combining Cor. 1 with the fact that any set of diameter a can 


be enclosed in a circle of diameter 2a/\/3 (Young’s Theorem‘). 


III. 


The next question that suggests itself is whether the results in Theorems 
I and II can be improved. The most important point relates to the function 
I[7(£Z)]. Can we replace it by some “ sharper” function? We mean by this 
some function h[+r(#)] such that 
(3. 1) lim h(x) log 


z-0 
Suppose that we can replace /(z) in (1.1) by some function h(x) which is 
positive and increasing for positive x and tends to zero with x. Then a closed 
linear set H with h-measure * zero would have to have zero transfinite diameter. 
For the vanishing of the h-measure implies that, for every positive e, we can 
find a set of intervals {7,} of respective lengths {a@,} such that 


(i) each point of F# is interior to at least one of the intervals J», and 


Sh(an) <e. 


— 


*T am grateful to a referee who pointed out that (2.2) could be deduced from (2.1). 

7Cf. A. S. Besicovitch, “On the fundamental geometrical properties of linearly 
measurable plane sets of points,’ Mathematische Annalen, vol. 98 (1927), p. 463. 

8 For the definition of h-measure, see F. Hausdorff, ‘‘ Dimension und Aiisseres Mass,’ 
Mathematische Annalen, vol. 79 (1918), pp. 157-179. 
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Then, if Theorem I were indeed true with h[r(Z)] in place of I[+(F)], we 
should have 
h[r(£)] Sh[r(3Jn)], since LC 
by hypothesis, 
= sh (an/4) 


Sh (an) €, 


and, since ¢« is arbitrary, it would follow that h[r(#)]—0O and hence 
=0. 


Now Ursell ?° has shown that, if /(a2) is any function of 2 such that 


(i) &(2) is positive and increasing for small positive z and tends to zero 
with z, and 


(ii) lim - log r= 0, 


then we can find a closed set /; in the linear interval (0,1) whose k-measure is 
finite while its transfinite diameter is positive. If now, in (1.1), we could 
replace I(r) by h(r) where fh satisfies (3.1), then we could put k(x) = 
Vh(x)-l(x). Then k(x) -log x and h(x)/k(x) both tend to 0 with a. 
Since the k-measure of F is finite, its h-measure must be zero. By the 
remarks above it would follow that 7(#;,) = 0, and this is untrue by Ursell’s 
result. Hence Theorem I is, in this sense, a “ best possible” theorem. The 


same is true, of course, of Theorem II and its corollaries. 


IV. 

In this section we consider the possibility of extending our results to sets 
in a general metric space. For this we require a generalisation to such a 
space of the idea of a polynomial. 

A metric space which is complete and locally compact ™ will be referred 
to as an H-space, and it is with such spaces that we shall for the most part 
deal. We shall denote the distance between two points 2, y by p(a, y). 

Let S be an H-space, 2, %,° - *, % any finite set of points of S (not 
necessarily all distinct). Then for any point x of S we write 


® Since the transfinite diameter of a linear interval is a quarter of its length, 
cf. Pélya and Szegé, op. cit., p. 5. 

10H, D. Ursell, “ Note on the transfinite diameter,” Journal of the London Mathe- 
matical Society, vol. 13 (1938), pp. 34-37. 

11 For the definition of these concepts see H. A. Newman, Elements of the topology 


of plane sets of points (Cambridge, 1939), p. 38; cf. also F. Hausdorff, Mengenlehre 
(Berlin, 1927), pp. 103 and 107. 
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tes 


Lr). 
1 
We shall call P(x; +,a@n) a polynomial function of order n. 


Tchebycheff Functions. If E# is a bounded set in S, we denote by Tn(E) 
a polynomial function of order n whose upper bound on £ is not greater than 
that of any other polynomial function of order n. We shall call T,(£) a 
Tchebycheff Function of order n for E; its existence is easily established. 
Clearly, T7,(£) = 7,(), in the sense that any Tchebycheff function of order 
n for either Y or £ is also one for the other. We denote the upper bound of 
T,(#) in EF by d,(£), the latter being unique. It can be proved quite easily 
that, as n tends to infinity, [d,(#) ]*/" tends to the transfinite diameter of EF. 
The proof given by Fekete ** for plane sets applies without change to sets in 
space S. 

V. 

In dealing with sets in an H-space we shall not use the concept of a 
convex region. We shall need, however, the idea of a sphere, i.e. of the set 
of points z for which p(x, 2%) S «, for some fixed point a» of S and positive a. 
Interior, exterior, radius, and surface of the sphere have their obvious 
definitions. 

If we come now to extend the proof of Theorem I to an H-space we see 
that everything goes over without change except Lemma 1. In fact the proof 


of Lemma 1 depends on the following property of the plane :— 


If C is a convex region of the plane and P any point external to C, then 
we can find a point Q such that, for every point R of C, RQ < KP. 


Now this property of the plane, which is true of Euclidean space of any 
number of dimensions, is not true of a general H-space,’* even if we restrict 
(' to be a “sphere.” An #-space which has this property will be called an 
F-space. We may, then, assert the following theorem. 

TueorEM III. Jf K ts a sphere of radius } in the F-space S, and F,, 


E.,- + - are sels in K whose sum, E, is closed, then 


1 [r(E)] I. 


n=1 


There is no need to go into the details of the proof which is the same as that 


12 See the work quoted in footnote 2. 


13 Tt is not true, for instance of the surface of the three dimensional sphere with 


the usual great circle metric. 
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of Theorem I. As we have said, the proof of Theorem III does not apply to 
a general H-space. However, the following is true. 


THEOREM IV. Let K be a sphere of radius 4 in an E-space and A,, 
A2,* * * be sets in K such that } An, A (say), ts closed. Then 
n=1 


(5. 1) I[r(A)] = [r(A)]. 


The proof is again closely analogous to that of Theorem I. The only 
difference is that, in place of Lemma 1, we use the following :— 


LemMA. If A is a set in a sphere K of radius R in an E-space, then, 
for any positive integer n, we can find a T,(A) whose zeros all lie in the 
sphere of radius 2R concentric with K. 


Let T,(A) = P(x; +,%n) and suppose that is the centre of K, 
Then, if p (x, 71) = 2R, we have, for any z of K, 


p(x, 1) = To) — 2) 
> R= p(2o, 2). 


Put 2’; equal to z or 2; according as p(2%,2;) is or is not greater than 2R, 
and we see that 

for every x of K. This establishes the lemma, and the remainder of the proof 
is as before. 

It may be mentioned that the above lemma enables us to extend appro- 
priate modifications of Theorem II and of Cor. 2 of that theorem to sets in 
an H-space. These modifications follow obvious lines. 
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ON A LOCAL SOLUTION OF A DIFFERENTIAL EQUATION OF 
INFINITE ORDER.* 


By A. C. BurDErTe. 


In this note we are concerned with a local solution of the linear differential 
equation of infinite order 


(1) aoy (x) + ay’ (x) + (x) (2), 


where the ay are constants and ¢(x) is analytic in a neighborhood of z=), 
For a certain class of equations (1) we are able to exhibit a solution y(z) 
analytic in a neighborhood of a= b. The method employed is that of contour 
integrals taken over a sequence of expanding contours and has been used by 
numerous writers, particularly in connection with problems in difference and 
differential equations. 

The coefficients ay of (1) serve to define an auxiliary function 


(2) F(z) = > ave” 

v=0 
which has been called the characteristic function ' belonging to the differential 
equation (1). Let the function F(z) be subject to the following restrictions: 


A. F(z) is of exponential type = q < 0. 


B. F(z) is such that there exists a set of closed contours Cy, v= 0, 

1,2,- - having the properties: 

(a) Each Cy contains z = 0 in its interior. 

(b) For z on Gy, v-+1S|2|Sv+ 8 where B is a sufficiently 

(3) large positive number. 

(c) The length of Cy has a bounded ratio to 2zv. 

(d) There exists a constant p > 0, such that for z on Cy, | F(z) | 
> 


These conditions serve to define the class of equations (1) with which 


* Received October 5, 1940. 
1R. D. Carmichael, “On non-homogeneous linear differential equations of infinite 
order with constant coefficients,’ American Journal of Mathematics, vol. 58 (1936), 
pp. 473-486. 
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we are going to deal. Sheffer * has found a local solution for the more general 
class of equations (1) based solely on (3) A. The reason for offering this more 
restricted case is that the additional restrictions of (3) B enable one to draw 
somewhat sharper conclusions, particularly in that the constants involved are 
explicitly defined. 

Conditions (3) are rather exacting but they do not define a null class of 
functions. For example, Carmichael * has shown that functions of the form 


n 
Cyev*, Lo = 0, Co ae 0, 
v=0 
satisfy the conditions of (3) B. Functions of this form clearly satisfy (3) A.4 
There is no loss of generality in taking 60. Let the power series 
expansion of ¢() in the neighborhood of x = 0 be 


(4) = 
and let the constant o be defined by 
| Sy | 
(5) lim sup 0. 
pou [Ve] 


We now introduce the auxiliary functions 


1 dz 


where the contours Cy are those of (3) B and i= Y—1. We obtain at once 


1 
(7) Py (2) Cy (z) 


It is easily verified that if = 2’/v!, = Pv(z) isa solution of (1). 


This result leads us to consider, from (4), 


¥hMe2 


(8) y(x) = 


21. M. Sheffer, “ Concerning Appell sets and associated linear functional equations,” 


Duke Mathematical Journal, vol. 3 (1937), pp. 593-609. 

2R. D, Carmichael, “Systems of linear difference equations and expansions in 
series of exponential functions,” T'ransactions of the American Mathematical Society, 
vol. 35 (1933), pp. 1-28. 

*It is desirable to have functions of this form included in the theory since they 
arise frequently in the associated study of difference equations and differential equations 


of infinite order. 
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as a trial solution of (1). Substituting (8) in the left member of (1) we 
obtain, operating formally, 


oO OO OO 

k-0 k=0 v=0 

Oo fo 

= Sy > a;.Py™ (x) 
y=0 k=0 
OO v 

== Sy (a ) 

V. 


Thus (8) is a formal solution of (1). To show that (8) affords an actual 
solution we need to establish the convergence of (8) and the validity of the 
operations used in (9). 

First we obtain a dominant for Py (a2). Directly from (7) we have, 
making use of (3) B(b), 


|< | de | 


Also from (3) B(c), (d), 
| dz | 
(11) < My. 
e Cy 


Hence (8) is dominated term by term by 


M | sv | v(v + (+8), 
Since the superior limit of the v-th root of the v-th term of this dominant series 
is ge!*!-1, where o is the constant defined by (5), the series (8) converges 
absolutely and uniformly for 
|x| < log eo 


provided o < ¢. Thus, with suitable restrictions on (a), the function defined 
by (8) is analytic in the neighborhood of the origin. 
In order to justify the formal operations in (9) we first note that, from 
(3) A, 
| ax |(v + < 


k=0 
where ¢ is any positive constant whatever. Then proceeding as above, making 
use of (10) and (11), the series in the third member of (9) is dominated term 


by term by 


MeDd | sv | (v + 1) 8), 


y-0 
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The superior limit of the v-th root of the v-th term of this dominating series 
is getlzl-1**, Hence, if o < e'**, the series in the third member of (10) 
converges absolutely and uniformly for 


| < log 


and the operations in (9) are seen to be valid. Since e is arbitrarily small, 
we may state the following theorem: 


THEOREM: Let q, o be, respectively, the constants defined in (3) A, (5), 
and let F(z) be the function defined in (2). If F(z) satisfies all conditions 
of (3), and if o < e'4, then y(x), as defined by (8), is analytic for |a|< 
log ote and satisfies equation (1) for x in any region interior to |r| < 


log 
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ON THE SURFACE INTEGRALS OF FUNCTIONS OF TWO 
COMPLEX VARIABLES.* 


By STEFAN BERGMAN. 


1, Introduction. In attempting to generalize certain theorems to the 
theory of a. f. 2c. v. (analytic functions of two complex variables), for instance 
the Schwarz lemma, Cauchy’s formula, the residue theorem, one finds that 
the (three-dimensional) boundary of a (four-dimensional) region does not 
play the same role as the boundary curve does in the theory of a.f.1¢e.v. As 
a result it has been necessary to consider certain special domains possessing 
on the boundary a particular (two-dimensional) surface called d.b.s. (dis- 
tinguished boundary surface) which has, from the point of view of the theory 
of functions, a similar position to that of the boundary curve. 

Until now there has been considered a class of such domains, namely, 
domains bounded by a finite number of sg. of an. h.-s. (segments of analytic 
hypersurfaces), (denoted, as below, by t%;°, k =1,2,---,n1). The totality 
of intersections of with another sg. of an. h.-s. 
k+1,:- forms the mantle surface G,? of i,°. The sum 3 &,? of mantle 

surfaces (omitting certain points or lines) forms the d.b.s., (denoted 37) 
of Mt. 

The geometrical concepts are in this case different from those met with 
in the plane: one must distinguish not only between the interior and the 
boundary curve but between the interior, the d.b.s. and its complementary 
part of the boundary. In spite of this it has been possible to generalize certain 
results of the theory of a.f.1¢.v., namely: 1°. to state an integral formula 
giving the values of an arbitrary a.f.2c.v. regular in $ in terms of a 
surface integral taken along the d.b.s. 3? [1, 2,3] ?; 2°. to generalize certain 
theorems analogous to those connected with the problem of Dirichlet [5]. 


* Received April 15, 1940. 
1Concerning the notations see paragraph at end of this section. Note that the 
following abbreviations will frequently recur in this paper: 


a.f.ne.v. = analytic function of complex variables, 
d. b. s. = distinguished boundary surface, 
sg. of ana. h.-s. = segment of an analytic hypersurface. 


A visualization of the domains considered here is given in the paper [1] and in 
J. Math. Phys., vol. 20 (1941), pp. 107-117. 
The numbers in brackets refer to the bibliography, see p. 318. 
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In dealing with the problem 2°. we lack generalizations of formulas 
which are so useful in the theory of a.f.le.v. E.g. we cannot construct, 
in general, the biharmonic function analogous to the Green’s function since 
in general the biharmonic function (real part of an a. f. 2 ¢. v.) which assumes 
on the d.b.s. preassigned values does not exist. Hence we find it necessary 


to introduce in an appropriate way an “ extended class of functions,” so that 
to each continuous function which is given on the d.b.s. a function of the 
extended class exists assuming on the d.b.s. the preassigned values. With 
this extended class of functions it becomes possible to find the Green’s function 
which becomes logarithmically infinite along a given analytic surface in 9 
and vanishes on the d.b.s. Furthermore, despite the altered geometrical 
situation and despite the fact that the extended class of functions depends 
on the domain, one can employ for the study of the connection between the 
growth and the distribution of the values of an a. f. 2 ¢. v. the same technique 
as in the case of le. v. (For details see [5] and the paper mentioned in [5]). 

In addition to Cauchy’s integral formula, its generalization, the residue 
formula, is an important tool in the study of a.f.1¢.v. In the development 
of the result mentioned under 1°. one is led to find an analogue of the residue 
formula. 

We shall deal here with the relations introduced by generalizing the 
residue formula and show the réle of functions of the extended class in this case. 

Poincaré was the first to consider surface integrals of a. f. 2. v.; he 
showed that such integrals (comp. section 5) depend upon the boundary curve 
of the surface of integration as in the case of a. f. 1c. v. where the line integral 
depends only upon the end-points of the curve of integration. Furthermore, 
he showed that the periods of integrals of rational f.2¢.v. taken along sur- 
faces homeomorphic with the torus can be expressed by periods of algebraic 
functions 1c. v. [8,7]. 

After introducing the notion of a d.b.s. of a domain one is confronted 
with the problem of obtaining relations between surface integrals of an arbi- 
trary meromorphic function taken over the d.b.s. and certain expressions 
which are associated with special points lying in the domain and on the 
singularity surface of f. To find a relation of this type is the purpose of 
this paper. 

In order to obtain such formulas we consider surface integrals, which 
are taken over the mantle surfaces (,” of sg. of an. h.-s. %°. For such surfaces 
(which are in general not closed) we get the following result: Let the in- 
tegrand f = Q(%, 22)/P(%, 2) be a quotient of two a.f.2¢.v. regular ina 


four-dimensional domain that contains i,°. The surface integral taken over 
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@,2 is equal to the line integral along the intersection of i? and $f, 
= E[P(2:, = 0] being the singularity surface of the integrand. If we 
denote by ¢ the uniformizing variable of this surface i.e. if we suppose that 
22) = 0 can be represented in the form = E[z« = p*(¢), «= 1,2], 
p*() being a. f. 1c. v. ¢, then the integrand of the line integral is an analytic 
function of ¢. 
Q (4%, 22) 

Py (4%, 22) P2 (41, 22) 
if one denotes by the uniformizing variables of Px(2, =0, 1,2 
respectively, then this integral is equal to the sum of two line integrals 


and 


If the integrand of the surface integral is f = 


P, (98,2 j P, ($2? 

(by 
pv (fv), pv? (Sv) ] 


POP (A, 22) 
Ps-v[ pr’ (Ev), pv? (ev) J [ = (tv) 


being the image of Bx?-i,? in the &-plane, « = 1, 2. 
On the other hand for our purpose (for details see section 7) we need a 


= 


surface integral which is equal only to f qi(€:)dé,. This can be 
P, 


obtained by introducing a weighting function x(z1, 22) of the extended class,? 


vanishing along - and equal to 1 along - B,? 
Q (41, 22)x(41, 22) we find that this surface 
P (41, 22) P2 (41, 22) 


integral is equal to the line integral, but taken only along P,(i*- 8,2), since 


Taking as the integrand 
Q 


x vanishes on i,’ $8.7. 

Therefore if we consider the sum of the surface integrals taken over all. 
the mantle surfaces ©; of all the bounding hypersurfaces i;°, & = 1, 2,-- +, n, 
we find that this sum is equal to 


f qi dé; f di. 


n 
= is the d.b.s. of M; 3b ix? is essentially the intersection of 
k=1 


*Since in general we cannot construct an a.f.2c¢.v. satisfying these conditions, 
We introduce functions of the extended class in order to overcome this difficulty. 
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%.? with the boundary of Yt and therefore is a closed curve. Its projection 
in the {, plane is also a closed curve. Therefore we can use the residue 
formula for a. f.1¢.v. and obtain that the sum of the surface integrals taken 
along k = 1,2,: -.n, with the appropriate weighting function is equal 


to the sum of residues of qg,({:) in the domain bounded by P,[ 3 ($7 - i;°)]. 
k=1 


By the residue formula this expression is the sum of certain quantities which 
we associate with the points lying in Mt, of intersection $,°- 82? or where 
P;(4%, 2) has a zero point of order higher than one. Thus, we arrive at the 
desired conclusion. 

As a final remark it may be observed that by introducing other weighting 
functions we can obtain by a similar technique different useful formulas. We 


shall discuss these matters at some future time. 


Notations. Manifolds will be denoted by German letters, the upper index 
indicating the dimension of the manifold. However we omit this upper index 
in the case of four-dimensional manifolds. 

In operating with the sets we use the usual symbols: * +, 3 (sumset), 
— (difference set), » (intersection), X (topological product of domains) ete. 
E. g. we denote by 2 @"(a) the sumset of a family of sets ©"(«), which 


a 
depends upon a parameter a, « running through the region #”. (Note that 


the sets ©"(a) considered in this paper are frequently families of disjoint 
manifolds lying in the four dimensional space [@"(«) - €"(a’) =0 for «~a’], 
so that 3 €"(a) has the dimension m + n.) 
aehm™ 
We denote by E [...] the set of points whose codrdinates satisfy the 


relations indicated in the brackets. 


2. A segment of an analytic hypersurface. The notion of a sg. of an 
a. h.-s. plays an essential réle in our further considerations. 

Before defining these segments precisely let us make a remark: a sg. 
of an a.h.-s. is given by i® = E[®(2:, 22,A) =0, Ae ft, (41, 22) eM] where 
ft = E[0 SAS 2x]. M is a certain four-dimensional domain, and ® is for 
every an a.f. 2c. v. 2, 2 regular in M. 

In order to describe certain properties of i* it is useful to extend 1° toa 
larger domain 8; however for our purposes it is only necessary that the 
extension j® —i* of i® be continuously differentiable. Such an extension of a 
sg. of an a. h.-s. is in general possible (while the analytic extension of i° often 


meets with serious difficulties) . 


‘ Compare F. Hausdorff, Lehrbuch der Mengenlehre, 2nd ed., 1927, § 1. 
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In order to avoid the statement and discussion of hypotheses needed for the 
extension mentioned of i* to j® we postulate initially that ®(z,,2.,A) is a 
continuously differentiable function for (21, 22,4) «RX ft. We suppose fur- 
ther that, for each A« 22,A) is an a. f.2¢. v. 2, 22 regular in M. Let 
(2.1) O°(A) = 22,4) = 0], =E[OSAS 


be a one parameter family of surfaces or segments of surfaces in the space 
of two complex variables. It is assumed that ®(z,, 22,4) has continuous first 
derivatives with respect to A and z, «=1,2 over the RX f' i.e. for 
(21, f'. We suppose that two segments 02(A) and do not 
possess common points, unless A =’ [1a].° 

We assume furthermore that there exist two functions 
(2. 2) h*(Z, 2), Ze def? 
of the complex variables Z and the real variable A, having continuous first 
derivatives with respect to Z and A, €*(A) being an appropriate domain in 
the Z-plane, whereby: 1°. we have 


(2.3) @[h'(Z,A), h?(Z,rA), A] HO, ze) 

2°. there corresponds to every point (21°, 22°) eR for which ®(2z,°, 22°, A°) = 0 

one and only one point (Z°,A°) so that 

(2. 4) == h*(Z°, r°), x=1,2 [1b]. 
Remark. By the correspondence 

(2.5) (Z)—> (41,22), Ze == h*(Z,A), ZeE2(A), (41, 22) € O?(A) 


which we denote by Ry we have a one-to-one mapping of €7(A) into 07(A). 
In using this notation we have 


(2. 6) = Ry*[0*(A)]. 
As a rule we shall use in the future the right side member of (2.6). 
If (Z,A) runs through all points of od E?(A) then the set of points 
ref! 
(4,22), Ze == h*(Z,), forms a hypersurface (or a segment of hyper- 
surface) which we shall denote by j°. 


j° is the set sum of laminas 07(A), i. e. we have 


(2. 7) 3 


where every 07(A) is given by (2.1) or E[ze = h*(Z,A), «=1, 2]. 


5 Here and in the future we shall refer to our hypotheses by boldface characters in 


brackets. 
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Remark. By the correspondence 
(2.8) (2,4) > (a, %), A) E[Ze€*(u), w—=A], (41, 22) 


which we denote by R we have a one-to-one mapping of 3 ?(A) into j°. 
Nef 


Yor every (A, Z) «R-*(j*) we will assunie valid for either « —1 or x~2 


the inequalities 


D(h',h?) 
0< < 0< DQ,Z) | < 
Si. 


Let MCR. We suppose that for every A, ®(21, 22,A) is an a.f. 2c. v. 
in and that h*(Z,A), Ae ft, are a.f.1¢.v. Z in the region Ry [$2 (a)], 
(A) = (A). [1d]. 


By (2.7) we can write 


(2. 10) i? 

in the form 

(2. 11) 3 
Nef 


where in view of [1d] 37(A) is a segment of an analytic surface, from which 


it follows that 1° is a sg. of ana. h.-s. 
By the considerations in [2] p. 80 it follows from [1c] that a sufficiently 


small neighborhood of any point of the hypersurface j* will be divided by j° 
into two connected parts. 

In order to avoid too great generality we shall suppose that Ry*[3?(A)] 
and therefore %2(A) consists of at most r connected components for every 
de f* except in at most a set n° of finite number of points. 

Every component of Ry-"[%?(A)], A «8! == n° is a domain which is 
bounded by at most 7 curves, where r and / are independent of A [le]. 

We denote the boundary of Ry[%?(A)] by b4(A). If b*(A) is a Jordan 
curve we then define on 6(A) a sense of direction such that it is positive 


when Ry*[32(A) ] lies to the left of 6'(A). 


Remark. We shall prove that all b*(A), A€8* considered below consist 


of finite number of Jordan curves. We call 
(2. 12) G? = 3 P(A), (A) = 


the mantle-surface of i°. 


8. A region with distinguished boundary surface. Let us consider n 


R 
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hypersurfaces ° j,°, k = 1,2- - +n, of the form described in (2.7%). We shall 
suppose that the j.°, = 1, 2,- - -,n, divide the domain into parts in such a 
manner that there exists at least one connected domain Mt, (one of the cells 
into which ® is divided by which lies wholly in 
(i.e. M, Ct). The entire boundary m® of Mt, consists therefore of parts of 
jx®. We shall furthermore assume that Yt, has no points in common with a 
jx’, k =1,2,---,n. We shall consider Yt, to be the region Yt introduced in 
section 2, so that the parts of j,? belonging to the boundary m* of Mt, are 
the sg. of a. h.-s. i,° described in section 2. (We shall not have further use 
for the subscript 1 in M,.) 
From our assumptions above it follows that 


(3. 1) m= i,’ 


We assume that every intersection = is’, k As, k,s n, is 
a two-dimensional manifold [2a]. 
The following points are distinguished on m*: 


I. J-points that belong only to one hypersurface ix’, 
II. K-points that belong to the intersection of at least two i;’. 


We shall, in the future, speak of K,-points when we wish to emphasize 
that K, is the intersection of exactly p hypersurfaces i’. 

By the considerations of [2] p. 83 we can show that every point of 
Rj, [6:1 (Az) ] [see p. 300] must be a K-point. 

Among the X-points the following subclasses may be distinguished. 


1. N;,-points are points that belong to Ry,[bx? (Ax) ], Axe 12°. 

2. M;-points are K-points such that the neighborhood of Ry Lh), 
My € consists of interior points of (Ax°) J. 

3. It follows from (2.5) that in any point of @xs? we have 


(3. 2) ZK = Ny*(Zx, Ar) == he“(Ze, As), (x=1, 2). 
We call Pxs-points those K-points for which in addition to (3. 2) 


(Zs, As) Ohs? (Zs, As) 
OZ, 


(3. 3) == 0 


is satisfied. 


° Since we now have the different hypersurfaces j,*, k =1,2,. -.m, we shall give 
a subscript k to quantities considered in §2 which are associated with the hyper- 


surface in: 


k=1 


302 STEFAN BERGMAN. 


We assume that on every Ry,[bx1(Ax)], Ax € 8x1 there lie at most a finite 
number of M;,-, Ns- and Pxs-points, s = 1, 2,- -+-,k—1, and 
we denote the set of remaining points of R),[bx?(Ax)] by ix*(Ax) and 
(Ax) ] by by*(Ax). According to our hypothesis, consists of a 
finite number of connected and rectifiable curve segments. 

We put furthermore * 


(3.4) (An) ine? (Au), tee? (Av) = (Ak) 8 
g=1 


By the theorem of implicit functions and the Heine-Borel theorem we 
can cover by a denumerable set of neighborhoods m = 1, 2,° 
so that we have for Zz, Zs and 2, Z respectively the representation 


(3. 6) (dz, re), Ze == Ze (Az, Ao) 
and [see (3. 2) ] 
(3. 7) Zn = (Ax, As) == (Ax, As), Ax] 


where Z*;, Z*, and dxs“ are functions possessing continuous derivatives in 


fo 
the original domain Of in the AzAs-plane. The domain 3 UW 


m=1 
= %*;. is a covering surface (which may be covered multiply) of 


fit X = E[0 S 2m, OSA S 


or of a part of fx? X fs. 
We may note that %*%, has no branch points in its interior and is 
the one-to-one image of ©*,.. The one-to-one mapping 


(3. 8) (21, —> (Ans As), (4%, 22) € Gree, (Any Av) € 
defined by (3.7) we denote by Axs. We have 
(3. 9) = Ars (G*xs). 

We assume now that %*,. is measurable and that 


J 


exists [2c]. 


n 
7 The sign ’ on gf indicates that the member s =k is omitted. 
8=1 
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4, The intersection of Yt with the singularity surface of the integrand. 
We shall consider in the present paper integrals in which the integrand, 
omitting the weighting factors, is 


Q(z, Z») 
P, (41, 2) 22) 


(4. 1) 


where 22), Pv(4, 22), v= 1,2, are supposed to be functions possessing 
continuous derivatives in ® and regular in Mt. 


~~ 
We denote by $.* the segment of surface 
(4. 2) By? —= Py (a1, 22) = 0, (41, 22) 
. . . . 
and we suppose that we can uniformize $y? i. e. write it in the form 


&,? is supposed to be a single valued domain of the ¢)-plane and the relation 
(4. 4) Py: (21, 22) (&), (2, 22) (Ly) 


~~ 

defines a one-to-one mapping of By? into &.* [8a]. 

Furthermore are a.f.le.v. in 

(4. 5) By? — Pr? M 
[8b]. 

We shall set forth in this section several assumptions concerning $v". 
We first introduce the curves 
(4. 6) py. = i: 

The points of p',; at which we have either 


D(py' pv? — hx?) Opy' Ohi” Opy? 


7) D (kv, Zx) 
or 

1 2 
(4. 8) D (hit, _ 


D (Ax, Zx) 
we shall call W-points of py. 

From (2.4) and (4.3) we obtain a new representation for p'y, in a 
neighborhood of every point of p'y, which is no W-point. Namely we have 
for (21, 22) € Phx 
(4.9) (lv) == (Zn, Ax), (x= 1,2). 
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Since the left-hand member of (4.7) does not vanish at the considered 


point, we obtain 
(4.10) fy = (Ax) (4.11) Ze = Try(Ax) 


a representation for Py(ptyx) and R“(p'x) valid in a sufficiently small 


neighborhood of the considered point. 


Remark. From [1b] and [8b] it follows that {*,(Ax) is a function 
possessing continuous derivatives and therefore since (4.8) is not true the 
curve = (Ax) ] possesses a tangent which turns continuously. 

Furthermore it follows that at any point P which is not a W-point (so 
that (4.8) and (4.7) do not hold) the curve E[ fy = {*.x(Ax)] divides the 
¢y-plane in a sufficiently small neighborhood of P into two connected parts.— 
(see considerations of [2], pp. 85-86). 

Every p's (and therefore m*- 9,2) consists of (open) J-ares and of 
(closed) K-ares (i.e. arcs that consist of J- and K-points respectively) and 
of isolated K-points. 

From considerations in [2], pp. 85-86, it follows that the J-arcs must 
belong to the outer boundary of Mt- $v, while the K-ares can be slits or 
isolated segments that do not belong to the boundary of Mt: Pv’. 

We suppose that §8.* consists of m components ©*v,, 0 < m< o and 
that each P,(S*,p) is bounded by a finite number of simple closed curves [8c]. 
There lies on m*-8,? only a finite number of Kn-, (n > 2), M-, Pxs- and 


N-points (the totality of which we denote by 3 R%.) and there are no W- 
k=1 


points [3d]. 

Since on pty there are no W-points, by the Heine-Borel theorem it 
follows that every p'vx, and therefore also py, —R8°vx, can be divided into a 
finite number of intervals 
(4. 12) 3 vk, = E[ 2x = pv* ve, rp (Ax) Ax € ver], 

(r= 1,2,-- Nu, p= 1,2,°° 
where £*,z,;(Ax) are functions introduced in (4.10) and $*yxr is an appro- 
priate subdivision of 

Remark. In using (4.11) we get also another representation for 3'vx,rn 
namely 


(4. 13) 3 vk, rp B[ (Trev, ru (An) Ax); AK € Svxr | 


where Tyy,ru(Ax) is the function introduced in (4.11). 
Furthermore we assume that the subdivision is so small that every 3’v,rp 


su 
no 
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lies entirely either in an i,* or in a G*x¢; in this last case 3'vz,rn belongs also 
to p'vs and we suppose that the subdivision is made so small that there exists 
for every 3'vx,run C a 3've,rp and that belongs entirely 
either to the outer boundary of Py[Bv?- Me] or to Py[m*- — dr’. 
Thus the intervals r= 1,2,-- +, w=1,2,° +, ler, can be 
divided into two classes: those that lie in %* (they are J-arcs) and those 
that lie in — (they are K-arcs). We shall denote by and 


the sum of the intervals of the first and second class respectively. 
According (4.10) we have for P,(3*vx,rn) the representation 


(4. 14) Py vx,rp) — rp (Ax), € | 
if five is then a J-arc) and 


(4. 15) Py (31 = Py (3'vs,RM) E[é vx, rp (Ax), Ax € 3 ver | 
= Elly = (Ae), As € 


if = € (3'vx,ru 18 then a K-arc). 

We suppose that if 3'vz,,n is a J-are or a K-are which belongs to the 
outer boundary of M-$.* then to increasing A, and Ax, As respectively 
corresponds a sense of direction on 31vx,rn such that P,[Mt- v7] lies at the left 
of 3'vx,rn [8e,]. We shall refer to such K-ares as K-arcs of the first kind. 

If 3'vx,ru is a K-are which is a slit or an isolated segment we assume that 
for increasing A, and A, there correspond on Py[3'vz,ru] an opposite sense of 
direction [8e.]. We shall refer to the K-arcs of this paragraph as K-arcs of 


the second kind. 

Remark. Thus we have 

N; lpkr 

(4. 16) — = 3 3 vk, rp = Ive 

5. Surface integrals. We introduce in this section certain proper and 
improper integrals taken over a mantle surface of a sg. of ana.h.-s.° Let 

[ 2x (Ax; Ae); 2, (Ax; As) € | 

where $*x«(Ax, As) are supposed to be continuously differentiable functions of 
dz, As and 


D ) 
D (Ax; As) 


~0. 


8In order to save space we introduce our definition of integrals directly for special 
surfaces considered in this paper. But no difficulty arises for the generalization of these 
notions to the case of any orientable surface if the functions which represent this 
surface are continuously differentiable. 
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Let G(2:, designate a continuous function of z. defined on G*xs. We put ® 


Remark. We have: 
D ) 
D(Ax,As) = sin f 


where: 


ds, = y+ ds, = + 


and where f means the analytic angle (see [6], p. 11) between the vectors 


In addition to functions which are continuous on the surface of inte- 
gration one can also consider the case when the integrand becomes infinite. 
If there appear a finite number of isolated poles of the first order we can, 
under certain additional hypotheses, omit these points in integrating. How- 
ever if there is a whole line, where the integrand becomes infinite of the first 
order, then the integral does not exist. In an analogous situation in the 
case of a.f.1c.v., i.e. when the integrand has a pole of the first order on 
the integration curve, it is useful to introduce certain improper integrals. 
Under appropriate ypetlnens on the curve c* and on the function f, one obtains 


[9]. Also in the theory of a. f. 2c. v. there were introduced certain improper 
integrals and it was shown that under certain hypotheses one obtains results 
analogous to (5.2). 

Let us first set forth our hypotheses and then define this improper surface 
integral. 

According to section 4, = (see (4. 16)), i.e. the intersection 
of the singularity surface and the considerated sg. of ana. h.-s. can be de- 
composed into a finite number of curves 3'yx,rp, each 3vx,rn lying entirely 


® These integrals were introduced at first by Poincaré [8] who proved that (5.1) 
vanishes if @,,? is a surface homeomorphic to a torus, @(2,2.) is an a.f.2c.Vv. 
regular in a certain domain §, @;,*¢ %, and if @,,.? can be shrunk to a point by 4 
continuous and topologically equivalent deformation, without leaving §. 


tal 
re} 
we 
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either in or in one of Concerning the last i.e. the 3tvx,rp 
belonging to f',, we add the following hypotheses. 1. On a strip sufficiently 
large around Axs(3*vx,ru), 8've.ru € the functions As) [see (3.7) and 
(3. 8) ] are three times continuously differentiable [4a]. 2. Every 3'vz,-u can be 
decomposed into a finite number of curves 


(5.3) ty} 
p=1 


(5. 4) Aks = E[As — A* sp = (Ax —A* ip) = 
(A; — A* ep) ++ Bp (Ax —A*ep)? + Wap (Ac) Ax € Ax —A*xp | Sy] 


where (A*xp,A*sp) are appropriate points of Axe(*vx,rp), 
pprop Pp 


3p(A 
(5. 5) 0 and [| |] 2a > 0. [4b]. 


According to (3.6) and (3.5) we have for R-[i'xs (Ax) ] the representation 
[see (2. 8) ] 


(5.6) Zi = (An, As) = X* (Ax, As) + (Ax, As), Ax const. 
We suppose that in a sufficiently large strip around Axes (g*vx,ru) 


7# (do. 
(5.1) 0< |, | <0, < 
k 


OX? 


and analogous inequalities for the derivatives with respect to As, Cn, n = 2, 3, 4 
being appropriate constants [4c]. The distance between fxs and Pixs (see 
p. 801) is greater than cy > 0 [4d]. 

In addition to a finite number of connected K-arcs, there are only a 


2 n 
finite number of isolated K-points lying on 3 3S hy, [4e]. 
v=1 k=1 


In every K-point which belongs to 3 3 Diy. the integrand G(4:, 22) is 
k=1 


p=1 
infinite of the first order i.e. if at this point Py(%, z) = 0, then 


OPy (4%, 22) 


P3-y(%, 22) 0 and 
The integrals 
D ) 
SS 


taken over the neighborhood of Pxe points exist. In the neighborhood of the 
remaining isolated K-points, which lie on v=1,2, k=1,2,° 


we have 


1, 
st 
n 
1S 
e 
n 
L 
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min [| Ax(Ax,As)|, | As (Ax, Ax)|] > 0, 
| arc Ax (Ax, As) — are As(Ax, As) | =O > 0, 


With these introductory remarks, we proceed to define our improper 
integrals 

* 
(5.8) f G (21, 2) dre, 

G (4, 22) = being a function which becomes infinite along 


P, (4, 22) P2(A, 22) 
= On the integration surface. As stated above each 31vx,rp 
lies entirely on a certain @*%s. We denote by §?(Ax,As,€) the circle on 
Axs(G*xs) with the center in (Ax,As) and of radius «, 0<¢e< cs, (see 
[4d]). If the point (Ax, As) of the (schlicht) A,As-plane is covered by several 
sheets of Axs(G7xs), R? (Ax, Ax, €) is the circle in this sheet in which the 
point (Ax, As) of considered lies. We put 


(5. 9) 3 Axl 3 R? (Ax; As; e) | 
(Ax; Az) € Ars (37 vx,rp) 


where the first summation runs through all r, » for which 3',rp belongs to fy. 


DEFINITION. By the improper integral (5.8) we mean 


(5. 10) lim G (21, 22) drx. 
€-0 


2 


Remark. In [4b] it was assumed among other conditions that 
Axs(3'vx,rn.) possesses no points where this curve has a tangent parallel either 
to the Ax- or to the As-axis. As is shown in [4] one can weaken this assump- 
tion by supposing that the angle between the tangent and the Ax-axis does 
not approach the values 0 or 2/2 too fast. In this case it is necessary to 
integrate over a more complicated domain instead of over &*%_- in (5.10). 
In order to save space, we shall not repeat these considerations. 

Analogously if we suppose that there lie a finite number of W-points 
(see [8d]) on pty, then we must use in (5.10), instead of @,?, other 
domains. (The difficulty which arises in this case consists in the fact that 
p'v.— 3 W is an open curve and cannot be divided in general into a finite 
number of 3*vx,rn (comp. (4.16)). In order to get a closed set, we must 
delete the intervals E[| A. —Atip | <8] and then go to the limit 
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Atyp being the values for which W-points lie on ixe(Ax). We omit the details 
here). 

In connection with our further considerations it is useful to replace the 
integral (5.8) by a sum of integrals, which we will describe below. 


LemMA 1. Let 
G (21, 22) = Axe), x) ], (215 22) € 


take on an infinity of the first order along p'yx = j've + fx (see section 4) 
and further let it be continuously differentiable in %3. We have then 


(formally) : 


* 
(5. 11) G (21, 22) dt = f G (41, + > f G (41, 22) 


where and can be chosen so that 1°, and satisfy all 
hypotheses of section 3; 2°. G(%, 22) is continuous on * (mantle surface 
of = except at most at a finite number of isolated poles; 
Ay € 

3°. 22) is continuous in + except on 3'vx,rn where G has 
a line of poles of the first order (yx, is a sg. of anan.h.-s. described below 
and 2 is its mantle surface, is an appropriate sg. of anh.-s. 

Proof. We consider a C By which lies on (Ax) 

Ax € 


C On every Ace Svar, there lies a point R(Ax) 
Ape 
= 3 where 22) = 0 and therefore G(2, 2) = 0. 


We decompose every ix'(Ac), AxeStver, Into two convenient parts 
(Ax) and R(Ax) We denote the endpoints 
of these segments by Ri(Ax) and R2(Ax) and join R,(Ax) and R2(Ax) by a 
segment (Ax), Where (Ax) lies entirely in and decomposes 
(Ax) into two parts: and The boundary curves of 
(Ax) and rn(Ax) are = (Ax) + (Ae) and (Ax) 
+ (Ax) respectively. We define a direction as positive when 
the bounded domain lies to its left. b*vz,,n(Ax) is considered as part of the 
boundary of 9?(Ay) and respectively, and therefore has in each 
case an opposite sense of direction. Furthermore we can choose }*vx,ru(Ax) so 
that there are no singularities in the (closed) domain $*yx,rp(Ax) ++ Uve,ru (Ax) 
except at R(Ax) and so that 


(5. 12) = DBD (Ar) 
1 An 
anc 
(5. 13) ix? (Ax) +. n (Ax) 


€ 841-8! An€S 
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satisfy all the hypotheses formulated in sections 2 and 3. (For M? to be 
a continuously differentiable surface, for A, lying in the neighborhood of the 
endpoints of 8*vxr, Ax ¢8*ver, we must if necessary alter ix’(Ax) so that the 
singular points of G(4, 2.) lying in + ix? (Ax) are maintained.) 

Since the sense of direction on h'«,rn(Ax) is opposite in each case and 
since G(z,, 22) is continuous on we have (formally) 


(5. 14) G (24, Z2)dr + +f" G (41, 22) drvx,rp. 
G,? 


There lies in 2%, one singularity line segment 3'vz,rp, while the number 
of 3*vx,ru which lie in 9? is one less than the number 3'v%,rn lying in G,’. 
Since there is a finite number of 3*v%,run in Gy? (see p. 304) then by repeating 
the process described above we get the result formulated in Lemma 1. 

The first integral on the right side of (5.11) is a surface integral 
taken in the sense of (5.1); its evaluation introduces no difficulty. (For 
details see section 6). Concerning the integrals over 2*\%,rn we have the 
following 

LemMMA 2. Let G(%, 22) G[hx'(Zx, Ax), hn? (Za, An) ] = 
where F(Zx,Ax) is an a.f.le.v. in (Ax) for each Ax € 3 ver. 
R~[33vx,rn] = E[Ze = Z°(Ax)] is a line segment satisfying hypotheses 
[4a-4¢] and the mantle surface of Then 


Ane 


(5. 15) af (Ax), x] 


The proof of the Lemma 2 is given in [4]. To save space we shall not 


repeat it. 


Ape Styne 


6. Reduction of a surface integral along a mantle surface of a sg. of 
an an.h.-s. to a line integral. 


THEOREM 1. Let P(2,22)*° and Q(%1, 22) be two a.f.2c.v. regular in 
every point of i*, where i® is a sg. of an h.-s. satisfying the hypothesis [1a-1c]. 
and @? its mantle-surface. Let px = B? E[P (a1, = 0] satisfy 
the hypotheses [8a-3e] and [4a-4g]. We have then 


10 For the considerations of this section we need not suppose that the denominator 


is a product of two functions. 
As a rule we shall omit the lower index ». However in some notations, where the 


omission of the index can cause ambiguities we replace v by a dot. 


INTEGRALS OF FUNCTIONS OF TWO COMPLEX VARIABLES. 311 


P (jx) 
G (a, 2 Q (4A; 22) Q[p'(L), p? 


(see (4.16)). 


Proof. According to Lemmas 1 and 2 it is sufficient to prove that 


1 
(6. 2) %2)dr— q(t) dt 
2 
and 
(6.3) aif G (21, =F f q(f) dé. 
rp 


We proceed to the proof of (6.2). Differentiating (4.9) with respect to Ax, 


we get 
\ dp* dg* rp Ohi aT;,. rp Oh; 
dk = Ty (Ax) 


[See (4.10), (4.11), (4.12), (4.13).] Multiplying the first equation i.e. 


for = 1 by 
17, Ty. ry 


the second, i.e. for x = 2, by 


(5, ) 
and adding, we get 
dp* dp* ) dg 
OL 1 me Ty, (Ax) 17, = (Ax) 
D hy? ] 
Zi Zy = Tx, 


(6.5) 


It follows further from P[p*(£), p?(¢) ] =0 


dp? 

y 1 2 
(6. 6) OP dp’, oP _» oP & 


| 


dg 
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According to Lemma 1 G@(z2;, 22) is bounded on %? except at isolated K- 
points (which belong to the intersection of p.x1 and @,?). By [4e] there are 
at most a finite number of such K-points. It follows from [2c], [4g] and 
by applying the technique of [3], p. 860 from [4h] that the integrand of 
the left-hand side expression of (6.2) is absolutely integrable. We can 
therefore wept the double integral by an iterated integral. Furthermore 
we have t(dAx), where (Ax) ] is essentially (for details see 


Axe 


below) the boundary curve of R5*[2x*(Ax)].** Hence the left-hand expres- 
sion in (6.2) is equal to: 


(6 7) dy (Z, Ax); hy? Ax) | D (hy, hi”) 
Ax); hy? Ax) | D (Xk; Zi) 
[ (Ax) J 


According to [4e] there can be at most a finite number of isolated poles 
on @,*. Since there are no poles on *yx,rn(Ax) there can lie only a finite 
number of isolated poles on B= 3 ti*(Ax) (see p. 309). Hence there 


Ay € 
are at most a finite number of values A; (the totality of which may be 


designated by €x°) so that isolated poles lie on ty'(Ax), Axe E,°. 
Since 3 t,1(Ax) has measure zero we can delete it from the integration 


Ape 
domain of (6.7) without any effect on the value of the integral. 


On the other hand according to [2b] byt (Ax) differs from by*(Ax) at most 
at a finite number of points. Since there are no K-points on }*yw,rp(Ax) 
(Ac) ] can differ from the total boundary of Ro (Ax) ] only at a 
finite number of points. Furthermore since the integrand is bounded in the 
neighborhood of the deleted points, we do not need to concern ourselves 
about these points. 

For every Ax, Ax € 8x1 — E,° the integrand of the interior integral of (6. 7) 
is an a. f.1¢.v. in ] except at the points Tx.(Ax) (see (4. 11) 
and (4.13)) at which P[hj'(Zx, Ax), hx? (Zx, Ax) ] becomes zero. Hence we 
can apply the residue theorem to the interior integral of (6.7) and we find 
that (6.7) equals 


Q (T., : ru(Ax), Ax) h? (Tx, ru (Ax), dx) | 
02; 022 Zr = Tr, ru (Ax) 


hi”) 
D (Ax; Ax) Zn = Tr, rp (Ar) 


114 There are analogous relations for the sg. of the a.h.-s.¢®= g %,7(A,) as for 
Especially comp. (5.1), (2.12), (3.4) and (3.5). Ay € 3x1 
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Vk 
since 3 8 Furthermore replacing 0P/0z, by the expression given 
r=1 


in (6.6) we obtain by (6.5), (4.11) that (6.8) is equal to 


oP 
3 81 .,— 
dp*(£) 
, (Ax), Ax] }- 
aP Ane Ex? 


= 


since 


ly 
B = jx, 
H=1 


the summation on the right side of (6.9) is taken over all 3'x,rn belonging to 
jx’. Since according to [4f] 0P/dz. 0 at the points {he[Tx.(Ax), Ax]} we 
can replace j.x* DB {hx*[Te (Ax), Ax] } by Therefore (6.2) is true. 


In using Lemma 2 of §5 one can also prove (6.3) by analogous con- 
I 


siderations. _This and (6.2) prove the Theorem 1. 


Remark. As was pointed out in the introduction, we can suppose that 


Q (41, 22) Zo 


G (421, = P(z,, %) 


X x[Zx (415 22 Ax (41, Z2) | 


where x(Zx, Ax) is a function of the “extended class” i.e. a function which 
isan a.f.1e.v. Zz, regular in Ry,[Sx2(Ax)] for each Ax, Ave fet, and a con- 
tinuously differentiable function of Ax, Z, except on a finite number of 
Ry, (ax ) J, where x(Zx,Ax) has a finite jump. We 
get then: 
Q(4, 22) 
P (4, 22) 
&,,” 
P(j.x") 


P(f£.x') 


(6. 10) X[ Zi (21, 22) 5 An (415 22) | dri 


12 Concerning ete., see (4.12). 


6 


kr 
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7. Residue formula for a.f. of 2c.v. In this section we shall con- 
sider the sum of integrals 


* (21, 22) xe (41, 225 Ak 22) ) 
> N; = = 2 dtr, 
k=1 22) £ 2( 41, 22) 
where Q and P, are a. f. of 2c. v. regular in Mt and yx: is a weighting function 
of the extended class and the integrals are taken in the sense indicated in (5. 1) 
and (5.10). By (3.5) and (3.8) we associate with every point (21, 22) «G, 
a Ar =Ax(21, 22). As we shall show (7.1) is equal to a sum SR of certain 
quantities R connected with certain distinguished points on the singularity 
surfaces of the integrand. Depending on what quantities R appear in the 
sum one must choose appropriate weighting functions x,. At some other 
time we shall discuss the different possibilities in this direction, here we con- 


sider only one simple case. 

We choose for x, a function with the following properties: 
1°. xx =0 along = ix? 2°. x. =1 along py? = 

In order to get a somewhat simpler expression for x we make the fol- 
lowing additional hypotheses about Yt and the curve segments )*vx: 

For every Ax the z.-codrdinates of points (2, 22) belonging to phx: (x) 
are distinct. Furthermore points (71, 72) where 7; is equal to the z,-codrdinate 
of one of the points (2%, 22) belonging to p'y,- Sn? (Ax), and 72 is equal to the 
z-coordinate of one of the points belonging to pe: Sx2(Ax) do not belong 
to [5a]. 

@(z,,t,Ax) [see p. 299] is a function of z, regular in 2? for every ¢ « By’, 
%2 being the totality of the z,-codrdinates of points (2,22) of Pt (the pro- 
jection of Mt on the z,-plane) and %B;” being the totality of z2-codrdinates of ii! 
(the projection of i,2 on the z.-plane) [5b]. 

We obtain the desired function ** 


Xk (215 Zp Ax) = ( Mp2?) Ax) 
p=0 


by calculating the coefficients a) = ady(Ax) so that 


(7.2) [27 (Ax) ]? = (Ar), Av) (w= 1, Lier, Av 


where 


(7.3) (21, Ar) = it 21, po” ox,rp (Ac) ), Ax] 


18 We have great liberty in constructing x,. If the hypotheses [5a-5b] are not 
fulfilled for a certain part y’ of §*,,,. we ca n define x,, in another way for ), € y* provided 
that certain other hypotheses are true for 
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(7. 4) (A,) (Ax) I, (x = 1,2) 


coordinates of An explicit formula can be given for yx (4%, 22, Ar) 


lier, lors Stixr are the quantities introduced in (4.12) and 


namely 

| 0 Zo 

lier 
mén 


In the case considered the particular points mentioned above of the 
singularity surfaces are the points of $8,°, where the denominator of the in- 
tegrand of N; (see 7.1) becomes infinite of an order higher than 1. 

Such points are: 


1°. the intersection points (2,7), 22°"), = (£1), r= 1, 2,-°° 8, 
= 1,2, of and §.?; 
2°. the points (2,9), == 1,2,- c= 1,2, 


where we have in addition to P;(%, 2.) = 0 also = (), 


(%, 


a? 


[For simplicity sake we suppose that the sets {{,")} and {f,")} have 


lp 
no common points, and that in all these points we have ape). ~0]. The 
quantities R which we associate with such points are: 
O(a, 
D (21, 22) 
and 


Q (41, 


&P, &P, 
wad — 02,2 027 


THEOREM 2. Let Mt be a domain satisfying the hypotheses [1a-le}], 
[2a-2c]. Let Q, Pv, v = 1, 2, be af.2c.v. regular in M and let 
= E[ Py (2, 22) = 0] satisfy the hypotheses [8a-8e], [4a-4f], [5a]. 
Furthermore let [5b] be true. Then we have 


ZK = 2x (p) 
respectively. 
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1 
where: 
* (21, 22) xs (21; Zo Ak; As ) i. 
( ) ks Pi Za) dry, D(Ax, As) Xe) ddAxdXs, 


9 


“ks 
Xke (415 225 Aks As) xk (21, 225 Ax) (21, 225 As). 
Proof. By Theorem 1 we obtain 


(7. 10) (4, 1 Q (21, 22) (215 Any As) 


Raf gal (41, 22) Po (41, 22) 


( 1 22) xx (21, 225 Ax) dn 


the first integral in the right-hand member of (7.10) being taken over all 
J-arcs and M;-points of p';; and the second integral along all K-ares (except 
M,-points). The integrand is bounded on p*y;; we can therefore always omit 
or add a finite number of points. Hence the first integral of the right-hand 
member of (7.10) can be taken along P,(j'1«) and the second integral along 
P, (fx). 

Each J-are lies on one hypersurface t° only, each K-are lies on two 
hypersurfaces except for the points Kp, p > 2, which belong to p hypersurfaces, 
As a result we have that in the right-hand member of (7.10) those integrals 
taken along J-arcs appear once, and those taken along K-arcs appear twice. 
According to [8e] the integral taken along K-arcs of the first kind (see p. 305) 
will be added, while those along K-arcs of the second kind cancel each other. 


In evaluating the sum 
k=1 
Ni = (21, 22) x 225 Ax) 
P, (A, 22) Zo) 


dtr, 


2 
the last arcs can be simply omitted as well as the N-, P-, M-, and Kn-, n >2 


n 
points lying on & py, sincé there is only a finite number of such points and 
k=1 


according to [4f] is bounded on 3 
k=1 


th 


Wi 


| 


d 
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In the right-hand member of (7. 10) there appear therefore in reality only 
integrals taken along the outer boundary curve of %8,? which consists of J-arcs 
and K-arcs of the first kind and of isolated K-points. Furthermore according 
to [8e,] there will correspond to increasing Ax such a sense of directian that 
the interior i. e. %3,° lies to the left. Hence we have 


1 
(7.11) (4) > f q(:) 
] 


P,[B($:7)] being the outer boundary of 

It remains merely to evaluate this integral. According to the residue 
theorem in 1c.v. (7.11) is equal to the sum of the residues at the points 
and We have 14 

OP, 

(7. 12) dé, Ps (pr, Pr’) dt, dz, dt, 
dt, 
Pile @P, dp,’ dp,? @P,_-d?p;} ] 


02,02. \ dt, 022 dt; dt; Oz dt,? 


dé 
The second expression of the right-hand member of (7.12) vanishes in 
the points ¢,'"). Replacing dp,*/dg, by the expression resulting from (6. 6) 


we obtain that the residue is equal to (7.6) at the points £,'". 
The right-hand member of (7.12) is equal to 


dp,* 
(7. 13) P. 2(41, 22) t 

dé, 


at the points ¢,"°. In order to evaluate (dp,*/d{,)/(dp,'/dg,) at the points 
where in addition to P,(2, 22) =0 we have 0P,(%, 22) we 


differentiate 


OP, , OP, dp,? 
dt, 024 dt, 


again with respect to ¢, and we obtain 


(dp.'\? , @P, dp? , &P, (fey 
(7. 14) is + 02,02, dt, dt, 02.7 \ dt, 


%*Compare with [7], pp. 55-5 


| 
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From (7.14) follows 


(3 5) dp,* 02,02 02,02 02,7 92.7 | 


Introducing this expression into (7.13) we obtain for R.(f,) the 


values indicated in (7.7). 
In this way we see that (7.8) is true. 
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INTEGRATION WITH RESPECT TO AN UPPER MEASURE 
FUNCTION.* 


By 8. C. Fay. 


Introduction. Pierpont in 1912, using Young’s definition, extended the 
Lebesgue integral for measurable functions to a wider class of relatively 
measurable functions [13, Chap. 12]+; later, Hildebrandt noticed that the 
integral so defined by Pierpont is equivalent to relative summability [6, p. 128]. 
In 1932 Jeffrey using a similar idea defined an integral called by him the 
Hildebrandt integral [9, p. 443] in which the integrand is any function f(x) 
and the domain of integration is any set # whose upper measure is finite 
and the integral is the limit of the sum Simimf# (yi. f < yi), where 
Yin Si S yi, and thus extended the class of integrable functions to a still 
wider class of functions which may not be relatively measurable [9, theorem 5]. 
We note that in spite of the non-measurability of the integrand f(a#) and the 
domain #, Jeffrey’s definition of the Hildebrandt integral coincides in form 
with the definition of the Lebesgue integral originally given by Lebesgue 
[11, p. 121; 12, p. 258], except that the measure of the set is replaced by the 
upper measure. However the Lebesgue integral may also be defined as the 
lim Sini[ml (f < yi) —mE(f < yi+)] or as the lim Sini{mE(f > — 
mE (f > yi-.)|. Therefore we propose in this paper to define the integrals 
for non-measurable functions by replacing in the above two cases the 


measure mE by the upper measure mH or by the lower measure mH. In 
the former case we have the integrals { fdp, f fae of the p-type (see 


definitions 1, 2) and in the latter case the integrals f fdp*, J fdp* of the 
u*-type (see definitions 3, 4). It develops that all bounded functions are 
integrable (see remark 2). 

The results obtained for these four types of integrals may be briefly sum- 
marized as follows: In parts I, II, the integrals of bounded functions are 
treated; theorem 1 contains some elementary properties and theorems 3, 6, 
9, 10 establish the non-additivity and non-linearity. Then the integrals of 
unbounded functions are taken up in part III in which two theorems are 
proved so as to pave the way for deducing their properties from the corre- 
sponding properties for bounded functions. In part IV, the relations to the 


* Received August 3, 1940. 
1The numbers in square brackets refer to the references at the end. 
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Pierpont and Hildebrandt integrals are derived from theorem 11 and the 
additive properties of the latter integrals are obtained as an immediate con- 
sequence of theorems 2, 5. Because of the non-additivity and non-linearity 
and other peculiar properties (see remarks 4, 5), only a few theorems with 
special restrictions on the convergence of a sequence of integrals have been 
proved, and they form the material of part V. 

Although we confine ourselves throughout the work to the Lebesgue upper 
measure of the set , an examination of the proofs shows that all the results 
obtained remain valid for any upper measure function ¢(£) which satisfies 


the following axioms: 


= 0 for all sets 

¢(E,) = for FE, => 

+ Bs) + < + 

$(3iHi) S for any denumerable disjoint sets. 


Furthermore, the sets H are assumed to be of finite upper measure and 
may be interpreted as the sets of n-dimensional euclidean space. 


I. INTEGRALS OF ,-TYPE. 


1. Definitions and preliminary remarks. 


Definition 1. Let f(x) be a bounded function defined on EF. Let 
p(y) = mE(f <y) be the upper measure of the set H(f<y) and let 
o = (mp = Yo Y2 < Yn = M; + €) be a subdivision of the 
range of f(x), where my, M; are respectively the greatest lower bound (g. 1. b.) 
and the least upper bound (1.u.b.) of f(z) on #. Then if the limit, as the 
norm | | = max. (yi — yi-:) > 0, of the sum 


(1) —A(yia)), Ya Sn Sy, 
i=1 
exists as a finite value, we say that the integral of f(z) over H exists and denote 


this limiting value by f, fdp. 


Definition 2. By replacing in the above definition = mE (f < 
by »(yi) = mE(f < y%), the lower measure of the set E(f < yi), we define 


similarly the integral 


(2) fay — lim — 


|o|—>0 


Remark 1. The values of the integrals f fdp, f fdp are unaltered, 
E E 
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if the sets H(f < yi) are replaced by the sets H(f = yi), i=1,2,---n, in 
the above definitions. For let 


S,= yi [mE (f < yi) —mE(f < yin)] 
Sn = (f < yi) — ME(f < 
= (fs y) — mE (f S yi-)] 


then by rearranging the terms and by noting mE (f= y) =0 = mE (f < yo) 
and mE (f= yn) = mE = mE(f < yn) we obtain without difficulty 


Sn — S’n = — [ME (Ff S — mE (f < yir)] 20. 
Sn — = — — yin) [ME(f < yi) —mE(f SO. 


Thus SS’, = Sn, and since both sn, Sn approach f fdp, so also 
E 


approaches f fdp. 
E 


Remark 2. The integrals f, fap, f fdp exist for all bounded functions 
E E 
f(z) defined on E. 


This follows immediately from the existence of a Stieltjes integral f gda 


where g is continuous and @ is of bounded variation. Now f fd is essentially 
E 


a Stieltjes integral, i. e. 


B 
(3) fda— (f<y), A<f<B, 


so that we have here gy and «=, where f(y) is a monotonically non- 
decreasing function of y. 

Remark 3. The functions p(y) =mE(f < y) and a(y) Sy) 
are equal except possibly for a denumerable set of points of discontinuity of 


the function — 
By applying the integration by parts theorem [1, p. 28] to the corre- 
sponding Stieltjes integral in (3) we get 


B B 
(4) fdp = ydmE (f < y) —BinE — mE (f < y)dy, 
E JA A 
and similarly 


B B 
(5) {fai — ydinE(f<y) — mE (f < y)dy. 
JE JA A 
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Hence, by subtracting (4) from (5) and by remark 1, 


[mE (f <y) —mE(f <y)]dy= 5. 


A 


and our assertion follows from the vanishing of the above Riemann integral 
in which the integrand is non-negative and is the difference of two monotoni- 
cally non-decreasing functions 4, 

In the following sections 2-9, the corresponding theorems for the integrals 


J fdp. f fdp* are omitted, because they can be derived in a manner 
similar to that used for the integrals , fdp, f fdp*. 


2. Some elementary properties. For convenience we state the following 
assertions, which are easily deducible from the definition, in 

THEOREM 1. 

(a) AmE< whereA<f<B. 

(b) The integral § fdp is absolutely continuous in the sense that it 
approaches zero with mE. 


(c) If f=0 except for a set of measure zero, then } fdp = 0. 
JE 


(d) = f, fida+ where f*, f- are respectively the non- 
E E JE 


negative and non-positive parts of f. 
(e) If f=g on E, then f 
E E 


3. Non-additivity. We shall consider the additivity of the integral as a 
function of a set. We show first that it is additive for a separated division 
of #, i.e. for a division of # into relatively measurable subsets and then show 


that it is non-additive for a division of # into any subsets. 


THEOREM 2. Ey, constitute a separated division of E, then 


Proof. For a finite number p of the subsets, we have, by a theorem of 
Pierpont [13, p. 369], 

mE(f < yi) =mE,(f < yi) + < yi) +: (f < yi) 
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Subtracting the second from the first, multiplying each term by 7; where 
¥i-1 Sn S yi and summing up for 1+—1,2,---n, we obtain in view of 
remark 2 as | ¢|—>0, the desired result. For the infinite case, let us write 


+ mR, with mR, — 0 as it is the remainder of a convergent series > mHj. 


i=1 
Now by what has just been proved for the finite case, 
J fant fap, 
E E® Rp 
and therefore by Theorem 1(a), 
| 
| f fdp — f fdp | = fdp | = MmR,— 0, 
JE E®) R® 
where M is the 1. u. b. of | f| on #. This completes the proof. 
Corotiary. Jf I,, + be a denumerable number of non-overlapping 
subintervals of an interval then 
tap. 
Lemma. are any 2p mutually disjoint sets, then the 


inequality 


p : 
(7) = m (Lox 4. Ex) me ( E. + Esp) 


k=l 

p 
=> m( + Ey +: 

k=1 

holds. 

Proof. By applying the formula mA + mB = m(A-+ B) + mAB, we 
have for p = 2, 
m(E, + EB.) = + + mb, 
m(E, + E,+ + By) = + FE, + + Ey) + 


which give at once 


(8) m(E, + £.) + + £4) 
By) = mF, + mE,— + 


The induction is immediate, for if it is true for 2p sets, that is, if (7) is 
assumed, then by (8) in considering + as Bs 
+: Boy as Bop. as and as Ey, we have 
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m + E, + Exp) + mM (Bop. + m( + E, + 
= Hy + Bop) + ME — + Ey +: - 


and adding this inequality to (7), we see that it is true 2p + 2 sets. 


THEOREM 3. If E,, constitute an arbitrary division of E, then 
(9) ff fant --, 
E Ey Es 
(10) fant f fant --. 
Ez 


Proof. To prove (9), suppose there are p disjoint subsets of #. Then 
(7) gives immediately the inequality 


mE, + mE,+:--+ mE,—mE= mE,(f < y) 
+ mE2(f<y) +: mE, (f <y) —mE(f <y). 
Integrating both sides in the Riemann sense from 0 to B, where 0 Sf < B, 
we have 
B 
B(mE, + mE, mE,—mE) = (f <y) 
0 


4+ mE (f <y) +: f <y) —mE(f < y) 
or 


B 
Bink — < y)dy < B( mE, + mE, +--+ mEy) 
0 
B 


that is by means of (4), 


Next, for the infinite case, denoting the sum of the first p sets by EH’ 


then we have just proved 


By taking the limits of both sides, we obtain 


po 


Now since the functions mE?) (f < y) are uniformly of bounded variation 
and mE?) (f < y) + mE (f < y) for each y, then by a theorem on the Stieltjes 


integral [2, p. 180; 7, p. 272], we conclude that 


( 
be 
al 
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B B 
lim yam E®™(f<y)= f ydmH(f <y), 


poo JA A 


and consequently (9) is proved. 
Lastly for (10), it reduces to proving that for AS f= 0, 


0 0 
and this is evidently true. 
Remark 4. Since the integral is not additive, we can not expect that the 


inequality fdp = f fda holds for non-negative f and any subset of EL. 
E Ey 


Indeed, the following example illustrates this case. Let FE = F, + Fp, f(z) 
be the characteristic function of F,, then 


f, fdp = h(E, + — f, fap = mE, 
E 


fap < ‘fap. 


4, Non-Linearity. Before we consider in theorem 6 the non-linearity 


and so 


of the integral f (f + g)dp, we shall take up two special cases in which one 
E 


of the functions f, g is a constant and one of them is relatively measurable 
(r.m.) on H. These are given respectively by the following two theorems. 


THEOREM 4. If c is a constant, then 


f G+ fap + ome, 


THEOREM 5. If one of the bounded functions f, g is r. m., then 


Proof of THrorEM 4, Let f(x) be bounded by (A, B), then f+ c is 
bounded by (A +c, B+ cc). The theorem follows easily from formula (4) 
and 


B+C 
(f+c)da=(B+ — mE(f+e< y)dy 
JE A+C 


B 
mE(f < y)dy. 
A 
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~ 


Proof of THEoREM 5. Suppose g is r.m., and divide the range of g by 
(Mg = Yo X91 Yo? Yn = My). Let = S9 < yi); then £,, 
E2,- + - En constitute a separated division of EF [6, p. 127], and 


f (f-t+g)da=> (f + 9) dp, by Theorem 2 
E i=1 J Ki 
(f + yi) da, by Theorem 1(e) 

i=l 
— fda + by Theorems 4, 2. 
e E i=1 


On the other hand, in the same way, 


n 
f (f+g9)da= fdp+ 
E E i=1 
Since both summations in the above two inequalities approach the same 
limit ; gdp, the equality (11) is established. 
E 


THEOREM 6. If f, g are any two bounded functions on E, then 


Proof. Without loss of generality, we assume that the functions f, g are 
positive since all the other cases may be reduced to this case by applying 
Theorem 4. Let both f and g be bounded by (0< A,B). Then f+ q is 
bounded by (2A, 2B). Apply formula (4) respectively to the integrands 
f+g, f and g; then the proof of (12) is reduced to the proof of the in- 


equality between Riemann integrals 


B 2B 
(13) [mE (f<y) + mE < y)\dy= f mE (f+ 9 <y)dy. 
A 2A 


For this latter purpose, divide the range (A, B) of f, g into n equal parts 


and the range (2A, 2B) of f + g into 2n equal parts each of length 1 = Ae 
Write 
i= 1,2,---n 
E/ = E(A+ 
H(2A+ (k—1)ISf+gq< 2A+ hl) k == 1, 2,- - -2n, 
and 


= + na +: + E,E 2’, 


h 


Ww 
fo 


m 


bot 


Us 
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then 


2n-1 


and the truth of (13) depends obviously on the following 


LemMA. F is divided into disjoint sets +E», and also into 
disjoint sets - - then the inequality 


(14) mh, + Fo +--+ 
+ mE + + +--+ -+ m( +--+ ++ B41) 
=mE+ m(E,+€.) +---+m(E,+ Enns) 
holds. 
In order to prove (14), we establish first the formula 


(15) = m IT. +n >I]. A; 


j=1 j,k=1 


+ m > + mn Ai. 

i,j=1 

For r = 2, it reduces to mA, + mA, = MA,A.+ m(A, + Az), for r= 3 

it is mA, + mA.+ mA, = + + A1A3 + Acds) + m(A, 

+ A,-+ A;) and this can be verified easily. Then assuming (15) is true for r, 

we are going to show that it is true for r+ 1. Repeated applications of the 
formula for 7 = 2 give 


r+1 


iv TT. 1;+ mA, A; + Ai + Apis) 


STL + (IT Ara) STD Ay + As + Aras) 


ij j=1 j=1 i¥j 
r+i r+1 
nS. i;+ n( > AiAjy + Ary) 2m Ai. 
i,j=1 i, j=l 


Adding these inequalities altogether with (15) and cancelling equal terms on 
both side we get (15) for r+ 1 and the induction is completed. 

Now to deduce ( from (15), r= 2n—2,A,—F,, + fF, 

= + + An = By, Ans = Ey! + + + Aon-2 = 

+ Ef H’,,, then since A, = and AnS Ann 

* Aon-o, the first term on the right of (15) is #,#.’ = €,, the second term 


§ 
| 
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is + (Ey + Fy) = + + BLE’) = €, + 
and in general the p-th term p<v7n) is 
++ By) + + Ey.) (BY + + 
+ + By ++ 
= + + +--+ -+ + + 
$ 
i=1 


and the (2n —q—1)-th term (l= q=n—2) is 


n—-q+1 


2n-q-1 
a= > &. 


i=1 


This proves the lemma. 


CoROLLARY. FA (f—g)dns fap— gdp. 
E E E 


II. INTEGRALS OF THE p*-TYPE. 

5. Relations between integrals of »-type and y*-type. So far we have 
developed the properties of the integrals of p-type defined by Definitions 1, 2. 
If we replace in these two definitions ~(y) = mE(f<y) by p*(y)= 
mE(f >y) and p(y) = mE (f < y) by »*(y) = mE(f > y) respectively, we 
have two »*-type integrals. Thus 


Definition 3. 
fda* = lim So* = lim SnlmE(f > 4 —mE(f > yi) ]. 
E 


lo|—0 i=1 
Definition 4. 
f, fdp* = lim s* = lim SnilmE(f > yi 1) —mE(f > yi) }. 
E 


i=1 
We note that the remarks 1, 2, 3 apply here as well except that the formula 
(4) takes the form 


B B 
(16) f, fdp* = ydmE(f > y) = AmE +f mE (f > y)dy. 
E A A 


ar 


Fe 
fol 


in t 
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THEOREM 7. fdp* — f, (— f) dp. 


Proof. The theorem follows at once from the relation 


-A -A 
J, ydp—— — <9) dy 
E -B -B 


B 
AmB — mE (f > y)dy 
A 
and the formula (16). 
By means of this theorem, all properties which are expressed in theorems 


1-6 can be easily transferred to the integrals f fdp*. 


THEOREM 8. fans fdp*. 
E E 


Proof. By the formulas (4), (16) and remark 1, we need to prové only 


(17) [mE(f <y) + mE(f > y) — mE]dy = 0, 
A 


and this is evidently true, since the integrand is never negative. 


Remark 5. For f = 0, by means of Theorems 7, 8, 


| f tan|—— f f f | dp. 


For f of an arbitrary sign, there exists no such relation as is shown by the 
following examples: 

1° Let #,, FE. be any two of the denumerable non-measurable Vitali sets 
[4, p. 575; 5, p. 401] such that FH = F, + F£., mE, = mE, >0. Define f to 
be 1 on 1 on £.; then 


f fdp | = 2mE,— mE mE = | f | dp. 
E E 


2° On the other hand, let HF be the set of irrational points in (0,1), 
E,, FE, be the Van Vleck sets [16] such that mE = mE, = mE,=—1. Define 
f to be 1 on F,, —n on F2, then 


f° | f | dp. 


6. Non-Linearity. As a complement to the non-linearity property given 
in theorem 6, we prove in this section two more theorems. 


THEOREM 9. Jf both f and g are bounded, then 


330 


5s. 
(1s) f fan + ff f (f+ ff tap 
+f gaat < fant + gape 


Proof. The first inequality is a restatement of Theorem 6, the last is an 


FAN 


immediate consequence of Theorems 6, 7, and the middle can be established 


Vv 


by means of the corollary to Theorem 6 and Theorem 7. 


THEOREM 10. Jf c is a constant, then 
(19) for c=0 cfdp = c f fdp, 
(20) for c=0: f Sc f fdp. 


Proof. For c= 0, the equality follows easily from the definition by the 
usual method. For c= 0, 


ff cfan— (fae 
—e(— (fap) 


=C by Theorem 7 
= cf fdp by Theorem 8. 


7. A condition for »-integrability Define f to be g-integrable in case 


fip— fdp*. Then 


THEOREM 11. In order that a bounded function f be p-integrable over f 


E, it is necessary and sufficient that the function f should be relatively mea- 


surable on EF. 


Proof. The sufficiency is obvious. To prove the necessity, we derive, as 


we have done for (17), 


y) + mE (f >y)— mE |dy = 0. 
A 


From the monotoneity of the functions mE(f Sy), mE(f >y) it follows 
that the integrand must vanish except at most for a denumerable number of f 
points. This suffices to insure the relative measurability of f on F [14, p. 12]. F 


Corotuary 1. If f is p-integrable on E, then it is p-integrable on any 
subset of E. 


n° 


| 

d 

ant 
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CoroLiary 2. If f is p-integrable on E, then both ft, f- are p-integrable 
and conversely. 


Corottary 3. If f is p-integrable, so is | f |, but the converse does not 
always hold. 


III. INTEGRALS OF UNBOUNDED FUNCTIONS. 
8. y-summable functions. 


Definition 5. If f is unbounded on FL, divide the whole y-axis by a 
define the integral 


(21) fda = lim So= lim (f < yi) —mE(f < yi-1)], 


lo|—0 i=- 


when the limit exists as a finite value. 
Similarly, we may define the integrals f fdp, f fdp*, f fdp*. 


Definition 6. If there exists a subdivision o such that the series 


(22) yil@E(f < ys) —ME(F < 


is convergent, then f is ~-summable. 
Similar definitions for ~*, »*-summable. 


THEOREM 12. Jf f is p-swmmable, then the integral f, fdp exists. 
E 


Proof. In the first place, we note that if (22) is convergent, it is 
absolutely convergent, i. e. the series of positive terms and the series of negative 
terms in (22) are both convergent. Next, for any subdivision ¢ = ao, i.e. 
is finer than oo, | Ss—So,| S| o0| mE. Thirdly, So is also convergent. 
For the series of positive terms and the series of negative terms in Soe can be 
shown to be convergent. Lastly, for e >0 let o:, o2 be such that o, = oo, 
|o2| be not greater than e/2m¥H, then the 


=o, and the norms | o, 


absolute value of the difference of the sums 


So So. So, So,0. | So,0, So, 
| So, — So, | . 
S|o,| mE + | o.| mE S e/2 4+ e/2 =e, 


and this proves the theorem as e is arbitrary. 


THEOREM 13. Jf we define the integral as the limit 


n 
d 
se 
er 
as 
Ws 
of 
ny 
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(23) ydmE (f <y), 


then this is equivalent to definition 5. 


Proof. 1°: suppose the integral exists in the sense of (21), or, what 
amounts to the same thing, that it is the limit of 


< —ME(f < yin)] (f < yi) —ME(f < 


Then corresponding to e > 0, there exists a number N such that y= NV, 
Yy-%'-1 = — N and the remainder Fy in the first summation and the remainder 
R_y in the second summation are both less than e in absolute value. So we 
may write on denoting yi by yi or yi-1 according as it is positive or negative, 


lim (f — < + Bw + Ry | 


N 
— f (f <y) + lim (Ry + Bx) 


But in taking the limit of the last term it is permissible to use only consecutive 


subdivisions, therefore 


| aN 


and this gives (23). 
2° Suppose the integral exists in the sense of (23) or as the sum of the 
0 N 
limits lim f ydmE (f < y)dy and lim f ydmE(f<y). Let N = yx and 
-N N>w 0 


n be the number of points of division of the range (0,N) (Here we use con- 
secutive subdivisions with the norm approaching zero), then 
N 
lim B(f <y) = lim lim < ys) —mE(f < 
/0 N-00 i=1 


Now the sum on the right may be considered as a function of two variables 
N, n and it is non-decreasing as both N, n increase. On putting « = 1/N, 
8B =1/n, this sum is a monotonic function F'(a¢,B8) of «, B such that lim 


lim F(a,B) = lim lim F(a,8) [8, Vol. I, $307]. Hence 
B->+0 B->+0 


a—>+0 


(24) lim — lim < —mE(f < 


n->00 i=1 


and similarly 


0 
(25) lim ydmE(f < y) = lim yi[mE(f < yi) —mE(f < 
N00 


-N i=-00 


rel 


| 
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| 
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That is, the integral exists in the sense of definition (5). 
Corotuary. If the integral fdp exists, then 
N(mE — mE (f < N)]—>0, NmE(f <<—WN)->0. 


Proof. N(mB—m(f<N)]S < ys) — mE (f < yin)], 


=k+1 
where yx == N. The summation on the right being a remainder of a convergent 
series, approaches zero as 0. Similarly, NmE(f <<—wN)—>0. 


9. Properties deduced from integrals of bounded functions. Making 
use of Theorems 12, 13 and the important corollary to Theorem 13, we can 
extend the properties already obtained from Theorem 1 to Theorem 11 for 
bounded functions to unbounded functions. In the following we merely state 
the corresponding theorems for f-type integral and omit the proofs. 


THEOREM 1. (a), (b), (c) still hold for p-summable functions. (da) 


becomes: if f is p-swummable, then ft, f- are p-summable and f fdp = 


f ftdpa + f f-dp. Also conversely. For (e), if f= g are both p-summable, 


then fa f gdp. 


THEOREM 2. If f is p-summable on E,, - of a senarated division 
of EL, then it is p-summable on E and the equality (6) holds, and conversely. 


THEOREM 3. If f is ~-summable on EL, then (9), (10) are true. 


THEOREM 4. If f is p-summable, then f + ¢ is p-summable and the same 
relation holds. 


THEOREMS 5, 6 hold for f, g and f + g are p-summable. 


THeoREM 7%. Jf (—f) is p-summable, then f ts p*-summable and 
fdp* — (— f)dp and conversely. 


THEOREMS 8, 9 are still true if the functions involved are both p and 
i*-summable. 


THEOREM 10. Jf f is p-summable, then for c=0, cf is p-summable 


and f cfdp. = c f fap. If f is also p*-summable then for «<0, ef ts 
j-summable and f cfdp Sc f fdp. 


Theorem 11 is still true if f is ~-summable. 
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IV. RELATIONS TO PIERPONT AND HILDEBRANDT INTEGRALS, 


10. Relations. Jeffrey has defined the Hildebrandt integral H/ J, fdzx as 
E 


the limit in the norm sense of the sum > mim; corresponding to a sub- 
i=-00 
division o. Merely replacing the upper mL; by lower measure mF;, we define 
the Hildebrandt Hy fdzx. For the definition of Pierpont P-integral and 
E 


P,-integral, we refer to the Pierpont book [13, p. 372] and the Hildebrandt 
paper [6, p. 178]. In view of Theorem 11, we get readily the relations between 


integrals expressed by 


THEOREM 14. If f is p-summable (upper or lower) and p-integrable 
(upper or lower) in the sense of § 7%, then it is P, H, Py and H,-integrable and 


(26) f, fap— jdp* =H fac—P 


Since the existence of P f f involves necessarily the relative measurability 


of f, while Po f f, (6, p. 127], H f f, Ho fi. [9, Theorem 5], may exist for 
non-relatively measurable functions, then the converse of Theorem 14 may be 


formulated as the following 


THEOREM 15. 


1° If f is P-integrable, then it is p, ~*-summable and j-integrable and | 


2° If f is H-integrable, and f is not r.m., then f is p, p*-summable and 


for f=0 o<f fap< f fast <H fax 


for uf fin< <0, 
3° If f is Ho-integrable, and f is not r.m., then 


for f=0 f f= f tant <J fa 
for f<0 f tut < Sf f fdx <0. 


bou 


| 
W 
in 
po 
(28 
the 
theo 
Mor 


ity 


for 


nd 


The proof rests essentially on the fact that mi ( 


Moreover, the functions mE (f < y) of y are non-decreasing and of uniformly 
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The only thing which needs proof is the first part of 2°. Since the 


integral H f fdzx exists, both the integrals H f ftdzx, H f f-dz exist. From 


the relations in the second part of 2°, it is easily seen that the functions f*, 
f are both g~, ~*-summable and by Theorem 1(d) of § 9, we conclude that f is 
j, 2*-summable. 


11. Some elementary properties of Pierpont and Hildebrandt integrals 
for r.m. functions may be deduced from the properties obtained for the inte- 
grals of w-type. For example, we have from Theorem 2 and Theorem 5 the 
additive properties: 


f fdr = fdx + 
E Ey Es 


where f, f1, fp are r.m. on and F,, constitute a separated 
division of # and the integrals are either P, Po, H or Ho integrable throughout. 

Before we consider in the next part the convergence of a sequence of 
integrals of u-type, let us add here a theorem of this kind for Hildebrandt 
integrals: If we are given a sequence of r. m. functions f, which are uniformly 


bounded and f,—>f on F, then f is r.m. and fdz = lim fndz. 
E n E 


f—fn|>7)—0 for any 


positive » and this can be established exactly as for measurable fn [10, p. 105]. 
V. CONVERGENCE OF SEQUENCES OF INTEGRALS. 


12. Monotonic Sequences of functions. 


THEOREM 16. Jf {fn} is a monotonically non-increasing sequence of 
bounded functions on FE and if fr—>f which is also bounded, then 


(28) fap —lim fadp. 


E n 


Proof. Since the sequence {fn} is monotonically non-increasing with 


f, we have for each y a sequence of sets < y)} each containing 


fe.) 
the preceding with the limiting set L(f<y)= (fn<y), and by a 
n=1 


theorem of Young [17, Theorem 28, p. 104], (fn<y) mE(f <y). 
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bounded variation with total variation equal to mH. Hence by a theorem on 
a sequence of Stieltjes integrals [2, p. 180; 7, p. 272], we have at once 


B B 
ydmE (f < y) =lim ydmE (fn < y). 
A n A 


This is (28) and the theorem is proved. 
In like manner we prove 


THEOREM 17. If {fn} is a monotonically non-decreasing sequence of 
bounded functions on E and if fn —>f which is also bounded, then 


(29) fdu— lim 


n 


The above two theorems are still true, if the word bounded is replaced 
by the word p-summable (f, » respectively). But an example can be con- 
structed (see example in Theorem 20) to show that (28) is not always true for 
a monotonically non-decreasing sequence {fn} while (29) is not always true 


for a monotonically non-increasing sequence. 


13. Other Sequences of functions. With the help of Theorems 16, 1? 


we can derive the following 


THEOREM 18. If {fn} is a sequence of uniformly bounded functions, 
then 


(30) iim im fudp. = lim fndj, 


(31) f, im lim fndy S lim f, fndp. 


Proof. The existence of the integral j lim fndp follows from the neces- 
E 


sary boundedness of the integrand. Let hn(x) =1.u.b. [fn(x), 


for every x of F, then {hn} is a monotonically non-increasing sequence of 
bounded functions such that hn = fn and lim hy» = lim fn. Hence by Theorem 
16 and Theorem 1(e), 


lim fada—lim = Tim fndp. 
JE 


Similarly for (31). 


THEOREM 19. If {fn} ts a sequence of uniformly bounded functions and f 


| 
t 
m 


on 


ns, 


frda = mE — mE, > 0, while for 0 << <1, MEnn = mE ( 
JE 
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fr approaches a bounded function f in a measure in the sense that mE(| fn—f | 
>) > 9 for all positive y and if f —fn is of constant sign on E, then 
fda =lim frdp. 
E n E 


Proof. Suppose f — fn = 0 and let Enn = E(f —fn >), then by means 


of the corollary to Theorem 6 and Theorems 7%, 3 1(a), we have 


= OM + ym(E — Enn) 
which approaches zero since 7 is arbitrary. 


THEOREM 20. Jf {fn} is a sequence of functions such that fr—f in a 
measure, then 


| fn—f | 
Proof. Let Enn = E(\fn—f | = B(; then 
then Enn = E’nn. By Theorems 3, 1(a), 


= mE’ nm E’ nn), 


which approaches zero since 7 is arbitrary. 
sut owing to the non-additivity of the integral (see remark 4), the con- 
verse is not necessarily true as is shown by the following example. 


Let F,’, E.’,- - - be the denumerable non-measurable Vitali sets such that 
=0 and = =q>0 for 


[4, p. 575; 5, p. 401]. Define = + + and define 
fa =00n Ep, and 1 on — Fy, then it is obvious that fn > 0 =f on Now 


| >) = 


m(E — E,, => ME’ ns: 0. 
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ALGEBRAIC DIFFERENTIAL FIELDS.* + 


By Henry J. Riswer. 


1. Introduction. ‘This paper investigates the fundamental properties 
cf the roots of algebraic equations whose coefficients are in a commutative field 
in which an operation, having some of the properties of differentiation, is 
defined. Fields of this kind, closed with respect to differentiation, have been 
utilized by Baer,? Ore,* Raudenbush‘ and Ritt.6 The properties of the fields 
generated by the adjunction of such quantities to the coefficient field are 
studied. The analogue of the classical theorem on symmetric functions is 
proved, though we are forced to allow a divisor which is a power of the dis- 
criminant of the m quantities involved. It is shown that all the classical 
theorems for algebraic fields hold and that, in a certain case, we have differ- 
ential separability. 

We are concerned with the properties of quantities which satisfy an 


equation of the form, 
(1) y" An1y""* + = 0. 


where the coefficients, a;, belong to a commutative field in which an operation 
having the properties of differentiation is defined. If this field is closed with 
respect to differentiation, it is a so-called differential field and we shall say 
that the roots of (1) are algebraic over this differential field. The differential 
field obtained by adjoining a root of (1) and all its derivatives to the coeffi- 
cient field will be called an algebraic differential field. 


2. Postulates and notation. Let ® be a commutative field in which 
the operation of differentiation is defined for every element. The i-th deriva- 
tive of ae will be denoted by a‘). We postulate for differentiation : 


I. If ba" and be§, then it is the only element in & with this 
property. 

* Received December 11, 1939. 

1 Presented to the American Mathematical Society February 25, 1939, under the 
title Symmetric Differential Expressions. 

2R. Baer, “ Algebraische Theorie der differentierbaren Funktionenkérper I,” Heidel- 
berg Akad. der Wiss. Sitz., Math. Natur. Klasse (1927-1928), pp. 15-32. 

30. Ore, “ Formale Theorie der linearen Differentialgleichungen I and II,” J. fiir 
Math., vol. 167 (1931-1932), pp. 221-234; vol. 168, pp. 233-252. 

*H. W. Raudenbush, Jr., Annals of Mathematics, vol. 34 (1933), pp. 509-517. 

‘J. F. Ritt, “Differential Equations from the Algebraic Standpoint,” American 


Mathematical Society Colloquium Publications, vol. XIV (1932). 
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II. (a+b) + where a and de®. 
Ill. (ab) —a™b + ba where a and de®. 


Let K be the subset of & which consists of those elements whose first 
derivative is zero. It is called the constant domain of R. The rule for differ- 
entiating a difference follows from II and the quotient rule follows from III, 
By complete induction we obtain the power rule for positive and negative 
integral exponents * and this may be easily extended to any rational exponent. 
We notice that I allows us to prove that the constant domain, K, is a subfield 
of &. Now the derivative of ca where ce K and ae is ca™ by I and IIL 
Hence I, II and III enable us to differentiate any algebraic combination of 
the elements of & in the usual way. 

FR will denote a ring of elements whose derivatives are zero and § will 
denote a ring which is closed under differentiation, a so-called differential ring. 
Unless otherwise specified R and K will contain the rational integers and 
numbers respectively, R being always of characteristic zero. The ring obtained 
by adjoining @ and its first & derivatives to a ring, R, will be denoted by 
R(«™). Such an adjunction will be called a differential adjunction of k-th 
order to R. Adjunctions of more than one element will be treated similarly. 
For adjunctions to K, 8 and $i, corresponding terminology and notation will 
be used. The differential field or ring obtained by adjoining @ and all of its 
derivatives to a differential field, R, or ring, ®t, will be called a differentul 
adjunction to R or R. Such adjunctions will be denoted by R(a')) or R(a'™), 
It is clear that the sets R(a‘™)) and R(a'~)) are actually differential fields 
and rings, respectively. We might make an ordinary (zero-th order differ- 
ential) adjunction of « to %, but this, in general, would not result in a differ- 
ential field. We shall have a number of occasions to use the fact that the 
coefficients of equation (1) differ at most in sign from the elementary sym- 
metric functions of the n roots. We introduce the symbols, o,,° - -,on, a8 
defined in van der Waerden ? and denote the entire set by o. The ring obtained 
by adjoining the members of the set, o, to R will be written R(o). Similar 
conventions will be used for the other possible types of adjunctions. 


8. Symmetric function theorem. In order to prove the theorem con- 
cerning symmetric differential expressions, we need a certain theorem regarding 
the derivatives of roots of the equation, (1). We assume that the coefficients 
of this equation belong to a differential field, R. We define quantities, 
@,,:--,@n, which satisfy this equation and assume that a suitable differen- 
tiation may be defined for them. The field K(o), where K is the set of 


*R. Baer (loc. cit.), p. 16. 
7B. L. van der Waerden, Moderne Algebra, vol. I, p. 81. 
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rational numbers, is of characteristic zero and commutative. The assumption 
that (1) is irreducible in K(o) assures us that no two of the quantities, 
may be the same. 


THEOREM 1.1. Let @; be a root of (1) and let D be the discriminant of 

(1). If D0, then 
DIOP) = Aj, + +: + 

where aj,eR(o) for k =1,---,n and is independent of i. 

Proof. It has been shown by E. Pascal ® that for any root of equation 
(1) we have 
(2) 
where the a,;¢R(o)) for j7=1,:-+,m and are independent of 1. In fact, 
E. Pascal has given the actual formulas for a,; in terms of o. If we now 
differentiate both sides of (2), we obtain 

The coefficients of this equation are independent of 1 and contain at most 
second order derivatives of o1,---:,on. We may multiply this equation by D 
and use (2) to eliminate the terms in D@;"). The polynomial on the right 


will be of degree 2n—3 at most. Since the leading coefficient of equation (1) 
is unity, we can use it to reduce the degree of the polynomial below n without 


=a, + A329; +- 


resorting to division. The result will be 
D?@;'?) == do + A229; + + 


where a2; ¢ R(o'*)) for 7==1,:-+,n and is independent of 1. Proceeding by 
complete induction we obtain an infinite set of equations of the form 


(3) = aj, + +° + AjnOi". 


THEOREM 1.2. A rational integral function of y1,- - -,Yn and their 
derivatives of order up to l, which is unchanged by all permutations of the 
symmetric group of order, n, is expressible as a rational integral function 


of the elementary symmetric functions Of *,Yn and their 
derivatives, of order up to 1 except for a 
factor which is a negative power of the discriminant, D, of y:,° + *,Yyn. This 


representation is unique. 


Proof. It is no restriction to limit ourselves to the symmetric function 
of y:,°*-, 4m and their derivatives generated by the single term, 

8B. Pascal, “Su di una classe di equazioni di Riccati integrabili algebricamente,” 
Rend. del R. Inst. Lomb, Serie II, vol. 36 (1903), pp. 322-333. 
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(4) IT II (ys) 


n l 
j=1 i=0 
where / is the highest order derivative occurring and the a; are integers, 
positive or zero. The quantities y,,-- -, Yn satisfy the equation, 


oy" + (— 1)"on 0, 


which is irreducible in K(o). Hence D0 and Theorem 1.1 applies and 
we have for 


Now if we replace every derivative occurring in the function defined by (4) 
by its equivalent, given by (3), we reduce the symmetric function of 
Yi," °°, Yn and their derivatives to one which is merely a rational integral 
symmetric function of -,Yn with coefficients which are in R(o”), 
except for a factor which is a negative power of D. Since we may now apply 
the classical theorem on symmetric functions to the functions of 
remaining, we have proved the first part of the theorem. 

To show uniqueness, we have simply to show that the n(p+1) fune- 


functions of the n(p-+ 1) independent variables, y:,---, yn, yi, 
++, yn), are functionally independent. We show that 


(p) 
>On 


for all p. In this determinant, the minor of np rows in the upper left-hand 


corner is 
1 (= 
) 
Now since do not contain y,®,- - -, yn"), we have nothing 


but zeros to the right of this minor. The n-rowed minor in‘the lower right- 
hand corner is 


g,'P),- '?) 
(5) J 
The elements of this minor are of the form, 00; )/dy;'). Imagine for a 
moment that y:,- * -,Yn are functions of a parameter, ¢, and that y;"? is 
dy;i/dt. Then 


dt* 
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Now 
dt* dy, dt® + A (y1) + 
00; dy; 


where A(y;) contains only derivatives of yi of order lower than k. Therefore 


== di?) ay; 


Accordingly (5) is nothing but 


(2 
wa * 


Hence, by Laplace’s theorem on the development of a determinant 


This is true for all p, hence 


Now it is well known that the quantity on the right is not zero and hence 
the quantity on the left is not zero. Uniqueness then follows by a familiar 
argument. 

Now it is clear that every rational integral function of the y’s and their 
derivatives has associated with it a certain subgroup of the symmetric group 
which leaves it invariant. The entire theory of the relationship between a 
subgroup of the symmetric group and the set of functions left invariant by 
it which holds for a rational integral function of the y’s may be extended 
immediately to differential expressions. Thus we know that the wronskian of 
n functions y;,° > *, Yn may be written as a rational function of the elemen- 
tary symmetric functions of the y’s and their derivatives times the square 
root of the discriminant of the y’s. It is then an immediate result of the 


. theorem of Appell that any rational function of n quantities, y;,° °°, Yn and 


their derivatives which is only multiplied by a constant factor when any linear 
transformation is made on the y’s is a rational function of the elementary 
symmetric functions of the y’s and their derivatives multiplied by some power 
of the square root of the discriminant of the y’s. 

It is not to be hoped that the factor D* referred to in Theorem 1. 2 will 
cancel out in general. As an example, consider 2,‘)2,"), It is symmetric in 
v, and 2. For it we find 
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4. Algebraic properties. We now turn to the consideration of some 
of the algebraic properties of differential fields. We notice that an equation 
which is irreducible in the field K(«#) may reduce in K(a‘‘)). For example, 
y’ + sin*® z—1=0 is irreducible in K (sin x) where K is the field of rational 
numbers. In K (sin z)), however, it may be written 


(y— cos x) (y + cosz) = 0. 
From Theorem 1.1, it is clear that after adjoining the first 7 derivatives of 
the coefficients of equation (1) to K(c), the adjunction of @;, a root of (1), 
suffices to give us the field previously denoted by K(o%), 0). Hence it 
follows that 

K (oe), = K(o'?, 


This tells us that the algebraic theory of the j-th order differentially extended 
field K(o‘/), @;'9)) is identical with the theory of the ordinary algebraic field, 
K(o),@;). We know, for example, that if « is algebraic with respect to 
K (eo, @;%), then it is algebraic with respect to K(o‘/)) ; and that, in any 
finite differential extension of order 7 to K(o‘)), there exists a primitive 
element. Also that any element in a j-th order differentially extended alge- 
braic field, K - -,89)), is algebraic with respect to K(o4)). These 
theorems may of course, be proved anew using Theorem 1.2. It follows that 
we have the usual Galois theory in differentially extended fields. 


5. Differential separability. We have assumed that the constant field, 
K, contains the rational numbers. If we now add the assumption that it is 
algebraically closed, we obtain an interesting analogue to the theorem that, 
in a field of characteristic zero, the roots of an irreducible equation are distinct. 
We prove: 

THEOREM 1.3. Let K(o‘%)) be the field obtained by the j-th order 
differential adjunction of m quantities, a, to the algebraically closed constant 
field, K,® containing the rational numbers. Then any element, a, of a j-th 
order differential algebraic extension of K(o)) whose minimal equation in 
K(o')) is irreducible in K(o%*")) and whose derivative ts zero, is in K. 

Proof. Since « is in an algebraic j-th order differential extension to 
K(o), it must satisfy a minimal equation with coefficients in K(o"). 
Suppose it is 

+t +---+a—0, K(o). 


Upon differentiating, this becomes, since a) = 0, 


°It might happen that the adjunction of o(j) to K would introduce new constants. 
If this is so we put them in K and make the adjunction over again. 
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(1) gn-1 (1) 


but the coefficients of this equation are in K(o‘/*!)) which contradicts our 
assumption that the original equation was irreducible in K(o'%**)). Hence 


n-1 n-2 


This implies that these quantities are constants in K; but K is algebraically 
closed, hence ae K. 


THEOREM 1.4. Let a be an element of a j-th order differential algebraic 
extension to K(o!), for which K is algebraically closed. Now suppose that 
the minimal equation satisfied by a in K(o)) does not reduce in K (a'4*)) 
fori< p. Then if a) =0, we have ae K(o). 


Proof. Suppose that the theorem is true for the (p—1)-st derivative. 


Now @ satisfies a minimal equation, 


dy t---+a—0, a,e K 
But 
Now a") K(oJ*)) as well as a9 since (a )) (9-1) == == Q 


and by assumption elements satisfying the conditions of the theorem whose 
(p—1)-st derivatives are zero are in K(o“/)). This equation is of lower 
degree and contradicts the assumption of irreducibility in K(o%*). 
Accordingly 
(1) 
a) + ne 0. 


By Theorem, 1.3, where ce K. This follows since na 
is in the j-th order algebraic extension to K(o'J)), its derivative is zero, and 
the minimal equation which it satisfies in K (eo) does not reduce in K (o{*?)), 
We see this because if it did then # would also satisfy an equation of lower 
degree in K(o*”)) than it does in K(o)), since dn.¢K(o%). We thus 
have na = —@n_, + ¢ or ae K(a'S)), The theorem is known to be true for 
p=1 and, by induction, it follows for all p for which the conditions of the 
theorem are satisfied. 

THEOREM 1.5. Jf @,,:--,@n are the roots of equation (1) irreducible 
in K(o4)) for which K is algebraically closed, then ®,?) =®,) implies that 
r=sor that for somel < p, —®z) satisfies an equation of lower degree 
in K(o5*)) than it does in K(o)). 

Proof. Lemma. Two roots of an equation irreducible over K(a)) 
which differ by an element in K(0)) must be identical. 
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Suppose that ©, and ©, are roots of = 0, which is irreducible in 
K (oe) and that 
©, = ©, + a, ae K(o), 


This means that ¢(z) =0 and ¢(z + a) —0 are both satisfied by @,. This 
yields immediately that a = 0 which contradicts the assumption that ¢(2) =0 
is irreducible. 

Now suppose that ©,” = ©, for some p. If (@,—@z)‘”) satisfies an 
equation in K(o‘/*”)) of lower degree than any which it satisfies in K (o'J)) 
for 1 < p, we have nothing more to prove. If this is not the case, we put 
©, = + (@,—®,). Then 


@,.(?) @, + (©, — 


Hence ®,)) must be zero; but —@, is algebraic over and 
so we can apply Theorem 1.4. From this it follows that ©, —®, « K (o")) 
and this, according to the lemma, implies that r= s. 

If we are dealing with coefficient fields that are closed with respect to 
differentiation, this theory takes on a much simpler appearance. We know 
that if « is algebraic with respect to R(@), it is algebraic with respect to &; 
that in any algebraic differential extension to ®, there exists a primitive ele- 
ment; and that any element in an algebraic extension to & is algebraic with 


respect to R. We have 

THEOREM 1.6. Any element, whose first derivative is zero, in an alge- 
braic differential extension to R whose constant field, K, is algebraically closed, 
as in K. 

Proof. The proof is identical with that of Theorem 1.3 only now we 
‘an be certain that when we differentiate the minimal equation over § satis- 
fied by the given element we get an equation which vanishes identically. 

THEOREM 1.7. Any element, in an algebraic differential extension to R 
(whose constant field, K, is algebraically closed) whose p-th derivative is zero, 
is in R, for all p. 

Proof. Obvious parallel to that given for Theorem 1. 4. 

THEOREM 1.8. Jf ©,,---,®, are the roots of equation (1), irreducible 
in ® for which K is algebraically closed, then @,') =®,) implies that r=s. 

This is the analogue of the thegrem regarding the separability of exten- 
sions algebraic over fields of characteristic zero. It tells us that any derivative 
of a primitive element of a field obtained by an algebraic adjunction to &, 
where K is algebraically closed, is also a primitive element of the field. 


ADELPHI COLLEGE. 


A DIFFERENTIAL BASIS FOR ALGEBRAIC DIFFERENTIAL 
FIELDS.* * 


By Henry J. RIBLET. 


1. Introduction. We recall that an algebraic differential field, R(®), 
is a differential field obtained by adjoining an element algebraic over & to &, 
where & is a commutative field of characteristic zero which is closed with respect 
to differentiation. The set of constants in R(@) is denoted by K. We first 


prove that, if @,,- - -,@, are n conjugates, we can find in R(@) an element 
which is linearly independent, with respect to the constants in R(@,,° +, @n), 


of its n —1 conjugates. This enables us to prove that every finite algebraic 
differential field has a differential basis, by which we mean that every algebraic 
differential field contains an element which, together with its first n derivatives, 
constitutes a basis for the field. 

2. Auxiliary lemma. Let ©, be algebraic of degree n over & and let 


@,--+, On, be its m—1 conjugates. Those elements of the field, R(@,,---,@n), 
which may be written in the form, 

6,0,” + 6.0." +--+ 5,0," 

6,0,'+ 
by proper choice of constants, b,,- --.bn, in R(@,,- --,O,), will be said to 


belong to class, C(m,1). @n™, ++, @,! will be called a basis of 
this class. It will contain subsets of elements of R(®,,- +> -,®,) which may 


be written, 
bi Bim boBom +- +- biBnm 
bi + + brBri 


where 
n 
Bit = Dd = m, l) 
i=l 
and 0,,- are suitably chosen constants in &(@,,- --,@,). 


Bims* Bam, Bit,* Bar are called a basis of this subset. 


Lemma A. If a belongs to Rand a) ~0, then no class, C(m,1), 
contains an infinite number of positive integral powers of a. 
* Received February 29, 1940. 
* Presented to the American Mathematical Society, under the title of Certain 
Theorems for Algebraic Differential Fields, February 24, 1940. 
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Proof. We assume the opposite. Then there exists an m, an / and an 
infinite subset of {a"}: {a‘},A such that 


Thus the class C(m,1) contains {a}. We now select a subset of C'(m,]1) 
having the smallest number of basis elements which still contains an infinite 
subset of {a}. That at least one such subset exists is clear since the minimal 
number of basis elements possible is two. Denote the infinite subset of {a} 
thus defined by {a“}, where = For it we have 


= DinBim + Dop Bom + DruBrm 
Dop Bor + + Bri 


The infinite set, {a“}, thus defines an infinite matrix, (bin), having just r 
columns. We prove that there exist square submatrices of every order Sr, 


taken from this matrix, which are non-singular. Only a finite number of ele- 
ments, Din, can be zero, since we would otherwise have an infinite subset of 
{a} having a basis consisting of less than 2r elements. Proceeding to a proof 
by induction, let us assume that the statement is true for matrices of order k. 
Then we select the k rows containing a matrix whose rank is k. Now not all the 
k +-1 rowed minors selected from the matrix formed by adding one other 
row to these / rows can be singular since this would imply that, for an 
infinite subset of {a“}, there exist / +1 columns in which every k +1 
rowed matrix formed by adding one row to the fixed & rows is of rank k. 
This would mean that, for an infinite subset of {a}, we have a fixed linear 
relation between & + 1 of the corresponding bj,’s. Such a relation, however, 
will allow us to exhibit a basis containing at least two less elements. This is 
contrary to assumption and we conclude that there exists at least one r rowed 
minor in (bin) whose determinant, D,, is different from zero. After we have 
selectad the r rows which contain it, we may apply the previous argument to 
the infinite matrix following the last row. In it, too, we can find an r rowed 
minor whose determinant, D., is not zero. Thus we define 2r rows in which 
the first half and the last half are non-singular; and these, in turn, define 2r 


equations of the form, 


bivBim + + brvBrm — brvBri 0, 
Ver). 
Considered as 2r equations in the 2r unknowns, Bim,: °°, fri, the set is 


assumed to have a solution. Hence its determinant is zero. If we expand it 
according to Laplace’s theorem in 7 rowed minors taken from the first f 


columns, we have 
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D,D.aé + 0, 
where 
6 = Vie 
t=r+1 


We thus have an equation with constant coefficients satisfied by a. Moreover 
these coefficients are not all zero since the highest power of a which can occur 
is a, (vs > ve for s > 7), and it appears but once with the coefficient D,Dz. 
This is the contradiction for which we have been looking because it is easily 
shown that an element in ® satisfying a non-trivial equation over K must 
actually be in K. This contradicts the assumption that a) 0. 


3. A differential basis, If « belongs to R(®), then the maximum 
number of conjugates of « which are linearly independent, with respect to 
the constants, K, of R(@,---,@,) will be called the dimension of a Further- 
more, if a, belongs to R(@,), we will renumber the conjugates of «, so that 
amaximum set of linearly independent conjugates over K will be a,---, a, 
where 7 is the dimension of @;. 


Lemma 1. If a, belongs to R(®,) and if the dimension of every ele- 
ment in R(a,) is less than or equal to the dimension of a, then a, satisfies 
an equation over & of degree less than n, the degree of ®,. 


Proof. Let a be an element of 8 for which a“) 40. This lemma will 
then be proved if we prove the following: 


LemMA 2. For m=0,2,:--,n—1, an infimte number of the quan- 
tities, a, —a*a,™, cannot have dimensions less than or equal to that of a 
unless the degree of a, is less than n. 


Proof. Assume that the lemma is false and consider an element of the 
form, #, — a*a,”, whose dimension is less than or equal to that of «,. Then 
for an infinite set of &’s there exist constants, cxi, in K, and not all zero for 
any definite value of /, so that 


r+1 


p> aka,™) == (), 
4=1 


Solving for a*, we see that this contradicts Lemma A unless 


r+1 r+1 
4=1 i=1 
Now a,,:**,@,- were assumed to be linearly independent so that there exist 


constants, c;, in K not all zero so that 


) 
e 

il 
} 
f 

T 
n 
r 
d 
e 
0 
d 
h 

is 
it 


350 HENRY J. RIBLET, 


r+1 

0, 

4=1 
from which it follows that cxi/ci = cxj/c; for all «1 and j. Since m may be 
0,2,- --,7, this clearly implies that 


r+1 
ciait = 0, = 0, 
i=1 

This means, of course, that some of the quantities, a,,- - -,@,.1, are equal, 


which can happen only if @, satisfies an equation over & of degree less than n, 

LemMMA 3. If ©,,: - +,@n are n distinct? conjugates, we can find an 
element in R(®,) having n—1 distinct conjugates and a greater dimension 
than that of ®,, if that of ®, is less than n. 


Proof. Consider elements of the form, ©, — a*®,”, where a is in & but 
is not a constant. For some m less than n as k runs over integral values, only 
a finite number of these elements can have dimensions less than or equal to 
that of ©, according to Lemma 2. Hence, for some m, we have an infinite 
number of elements of the form, ©, —a*®,”, whose dimensions are greater 
than that of @,. If one of these elements is distinct from all its conjugates, 
we have the lemma. So suppose that every one is equal to one of its conjugates, 


We then have 


OF 
0; m 


0; 


for an infinite number of powers of a and a fixed m. Of course 7 and j may 
change as we change k; but there are only a finite number of ways of making 
this choice, so at least one combination must recur infinitely often. This, 


however, is impossible by Lemma A and our lemma is proven. 


THEOREM 1. Jf @,,---,®, are the n roots of an equation irreducible 
over &, then there exists at least one element in R(®,) which is linearly 
independent, with respect to the constants in R(®1,° ++, On), of tts n—1 


conjugates. 


Proof. From the previous lemma, we can find an element « in 8(9;) 
which is distinct from its n —1 conjugates and has a dimension greater than 
that of @,. If this dimension is still less than mn we can apply the previous 
arguments to determine an element in (a) which is distinct from its con- 
jugates and has a greater dimension than a. This procedure may be continued 


until we reach n. 


2 Although tautological, “distinct” is inserted here to minimize the confusion 


which might result from the use of “ conjugate ” in two different senses. 
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By a differential basis of an algebraic differential field, R(@), we mean 
a set, which constitutes an ordinary basis for the field. 
We prove 


THEOREM 2. In any finite algebraic differential field, R(@), there exists 
a differential basis. 


Proof. Select for « an element in R(®) which is linearly independent 
of its m—1 conjugates. Clearly it is a primitive element of the algebraic 
differential field. The minimal equation over R which it satisfies will be of 
the form, 


Any" + +: azeR. 
> 


By differentiating we easily see that « and all its conjugates satisfy the n —1 
equations, 


and y= y. Of course, the 6;; belong to R and are independent of the conjugate 
in question. Now by our choice of «, we are assured that it and its conjugates 
do not all satisfy any linear differential equation of order less than n. Cer- 
tainly, then, the determinant of the system of n equations defined above 
cannot be zero. This means, however, that we may use Cramer’s rule to solve 
for 1,a,: in terms of linear combinations of a, with 
coefficients that are in ®. The first set of m quantities constitute a basis for 
the field, R(@), and it follows that the second must also. This gives the 
theorem which we may express by the statement that every element of R(®) 


is cogredient * with a. 


ADELPHI COLLEGE. 


°L. Schlesinger, Handbuch der Theorie der linearen Differentialgleichungen, vol. II, 
p. 113. 
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TWISTED CUBICS ASSOCIATED WITH A SPACE CURVE. II.* 


By Louis GREEN. 


1. Considerable study has been made in recent years of the local pro- 
jective properties of an analytic space curve. It is the purpose of this paper 
to carry the investigations still further and, in particular, to study the 
properties of the osculating five-point cubics of a given curve I at a fixed point 
O. A familiarity with some of the results of the author’s previous paper on 


this subject * is assumed in Section 2. 


2. An analytic space curve I, not belonging to a linear complex, may 
have its homogeneous differential equations written in the form 


(1.1) av ar” + 

(1.2) ev tag’ + (a + + <0, (@ = const. ~ 0). 
€ represents the osculating plane of I at the point with codrdinates 2; differen- 
tiation is taken with respect to a parameter uw; and a, c are functions of u, 
At an ordinary point O of T corresponding to u= wo, local tetrahedra 
D,{a, 2, 2”} and D.f{é, &, &, &”} exist; under suitable projective trans- 
formations these yield the dual Halphen tetrahedra H,, H, and the self-dual 


tetrahedron of Sannia S. 
Relative to H, the non-homogeneous point equations of I are 


fe 
7 6 


where gg is an arbitrary non-zero constant while pn, qn(m = 7) are functions 
of a, c, 0, gg and are evaluated at w=. In particular,’ 


= $/4200, 
qey® = ($7 — 45 — 360 ad) /504000 8, 


= (— ¢? — 60 — 360a6") /1512000 8, 


where 
= (0/6096) *, = 100c — 9a? — 30a”. 


* Received August 21, 1940. 
1 Twisted cubics associated with a space curve,” American Journal of Mathe- 


matics, vol. 62 (1940), pp. 285-306. This paper will be referred to as I. 
2 Cfr. I, p. 286. 
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Relative to H, the non-homogeneous plane equations of T are 


where xg = qo While zn, «Kn are obtained from pn, gn respectively by changing 
the sign of @. Hence x; = q;, whereas 7; = pz, ks = qs if, and only if, ¢’ = 0. 

The problem thus arises of determining the conditions on IT in order that 
t™ = Pn and kn = Qn for all values of n, either at the point O alone or for all 


values of 


THEOREM 1. A _ necessary and sufficient condition that m= pn and 
Kn = Qn for all n and for all values of wu is that T be an anharmonic curve.® 


We shall prove only the sufficiency condition. From I, p. 285, we have 


=> Aindw"/n! (i =1,---+,4) referred to the tetrahedron D, at O, and 
4 

yi = vy > Bijx; referred to the tetrahedron H,, the coefficients Ain, Bij not 
j=1 


involving y. Now, 
Ys/Y1 = + pr Pn + 
ys" "Ys — Yr" — pry" "Ya" —* *— 
The coefficients of Aw" are now equated, giving 


the quantities in parentheses not involving y. Since p;y* is expressible ration- 
5 


-ally in terms of a, c, 9 and their derivatives, the same is true of pry"*. Hence 


pry”? = c, 6) with fn rational, and from the relation between pn and mn 
we have mn(— = fn(a,c, — 0). Now the weights of y, a, 0, dn, Pn are 
0, 2, 3, 4, n — 3, n — 2, respectively. Let I be anharmonic. Then the deriva- 
tives of a and ¢ are zero, and consequently 

pay"? —= 6,8) —= (—1)* faa, = may". 
Hence zn = pn at O and therefore at all points of T. Similarly kn = qn. 

By “ duality, relative to T at O” we mean a correspondence between a 
point y¥; = fi(pn, qm) referred to and the plane = fi(an, xm) referred 
to H., where f;/f, is isobaric of weight 1— 7+ It was proved in I, p. 289, 
that the dual, relative to T at O, of a point whose codrdinates are expressible 
in terms of gg and q; alone is the polar of the point with respect to a “ self- 
dual ” quadric Q at O whose equation referred to H, is 


8 That is, that the coefficients a and c in (1.1) be constants. For properties of 
anharmonic curves see E. J. Wilezynski, Projective Differential Geometry of Curves and 


Ruled Surfaces, 1906, p. 279. 
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54q6°(yiys + 3424s) — 378q67q7 + Yo¥s) + 
+ (54q6* — 3439;*)y.’ = 0 


From the method by which this quadric was obtained we have immediately 


THEOREM 2. A necessary and sufficient condition that mn jpn and 
kn = Qn for all n, at the point O, is that the dual, relative to T at O, of any 
point whatever be the polar of the point with respect to the self-dual quadric 


Q at O. 


The local tetrahedron of Sannia, S, with vertices O, T, N, B has recently 
been studied by Fon.* This tetrahedron was completely characterized in | 
with the aid of the quadric Q. Conversely, given S, we can characterize Q 
as follows: 


THEOREM 3. The self-dual quadric Q is the only quadric with the 
following two properties: (a) The edges OT, ON, BT, BN of S are rulings 
of Q; (b) all the rulings of Q which meet ON belong to the osculating linear 
complex of T at O. 


The proof is straightforward and will be omitted. 
The tetrahedra D,, D, are intimately related to S. The point 2’ coincides 
with 7, x” lies on ON, and 2” lies in the plane OTB. Dually, the plane & 


coincides with OTB, &’ contains ON, and &” passes through 7’. 
3. The o' twisted cubics, 7g, represented parametrically by the equations 
= 1— al’, Yo=t, = == 


were studied in detail in I. Each of these cubics lies on the same quadric 
cone through O, has the same osculating conic at O, and determines the same 
linear complex. With the single exception of the six-point cubic («= 0), 
each cubic of the family has five-point contact with T at O; with the exception 
of the six-plane cubic (« = 2q,), each cubic of the family has five-plane con- 
tact with T at O. The principal plane at O of T and T, (#0) is the 
osculating plane z=0. If @ is a numerical multiple of q¢, the dual, relative 
to T at O, of Tq is the cubic Tq: for which a + a = 2¢q¢. 

These cubics constitute merely a subset of the totality of five-point cubics 


of I at O: a two-parameter family, 74g, with parametric equations 


(3) yi. =1+4 y,— 22, 
Yo = + Be, Y= t3, 


*Te-Chih Fon, “Note on the projective differential geometry of space curves,” 
Annali di Matematica, vol. 18 (1939), pp. 97-106. 
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All cubics Tag with the same value of 8 possess the same osculating conic 
Kp at O, namely 

(4) 4y — 3x? — 8By? = 0 =z, 

lie on the same quadric cone K’g: 

(5) y? — + Bz? = 0, 

and determine the same linear complex. 

If B+ 0, the cubic Tag has four-plane contact with T at O. Its dual, 
relative to T at O, is a cubic Uys having four-point and five-plane contact with 
Tat O, and possessing the parametric equations 

6 =1+ 987? — yr", Y3 = 7, 
(6) Yo = 7 + 267°, 
Any point P on Tag is determined by a specific value of ¢. Let 
== fi (Pn, Ym); B = f2(pn; Ym); t = fs(pn, Gm); 
the weights of a, 8, ¢ being 3, 2, —1 respectively. We define 
fi (an; Ken) B — fe(mn; Km); i= fa (tn, Km). 
Then the dual of the point P is the osculating plane of Us, 


y = 2q0—%— 8 =—B/3, 


at the point where 
- 396 
4. We shall assume throughout the remainder of this paper that «8 ~ 0. 
The projection of Tag upon the plane z = 0 from the point (h,k,1) has 
the equations 
y = — kx’ /l + 2het/l— (8hk + 1+ Bkl + al?)2°/P 
+ (th? + 2k + 2Bhl — Bl? + 2akl)a*/P? 
— (12h2k + 9hl + 8Bhkl + Ble + 9ahl? + 
for the projection of T from the same point we find 


xv? —kx*/l + 2hat/l — (8hk + + (th? + 2k — qekl)2*/P 
(8) — (12h*k + 9hl — 2qehl? + — 2=0. 


-~2 


Hence the principal plane wag of Tag (and T at O) has the form 
By + = 0; 


~~ 


* Putting 6 = 0 we get the correct formula for the dual of a point on T,. The result 
given in I, p. 291, holds only when a and ¢ are functions of Veo Iz 
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the principal line lag is given by 
(10) = (BP +20? + age)/A, y= 287/d; 
while for the principal point Pag, 
A= — (3af* + + 2a° + Lage? + 2aBq, + 26%pz)/B. 
The principal plane zag meets the cone K’g in the z-axis and in another 
line rag: 
(11) (a? + y=—aB/p, 
This line intersects Tag at O and at another point Rag for which 


p= — + /B. 


The principal lines Jag of those cubics Tag which lie on the same cone 
K’g generate a quadric cone: 


(12) 2B(y? — 22) + Bz? — qayz 0; 
as B varies this cone envelopes a quartic cone having the equation 
(13) (y? — xz)? + gqeyz® = 0.° 


The principal points Pag of all Tag with fixed B trace a twisted cubic on the 
cone (12), the locus of these cubics as 8 varies being a surface of the seventh 
order. If a, 8 both vary, the point Rag generates the cubic ruled surface of 
Calapso: 

(14) 2? — 3ryz + 2y° = 0,’ 


which meets the cones K’g in a family of twisted cubics. 
The principal line Jgg lies on the cone K’g if, and only if, 


(15) a= B*/de. 


This condition defines a one-parameter family of cubics Tag which we shall 
call self-associate cubics. The principal lines of the self-associate cubics gen- 
erate the quartic cone (13), the principal points trace a curve of the seventh 
order, and the points Rag trace a sextic curve whose parametric equations are 


This sextic is the locus of the vertices of all quadric cones having seven-point 


* See I, p. 304, where this cone is defined differently. 

7R. Calapso, “ Sulle superficie gobbe di terzo grade (del tipo di Cayley) legate al 
punto di una data superficie,” Rendiconti dei Lincei, vol. 13 (1931), p. 495. See I, p. 291 
for another property of this surface. 
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contact with Tat 0.8 The principal point of a self-associate cubic Tag lies on 
this sextic if, and only if, 


(17) BY + + + = 0. 
The four points thus obtained are the vertices of those quadric cones having 
eight-point contact with T at O. 


5. We shall say that the cubic 74,8, is associate to Ta,g, if 


Since this property is symmetric, we can speak of associate cubics. Two asso- 
ciate cubics coincide if, and only if, (15) holds, thus justifying the above 
terminology of self-associate cubics. 

The following two theorems characterize associate cubics geometrically. 

THEOREM 4. Two cubics are associate if, and only if, they possess the 
same principal line. 

THEOREM 5. Lach cubic Ta,g, determines a unique quadric which con- 
tains the cubic and has seven-point contact with T at O. Ta,g, is self-associate 
if, and only if, the quadric reduces to a cone; the vertex of the cone is the 
point Rag, If Tag, is not self-associate, there is just one other five-point 
cubic—the associate cubic T'g,g,—which lies on this quadric. 


The equations of the seven-point quadrics containing the associate cubics 


and T'g,g, are 


Bi? (y — x?) — + ai? + (y? + ai Bi (z — ry — = 0; 


It may be remarked that the most general seven-point quadric of I at O, 
whose equation is 

(20) h(y—a2) + k(y? — 22) + = 0, 


is one of the quadrics (19) provided the restriction hkl=4 0 is imposed. The 
cubics Ta,8, (1 = 1,2) are obtained from (20) by means of the conditions 


(21) a= Bil/h, + Bi (hk + + = 0 1,2). 


THEOREM 6. Let Ta, and Tag, be associate cubics (distinct or not). 
The rulings through O of the seven-point quadric on which the cubics lie are 


8 See E. P. Lane, Projective Differential Geometry of Curves and Surfaces, 1932, 
p. 22. 
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the lines ra,g, (11). The harmonic conjugate of the x-axis with respect to 
these rulings is the common principal line of the cubics.® 


THEOREM 7. Let Ta,p, and T4,8, be distinct associate cubics; let dr be 
the line joining the points Ra,g, and Rag, and let M be the pole of the plane 
z= 0 with respect to the seven-point quadric Q containing the cubics. Then 
dA is a ruling of the surface of Calapso (14) and meets the z-axis at the pole 
of the common principal plane of the cubics with respect to the osculating null 
system of Tat O. Furthermore, the point M 1s the intersection of the line d 
with the common principal line of the cubics. Finally, the intersection of Q 
with the plane z = 0 is the osculating conic at O of the projection of T upon 
this plane from the point M. 

The following observation may also be added. There are two rulings on 
Q which are tangent to the cubic Tg,g,. Let these rulings meet the ruling rq, 
at At (¢=1,2). Then the harmonic conjugate of O with respect to the points 
A‘ is the point Rg,g, on the associate cubic Tg. 

6. The cubic Tag will be called singular if 
(22 + + Bq:) + + pr) = 9. 

It is easily seen that Tag is singular if, and only if, its associate is singular. 
Since, furthermore, equations (17) and (22) are equivalent when (15) holds, 
it follows that there exist four singular, self-associate cubics. 

Singular cubics are characterized geometrically by the following two 
theorems. 

THEOREM 8. A cubic Tag which is not self-associate is singular if, and 

B J g 
only if, it possesses the same principal point as its associate. 

THEOREM 9. Let M be the pole of the plane z=0 with respect to the 
seven-point quadric Q containing the cubic Tag. Then Tag is singular if, and 
only if, Q has eight-point contact with T at O, and this is true if, and only if, 
M coincides with the principal point of Tag. 

The principal lines Jag of the one-parameter family of singular cubics 
generate a quadric cone whose equation is 
(23) — + — = 0, 
the lines rag generate a cubic cone: 


(24) — gry + (y? — 22) + = 0, 


® See E. Bompiani, “ Sul contatto di due curve sghembe,” R. Accademia delle Scienze 
dell’Istituto di Bologna, vol. 3 (1926), p. 35, for a more general statement of part of this 
theorem. 
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and the principal points Pag trace a twisted cubic, 


=— Yo + 3qrt — , Ys = 2qet”, 


(25) 
Yo = et + Ys = 


which is the residual intersection, besides the z-axis, of the cone (23) and the 
surface of Calapso (14). 

It follows from (22) that each cone K’g possesses two singular cubics 
which will be called adjoints of one another. There are three self-adjoint 


cubics, determined by the equation 
(26) + p:) — + Bqz)? = 9. 


Let Tag and Tag be distinct adjoint cubics. Their principal lines 


lap, lag determine a plane whose envelope as B varies is a quadric cone: 
This cone is tangent to the plane z = 0 along the line 

(28) — = 0 =z. 


The lines 7q’g, 72s determined by the adjoint cubics lie in a plane which for 


all values of 8 passes through the line 
(29) Qot + 


The eight-point quadrics of T at O are obtained from (20) by putting 
kqg = hp; + 1q;:. Hence the intersections of these quadrics with the plane 
z= () form a pencil of conics having three-point contact at O and passing 


through a common fourth point on the line (28). 


7. We shall now consider briefly other special members of the two- 
parameter family 7'ag. 

There are two cubics of the family which lie on the unique nine-point 
quadric of T at O. Their values of a, B are obtained from (21) and 


(30) l= Gods + 92°) : (pr? + — (YePs — 


It follows from our definitions that if T and any Tag are projected upon 
the plane z 0 from their principal point Pag, the curves obtained have at 
least eight-point contact at O. By suitable choice of « and B we can obtain 
nine- or even ten-point contact for these curves. For example, the cubics Tag 
which yield, upon projection from Pag, nine-point contact with the projection 


of T form a one-parameter family satisfying the condition 
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+ 2B*q7 + 28° (qe? + ps) + 2B? (Gop: + aqs) +4%Bq7 (a + qe) 
+ + (24+ Go) = 0. 


The points of any two cubics Tag, Tag on the same cone K’g can be put 
into a 1<>1 correspondence by making corresponding points lie on the same 
ruling of the cone. The harmonic conjugate of O with respect to corresponding 
points of these two cubics generates another cubic Tag for which a= 
(oe + &”)/2. If, now, Tag and Tg are adjoint cubics, then 


(32) a — (qo? + 


This relation between « and £ determines a new one-parameter family of 
cubics Tg. Their principal lines generate a quadric cone with the equation 


(31) 


(33) — 972) (2qeu — Gry) — = 0, 
while their principal points trace a twisted cubic on this cone. There are 
three self-associate cubics in this family, but no pair of distinct associate 
cubics can belong to the family. 

The cubics associate to the family (32) form another family determined 
by the condition 
(34) + «Bq: + = 0. 
Each cone K’g contains two cubics of this family, which coincide only when 
B= q;,*/8q.". Forming the harmonic conjugate of O with respect to corre- 
sponding points on each pair of these cubics, we arrive at another family of 
cubics for which 
(35) = — 
All cubics of this family determine the same principal plane 
(36) — = 0; 
furthermore, the associate of each cubic belonging to the family also belongs 


to the family. 
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A GENERAL MOMENT PROBLEM.* 


By R. P. Boas, Jr. 


1, The problem. Let {¢n(r)}, (n=—1,2,---) be a sequence of 
complex-valued normal functions of L?(0,1): 


(n=1,2,- °°), 


) 
The Riesz-Fischer theorem states that if the ¢n(a) are in addition orthogonal, 
a sufficient condition for the moment problem 


(1.1) An = f(x) dz == - -) 


©) 
to have a solution f(z) in L? is the convergence of > | an 
n=1 


(and generalizes) the natural question: Under what condition weaker than 


This note answers 


orthogonality does the sequence {¢,(«)} still have a Riesz-Fischer theorem ? 
More precisely, the question is under what conditions the convergence of 
Y| a, |? implies that there is a function f(a) such that (1.1) is true and? 


(1. 2) | f(x) |? da SM? | an 


M depending only on the sequence {¢,(x)}. There is an analogous problem 
for Bessel’s inequality; we ask, when f(a) « L? and {a,} is defined by (1.1), 
under what conditions there is a number N, depending only on {¢n(zx)}, 
such that 


(1.3) | an Ne f | ax, 


We can characterize the systems {¢,(a)} which have a Riesz-Fischer theorem 


ora Bessel inequality in terms of the infinite Hermitian form 


=> DV f da. 


The set {on(x)} has a Riesz-Fischer theorem if and only if Q has a positive 


* Received November 7, 1940. 
1Integrals are over (0,1) and sums over (1,©) unless the contrary is stated. 


ut 
ng 
ire 
en 
re- 
361 


362 R. P. BOAS, JR. 


lower bound* in Hilbert space, and a Bessel inequality if and only if Q 
ts bounded above in Hilbert space. It is evident that for an orthonormal 
{dn(x)}, Q@ =|» |*, and so has upper bound and lower bound unity. 

More generally, conditions are obtained for {¢n(x)} to possess theorems 
of Hausdorff-Young type; the precise properties in which we are interested 
will be called Ry, (corresponding to the Riesz-Fischer theorem), and By (corre- 
sponding to Bessel’s inequality). In both R, and By, p satisfies* 1S pS o, 
p’ = p/(p—1), and M and N depend only on the set {¢n(2)}. 


(Rp) {>| an |?}1/? < co implies that there is a function f(x) such that 
An dz, (n =1,2,---), and 
(1.4) Cf | MCS | ay 


The equations ay f f(x) az, (n =1,2,: ++), wmply that 


For B, to have meaning, we have of course to require that the ¢,(z) 
belong not only to L* but to L”’; for R, to be possible, we have to require 
that the ¢,(x) belong to L?. 

Although we discuss properties R, and B, for 1= pS o, they are in- 
teresting only for 1= p= 2, since not even uniformly bounded orthogonal 


sets have these properties in general when p> 2. We remark that B, is 
trivially satisfied for any uniformly bounded set; and that the statement that 
a uniformly bounded orthonormal set has Ry and By (1 < p< 2) is just the 


Hausdorff-Young-Riesz theorem.* 
For an orthonormal set {¢,(x)} we have 


| |? de | en 


for all finite sequences {c,}. This suggests that we should consider, for general 


normal sets {¢,(2)}, the two conditions 


° The terminology is adapted from that used by Hardy, Littlewood and Pélya [3]; 
p. 207. A Hermitian form 22 Binn@m&n (Q,..,= Gm) is bounded above in Hilbert space 
with upper bound M if |? for all finite sequences [such 
a sequence is finite if all its elements with sufficiently large index are zero—this con 
vention simplifies the notation]. Similarly for “ bounded below.” 

* Expressions involving p are interpreted when p= in the usual way, as the 
limits of the corresponding expressions for finite p. 


4 See, e.g., Zygmund [9], p. 191. 
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| Sena(z) |? dr) = (w>0), 


where 1 =p o, p» and v depend only on {d¢n(x)}, and the conditions are 
to hold for all finite sets {cn}. 

We note that §, is satisfied if and only if the functions {¢n(x)} form a 
uniformly bounded set. 

The relation between Rp and @,, B, and §», is summed up in 


THEOREM 1. R, is equivalent to Q, forll p< o, and By is equwalent 
to 


We shall give an example to show that p = co must be excluded from the 
first part of Theorem 1. 
When p = 2, @, and $B, can be expressed in terms of Hermitian forms: 


Hence we have the criteria stated at the beginning of this section. 
This formulation of @, and 8, suggests consideration of the condition 


) 1/9", 


with 0 << a@ < 1, for all finite sets {cm} and {dn}.5 
THEOREM 2. Jf 1 = p< o, A,and together imply @, (and hence Rp). 


If the functions {¢,(2)} are uniformly bounded, and satisfy 82, Theorem 
2 is particularly convenient, since 8)» (1S p= 2) follows by M. Riesz’s con- 
vexity theorem ® from 8, (which is trivially satisfied) and 82, so that it is 
necessary to verify only Ap in order to infer R,; Ap is a more convenient 
condition to verify in particular cases. As an illustration, we shall prove 


THEOREM 3. Jf 1 < pS2, and’ 


5 The prime on 22’ indicates that the term with m =n is omitted. 

°*Zygmund [9], pp. 191-202. 

™When p= 2, 5 < 1/(2mr*) is enough; see Boas [2]. Professor Wiener informs 
me that he had obtained the results of that note before I had. Cf. also Titchmarsh [8]. 
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—1 
(1. 6) (n=0,+1,+2,---), 


the set has Rp. 


Theorem 2 cannot be reversed, at least when p41; we shall give an 


example of a sequence having R, and §,, but not A,. 


2. Theorem 1. We first show that @, implies Rp. Suppose 1S p< o, 
If {a,} is a given sequence satisfying ¥ | an |? << ©, and {cy} is an arbitrary 


finite sequence, 
(2. 1) | | An |») | Cn |p") 1/0" 
( z | Ayn 1/p( | Cnbn (2) |? da) 


by Hélder’s inequality and condition @,. By a theorem of F. Riesz,° (2.1) 


implies that there is a function f(a) « L*’(0,1), such that 
, - 1 
| f(a) |? S-( | an 
thus R, is satisfied, with M = 1/p. 
We now show that R, implies Q,. Suppose 1[ pS o. Let {cn} be an 


arbitrary sequence such that (> | cp «. Choose so that® 


| my |? ~0, and 
(2. 2) | Cn 1/0" ( Dd | an |?)?/? = anen. 


By Rp, there is a function such that a, f f(x) az, and 


Cf dx)” SMCS | an 
Hence 


( | f(a) |?" f | cnpn(a) |? dx)'/? 


= M(>| an |S (x) |? 


IIA 


( | Cn |?’ uf | (x) |p dax)\1/?, 


Thus Q@, is satisfied with = 1/M. 


8 Banach [1], p. 75. 
® Hardy, Littlewood and Pélya [3], pp. 26, 121-122. 
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We have shown that @, implies Rp for 1S p< ™, and that Rp», implies 
eo, for 1S p=. We now exhibit a set {¢n(x)} which has Qo but not 
Ro. The conditions in question are 


| Cnon (2) | | Cn | (p 0), 


where sup° denotes the essential least upper bound; and 


(Ro) sup | an| < «© implies the existence of f(x) such that 
00 
An = (w) ae (n=1,2,°--), and f | f(x)| dx=M sup | a, 


1=n < 00 


Let {¢,(2)} be Walsh’s orthonormal set.’° It is easy to see that for 


any sequence €,€,° +1), we can find a subinterval of (0,1) 
in which sgn = en (n= Let +, Cm be arbitrary 


complex numbers, and let Z be a subinterval of (0,1) in which sgn ¢n(z) 
= sgn #(¢n) Then in 


m 


| RS = | R(en) 


n=1 


5 


similarly in some interval J, 


n=1 


Consequently 


m 
sup | = mé ax | |, | (en) |} 
: n=1 


| 


On the other hand, since {¢,(#)} is a set of uniformly bounded orthonormal 


functions, 


On = F(x) de (nm == 1,2,---; f(z) eb) 


implies that a, > 0 as n—> «©. Hence Rew cannot be satisfied. 
We now prove that 8, and B, are equivalent. If 8» is satisfied, and {cn} 


is an arbitrary finite sequence, we have 
|Z | | Sen f | f(a) de | 


10 Kaemarz and Steinhaus [4], p. 132. 
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Hence, by the converse of Hélder’s inequality, 


Thus By, is satisfied with N = v. 
Conversely, if By is satisfied, let g(z) be any function of L?; and let 


{cn} be any finite sequence. Then 
| f9(2) | —| Zeon f | 
By the converse of Holder’s inequality, 


=N( S| en |). 


Cf | 


Thus §, is satisfied with v= N. 


3. Theorem 2. Suppose that {¢,(z)} has properties Ap and 8). Let 
{Cn} be an arbitrary finite set of numbers; choose {dn} so that 


(3. 1) Dd cndn = (> | em | dn |?) 
By Holder’s inequality, 


m n 


<(f |Z endm(x)| |S day”. 


On the other hand, 


(3. 2) 


| = Cndn +f CmOndm (x) dx | 
= (1—a) em | de 
by Ap. By §,, it then follows that 


by 


wh 


Sir 


b 

( 
s] 
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Combining (3.2) and (3.3), we have 


dx) 


a) f [Zags 


This is with » = (1—«)/v, provided that |S dndn(x) |" dx If 
this integral is zero, } dndx(x) =0 for almost all z. In this case, either 
(i) all the d, are zero, all the cn are zero, and there is nothing to prove; or 
(ii) all the ¢n(z) vanish almost everywhere, and there is again nothing to 
prove; or (iii) neither (i) nor (ii) is true, so that S 8:¢n(z) 40 on a set 
of positive measure for 6, arbitrarily near the dn, and @p follows by a con- 
tinuity argument. 

The proof still holds when p=  ; but we cannot then deduce Ra, since 


Poco does not necessarily imply Ro. 


4. Theorem 3. If condition Ap, requires that the 


bilinear form 
Cm dy 


Ss 
(4.1) 2D; 


{ 1 } 


m 


should be bounded in space [p, p’], with bound less than unity. Now 28 
differs from the bilinear form *! 


by at most 
(n — m) (An — Am) 


B=2 = | Cmdn | 


We first estimate B. 
>| cm CP", 


where 
Since | An —n | S8, 
CS >) n—m | m | — 28) 


11Tn §§ 4 and 5,sums are over (— ©, ©) ; this makes no difference to our conditions. 


n— 
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by an inequality of Plancherel and Pélya.12 Thus 
88 , 
CS (5) | dm |”, 


p’ ) 1 


To obtain a bound for the form A, we write it as 


sin (An — Am) 7. 


Am™ det 


A= 
——— 972 


It is then clear that A has the same bound in [g, p’] as 


sin (An —Am)z 
n—m 


D=2> emdn 


Cm cos Amt sin Ant , Cm sin Amt ds cos Ant 
+2 >> 


2% 
n—m n—m 
Now Hilbert’s bilinear form 
— 
n—m 


is bounded in [p, p’]; it follows by elementary calculations from results of 
P. Stein '* and M. Riesz ** that its bound does not exceed 


2 
Hence 


| Dy | S2K (> | cm cos Amm |?)/?(S | dn sin Aw 


= (> | Cm (> | dn |? )? 


since | sinA,w | S| sr. Dz» can be estimated similarly. Hence 


we have as a bound for the form S 


166 ] 3 
41.2 
1— 28 ) 


which is less than unity if (1.6) is satisfied. Since the functions ¢?**? 


satisfy 7 8., Theorem 3 follows from Theorem 2. 


5. A counterexample. We now show that, at least when p= 1, the 


12 Plancherel and Pélya [5], p. 135. The inequality can be stated in condensed 


form as (2a)"(Zb"), if p > 1. 
mn 


13 Stein [7]. 
14 Riesz [6], p. 241. 
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converse of Theorem 2 is false; that is, that R, and 8, do not necessarily 
imply Ap. We exhibit a set {e°"*7} which has property R, (and property 8, 
because the functions of the set are uniformly bounded), but which does not 
have property 

We take A, =n for n=+1,+2,---, and A,—4. Then the form 9 
of (4.1) is not bounded in space [1, «]. In fact, if we let co 1, cm =0 
(m= +1, +2,:--) we have 
ga—ly 

T 
and the series diverges, in general, when {d,} is bounded. Thus the set 
does not have property Aj. 

On the other hand, we can show that the set has property @,. For this, 

we need to show that there is a positive » such that 


Cy Ane | dz = sup | Cn | 


for all finite sequences {cn}; or, which amounts to the same thing, that if 
sup | Cn | S1 then 


(5. 1) f | +. Ane | dz = n> 0 
fork=0, +1, +2,---. According as k =0 or k ~0, (5.1) states that 
(5. 2) | 1 x tre | dz 
(5.3) | | de = p, 
where in }” the terms with n=O and n——bk are omitted. Now the 


duality between closure and completeness shows that (5.2) is implied by the 


existence of a bounded #(2) such that 


(5. 4) 
d(x) trady == 0) 1, + 2,-- +); 


and that (5.3) is implied by the existence of a bounded o(2) such that 


~ 0, p(x) trady (), 
(5.5) 


= 0 (n~ 0, nA—k). 


t | dx + Q, 
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Such functions ¢(x) are easily constructed. In fact, (5.4) is satisfied by 
the Fourier transform of (e“-+1)/(uw+-7); (5.5) is satisfied by the 
Fourier transform of 
u-+ (2k—1)z 
u 
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NOTES ON SYSTEMS OF ORDINARY DIFFERENTIAL 
EQUATIONS.* 


By E. R. vAN KAMPEN. 


1. The letter c with a numerical subscript denotes in what follows a 
positive constant, the value of which is unimportant. 


Let the functions f‘(2',- - -,a*,t) be continuous for OStSq, | 2‘ | 
Sc. The system 
(1) == ft(z',- 38), (y’ = dy/dt), 


has, as is well known, at least one solution 
(2) = 2'(t) for which z+(0) = 0, 0StS 


This solution is unique if the f+ satisfy a condition of the form 


4=1 


O<tsSa, 
i=1 


where h(t) is integrable on the interval 0 << ¢c,. The same holds (Nagumo, 
Perron) if in (3) 
(4) h(t) Sat", wherea=1. 


On the other hand, (3) and (4) are not sufficient for the uniqueness of 
the solution (2) of (1) if a> 1, as is seen by consideration of the systems 
This system can be modified so 
as to have the form (1) with continuous f‘, retaining infinitely many distinct 
solutions = const. 

In all cases where the above uniqueness conditions are satisfied, except 
in the case where (3) and (4) hold with a= 1, the unique solution (2) of (1) 
is known to be obtainable by successive approximations (Rosenblatt, Miiller). 
Qn the other hand, a system (1) is known! with a unique solution (2) which 
cannot be obtained by successive approximations from an arbitrary starting 
function, although this system (1) satisfies (3), (4) with arbitrary a > 1. 

In this note it will be shown that in the case excepted above, where (3), 


* Received October 23, 1940. 
1E. K. Haviland, American Journal of Mathematics, vol. 54 (1932), pp. 632-634, 
where further references can be found. 
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(4) holds with a=1, the process of successive approximations converges to 
the unique solution (2) of (1). The problem was formulated by Haviland, 
The proof given here does not imply an existence proof, since use will be made 
of a known solution. However, since it will be shown that successive approxi- 
mations lead to this known solution, a very complicated proof of the unique- 
ness is implied. No estimate has been obtained as to the rapidity of the 
convergence of the successive approximations. 

Section 4 proves, for the convergence of the successive approximations, a 
criterion which depends on the majorization of a system (1) by one differential 
equation and is analogous to similar well-known criteria for uniqueness.” 

In (8) the conditions h(t) or h(t) integrable for 0 ¢= are 
each sufficient for the uniqueness of the solution (2) of (1) and for the con- 
vergence of the successive approximations. By means of the criterion of 
section 4, it will be shown in section 5 that h(t) =?¢'-+ g(t) in (38) is 
sufficient in both cases, if g(t) is integrable on 0S 


2. Consider first the case of a single differential equation 2’ = f(z; 1), 


where f(z;¢) is continuous for 0=¢=c, and |x| and where 

(5) | f(a; t) —f(ae3t)| St? | |, (t0). 

There exists at least one solution 

(6) such that a’(t) = f(x(t);t), x(0) = 9, 

Consider the differential equation 

(7) OStSa, |y|Ses, 

where g(y;t) =f(y+<2(t);t) —a’(t). It is easy to verify that 

(8) g(0;t) =0; (9) Sts, 0), 

corresponding to (5) and to the fact that y= 0 is a solution of (7). More- 

over, if {an (t)} is a sequence of functions defined recursively by 

(10) = ; t) dt, = 0, | a(t) | Sos, 
0 


and if yn = yn(t) = — a(t), then 


*t 
(11) Yn(t) g(Yn-1(t) ; t) dt, Yyo(0) = 0. 


0 


2Cf., e.g., E. Kamke, Differentialgleichungen, Leipzig (1930), p. 139. 
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Since the statement to be proved is that 2, (t) a(t) asn>0,0S tS eyo, 
it follows that it is sufficient to prove that y,(t) ~0 asn> 0, OStSoey. 

It is clear from (8) and (11) that ¢'yn(t) > 0 ast 0 forn 21. Thus, 
from (11) and (9), 


IA 


at *t 
(12) yn(t)| | g(yn+(t) 3 t)| dts f | yn_1(t)| dt, n>1. 


If we define the functions z,(t) by 
2n(t) = n>2; Zo(t) = Max (sf y,(s)|) dt, 
70 0<s8sSt 
then (12) obviously implies 
(14) | yn (#)| n> 1, tS &. 


Moreover, since ¢-*y,(¢) +0 as t-> 0, the second part of (13) clearly implies 
that 

2n(t) = 0, 2, (0) = 0, z'n(0) == 0, {tzn(t) 0ast>0 
hold for n= 2. That these relations hold for every n by virtue of the first 
half of (138), is clear by recursion. We also find from (13) for n = 2, and 
then by recursion for n > 2, that 2’,(/) and ¢-'z,(¢) are non-decreasing and 


(15) S n>1, O0StSe%. 


Thus 0S z(t) S2n,(t) for n > 2. It follows that z,(¢) tends uniformly 
toa limit function z(/) asn—> But z(t) =0, since satisfies = 
= 0 and = ¢-12(t). Now (14) implies that y,(t) > 0 asn— 0; 
so that the proof is complete in the case of a single differential equation. 


3. For the same reason as in the preceding section, we may suppose in 
the general case of a system (1), that r‘(¢) = 0 is a solution of (1). Taking 


into account (3) and (4), where a = 1, we obtain 


k 
(16) f#(0,- --,0;¢) > | ft(at,- - 2) | 

i=1 
If the functions x,*(¢), yn(t) are defined by 


0 
Xo'(0) | roi (t)| = Co, 


and yn(t) =| +- +--+ | an*(t) |, we see, by the first part of (16), 
that 


to 
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(18) t*yn(t) ~0 ast 0, n= 1, 
It follows from (16) that corresponding to (12) 


tk t 
(19) 0Sm5 > | (t),° ; t) jars (t) dt, 
i=1 0 
nm > 


From this point on, the proof that y,(¢) 0, and hence that zn(t) > 0 as 
n—> 0 can be completed as in the preceding section. 


4. the function g(z;t) be continuous for 0 << OS 2zSe, 
and non-decreasing in z for every constant ¢. If the method of successive 
approximations is applied to the equation z = g(z;t) and to an initial func- 
tion z,(¢) which satisfies ¢-*z,(t) +0 (ast—0) and 0 =2,(t) S suppose 
that the approximating functions tend to 0. In particular, suppose that 
g(9;¢) —0. Finally, suppose that the functions f+ in (1) satisfy 


i=1 
k 
= 9( >| 
i=1 


whenever both sides are defined. Then the method of successive approximation 
is convergent for the problem (1), (2) in an interval OS ¢S cy. 

For the same reasons as in section 2, one can suppose that z‘(t) = 0 isa 
solution of (1). Placing x. —0 in (20), one finds that 


(21) | f2(2",- + t) | | f*(a?,- t) | 

If the approximating functions are defined by (17), put yn =| | °° 

+ |2zn*| so that (18) holds. Put z,;—y,; so that as t>0. 

If z,(¢) is defined for every n > 1 by 


>t 
0StSer, 


then z(t) ~0 as n— o by assumption. But 0S yn S Zn follows by recur- 
sion from (21), from the definition of y, and from the fact that g(z,t) is 
non-decreasing in 2: 

t k 
(22) 0=y(t) | t) | dt 


70 i=1 


t 
| 9 (4n-13 dt = 2n(t). 
0 0 


f 


as 


on 


Is 
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Thus zn —>0 implies yn 0, which in turn implies that as n— 0, 
so that the proof of the theorem formulated at the beginning of this section 


is complete. 
5. It is now easy to prove the following statement: 


If the functions f‘ in (1) satisfy 


k 
(23) > | f*(2,?,- ‘ t) — - | 
i=1 
k 
+ Z| — |, (t0), 
where g(t) ts continuous and integrable on the interval 0 < t S ¢4s, then the 


solution (2) of (1) is unique, and the method of successive approximations, 
when applied to the problem (1)-(2), converges to this unique solution, 


By the theorem of section 5, it is sufficient to show that the function 
g(z3t) = z(t" + g(t)), 
satisfies the requirements of that section. Thus it is sufficient to prove that 
for any continuous function z,(¢) which satisfies 
0=2,(t) for OS c45; tz,(t) ~0 as 


the sequence of functions z,(t) defined by 


at 


m(t)—= fo  n>10StSes, 


tends to0 asn—> oo. If u,(t) =z, (t) and 


(24) Un(t) = tns(t)(t2 + 9(t))dt, n>1,0StSes, 


e 0 


then un(t) = zn(t) also for n >1. Let wu, be so chosen that u,(t) 2 2, (¢), 


that w’,(¢) exists, and that 

(25) exp (— g(t)dt) 

is monotone increasing in ¢ and tends to 0as t¢->0. This is possible since 
t-1z,(t) exp (— g(t)dt) >0ast—>0. 


Since the derivative of (25) is non-negative, we have 


u’,(t) = u(t) (t* + g(t)), so that w’.(t) Sw’1(t). 


|_| 
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It is now clear from (24) by recursion that u’n(t) S w’n.(t) for every n > 1, 
so that wn(t) S wn+(t). Thus the sequence {wn(¢)} tends to a function z(t), 
which satisfies the relations 


t*z(t) 0 (ast—0) and g(t)). 


One easily verifies that z(t) =0. Thus u,(t) ~0 as n> and zn(t) 30 
asm-— > oo. This completes the proof of the statement made at the beginning 
of this section. The same proof still holds if we modify the conditions con- 
cerning g(t) in (23) as follows: 


g(t) > 0 and g(t) continuous for 0 << tS 
C15 
(23 bis) f g(t)dt < const. for0 << S45. 
t 


6. In the preceding sections, the norms | 2 | can be 
replaced by different norms, for instance by the Z? norms y= (| a'|?+ 
-+ | a|?)'/2, p=1. The norms in (3), (16), (20), (21), (22) should 
then all be replaced by the corresponding ZL? norms. If k > 1, the resulting 
conditions for the system (1) are not equivalent for different values of p. The 
proofs remain largely the same: (19) and (22) should be replaced by similar 


chains of inequalities involving Holder’s inequality. 
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THEOREMS ON DEDEKIND SUMS.* 


By Hans RADEMACHER and ALBERT WHITEMAN. 


1. Introduction. In his “ Erliuterungen zu den Riemannschen Frag- 
menten tiber die Grenzfille der elliptischen Modulfunktionen,” Dedekind 1! 
introduced the function 

n(7) e(mit)/12 II (1 e2rimr) | 

which has subsequently played a fundamental role in the theory of elliptic 
modular functions. Since »(r) is regular and free of zeros in the upper 
rhalfplane, log (7) can there be defined as a regular function. The study of 
the modular transformations of log (7) led Dedekind to consider certain 
arithmetical sums which will form the subject of this paper. 

In order to give a concise definition of the “ Dedekind sums,” we introduce 


the following symbol : 


1.1) ((z)) c—[r]—} for 2 not an integer, 
°  < 
( 0 for an integer, 


where [a] denotes, as usual, the greatest integer not exceeding z. We then 


define a Dedekind sum * by 


where the first argument / is any integer, and the second argument & is, of 
course, a positive integer. 

The immediate object of Dedekind’s memoir was to elucidate and verify 
eight formulae involving the logarithms of elliptic modular functions which 
are contained in Riemann’s fragmentary notes 2. Dedekind bases his dis- 


* Received September 23, 1940; presented to the American Mathematical Society, 
April 26, 1940. 

‘Boldface numerals refer to the papers listed in the bibliography at the end of this 
paper. 

* Dedekind’s notation differs from the one adopted above, which has been used by 
one of the present writers in some previous papers. Dedekind’s symbol (m,n) equals 
ins(m,n) in our notation; at the end of his memoir 1 Dedekind introduces a symbol 
D(m/n) which is equivalent to our 6s(m,n). Moreover, his symbol ((a#)) is the same 
asour ((2 + 4)). However, we do not feel induced to rectify these disagreements, since 
our present notation has already been adopted in other publications. 
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cussion on a theory of log »(7r), the central result of which is the transformation 
formula 
log = log + log(—i(er + 4)) + (a + d) —nis(d, 0), 


where 


is a modular substitution. From this formula Dedekind derives relations 
which correspond to those of Riemann, but remarks that it would take him 
too far afield to demonstrate actually the equivalence of both sets of formulae, 
Nevertheless, he lists a number of formulae concerning the sums s(h, k) which 
would be helpful for this purpose. Some of these formulae are given with 
function-theoretic proofs, but most of them are stated without proof.* 

The purpose of the present paper is to fill the gaps in Dedekind’s paper 
and to study, in general, the directly accessible properties of the Dedekind 
sums s(h,k). We shall first give purely arithmetic proofs of all of Dedekind’s 
identities 1, 3 and of some analogous ones. Secondly, we shall show that 
Riemann’s formulae indeed agree with Dedekind’s results, a fact which, 
according to Dedekind’s own statement, is by no means obvious. Thirdly, we 
shall derive some congruences of a new type for the s(h,k) and employ them 
for a discussion of the sums A;(n) which appear in the series for the partition 
function. This will lead us to rather simple proofs of D. H. Lehmer’s theorems 


about the multiplicativity of the A,(m). 


PART I: Dedekind’s Formulae and Related Formulae. 


2. Fundamental properties of s(h,k). We begin with a few remarks 
concerning the symbols introduced in (1.1) and (1.2). The symbol ((2)) 


has the fundamental properties 


(2. 1) = ((@)) for =z. (mod 1), 
and 
(2.2 ((—2)) —— ((2)). 


We have therefore * 


* Dedekind, in spite of an announcement at the end of his “ Erlauterungen,” appar 
ently never came back to this subject. It might be of interest to find out whether 
there still exist unpublished notes containing his investigations in this direction. 

‘The condition “mod k” in connection with a summation sign means that the 
sum is extended over a complete residue system modulo k. 
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so that 


where i and & are not necessarily coprime. 
More general than (2.3) is 


(2.4) ))-« [33] 


which is clear, since, first of all, both members of (2. 4) are periodic modulo 1; 
secondly, their difference is constant for 0 = x < 1; and, thirdly, this differ- 
ence, because of (2.3), is 0 for r—0. 


As a very useful special case of (2.4) we note 


(2.41) ((x)) + ((@ + 3)) = ((22)). 


In view of (2.1) we may also write (1.2) in the form 


An immediate consequence of this formula is 


(2. 51) s(h,k) =s(h’,k) with hh’=1 (mod k). 
Indeed we have 


This reasoning reveals an interesting symmetry in the products over which 


the sum in (2.5) extends. At the risk of losing this symmetry we may 
simplify the definition to read 


by virtue of (2.31). 

In the sequel the symbol s(h,%) will usually be applied to coprime pairs 
h,k, although the definition (1.2), (2.5) does not exclude a common factor of 


hand k. It will, however, sometimes be convenient to introduce or suppress 


common factors of h and k by means of 


®In the sequel we shall refer to formulae in Dedekind’s memoir 1 by numbers in 


379 

| 

| 


380 HANS RADEMACHER AND ALBERT WHITEMAN. 


THEOREM 1. For any positive integer q we have 
s(qh, qk) =s(h,k). [23] 
Proof. From the definition (1.2) it follows that 


(8) 
(C2) 


where we have made use of (2.1) and (2.4). 
As an application of the preceding theorem we prove 


THEOREM 2. Fora prime number p we have 


(2. 8) s(ph, k).+ S s(h + mk, pk) — (p+1)s(h,k). [28], [3%] 


m=0 


Proof. From (2.4) we infer readily ® 
pm f ((py)) if 
p ) p((y)) if plo. 
Now we have 


s(ph,k) + + mk, pk) 


m= 


—s(ph,t) & 


(because of (2. 9)) 


= + + ((z))((2)) ((z)) (2) 


= s(ph,k) + s(h,k) + ps(h,k) —s(ph,k), 
where we have made use of (2.7) in the last step. This completes the proof 


of the theorem. 


®° The notation a | b means, as usual, a divides b, and ath means @ does not divide }. 
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3. The reciprocity formula for s(h,k). The most important property 
of the Dedekind sums s(h,k) is expressed by a reciprocity formula, which 
Dedekind derived from his study of log »(7) and for which one of us has given 
some different independent proofs 4, 5, 6. We propose to give here a very 


short arithmetic proof of 

THEOREM 3. Forh>0,k>0, (h,k) =1 the equation 
(3. 1) ) + 4 4 [19] 
holds. 


Proof. We have, on the one hand, 


On the other hand we see that 


k-1 } h2 k-1 


Comparing (3.2) and (3.3) and using (2.6) we get 


In the sum of the left-hand member we have clearly 


Ea =h—1. 
We put 


(3. 5) —=y—l, v= lee. + 


and determine the number of values of » which yield the same value of ». 
Now (3.5) implies that 

(3. 6) Ky, 
where equality is excluded since (h,k) =1 and » < k; instead of (3.6) we 
may write 


hy ) k ((£)) 1 1 
=>((£)) =s(£- 5) 51. 
h° 
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Hence, if » ranges from [Se] +1 to [7] for v< h, the value of 


hp. ky 
ca is y—1; for yh, however, 7 is an integer and p» ranges only from 


4 to k —1. We obtain therefore 


(3. 7) (1(C£]+1)- pi 


H 


h- h-1 
= 2hs(k, hy +S v+ (hA—1)h(k—1). 


Comparison of (3.4) with (3.7) leads directly to the reciprocity formula 
(3.1). 
4. The auxiliary sums r(h,k). Although the Dedekind sums s(h, k) 


are the fundamental ones in the present. discussion, we find it convenient to 
introduce the auxiliary sums 


We now develop some of their properties and their relations to the s(h,k) 
We begin with 
THEOREM 4. The sum r(h,k) has the properties 


{ s(h,k) for q even, 
r(h,k) for q odd. 


The proof of this theorem is similar to the proof of Theorem 1. 
THEOREM 5. For (h,k) =1 we have 

(4. 3) r(h,k) +s(h,k) =s(2h’,k), 

with hh’ =1 (mod k). 


Proof. With the aid of (2.41) we deduce 


= 


so that we have proved (4. 3). 


ONC) 
(2)) (8) 
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CoroLtiary. For k even and (h,k) =1 we have 
(4. 31) r(h,k) + s(h,k) =s8(2h,k). 
This corollary follows from (4.3), (2.51), and (2.7), since 


g(2h’,k) (w, @ 5) = 8(2h,k). 


Theorems 4 and 5 suffice to reduce any sum r(h,k) to Dedekind sums 
s(h,&). For a later application we need also 


THEOREM 6. For odd k we have 


(4. 4) r(2h,k) + s(2h,k) =s(h,k), 
and for h and k both odd we have 
(4. 5) s(h, 2k) + r(h,k) =s(h,k) + 7r(2h,k). 


Proof. To derive (4.4) we use (2.41) and obtain 


To prove (4.5) we use the fact that & is odd in separating the even p’s 


from the odd yp’s in the following manner: 


h 
2k 2h vmodk 2h 2k 
Now h is also odd. Hence, using (2.1) and 
hy 1 be 1 hu ) 
(F+5)) ((E+a) 
k 2 k \ 


2k) + r(h,k) 


s(h, ray 

ypmodk 

+ (E+ 
pmodk 


=s(h,k)+ 2 
pmodk t 


=s(h,k) + 7r(2h,k). 


We have therefore established Theorem 6. 
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5. The sums R(h,k) and S(h,k). In order to facilitate the verifica- 
tion of Riemann’s formulae we introduce, following Dedekind, two other 
functions: 


(5.1) -B(h,k) >" [39] 


The following theorems and corollaries establish the essential relations 
between these functions. 


THEOREM 7. For any pair of integers h, k with k > 0 we have 
(5. 2) R(h,k) + S(h,k) = 8(2h,k), [ 43, ] 
(5. 3) S(h, 2k) + S(h+k, 2k) = 8S(h,k) — R(h,k), 
(5. 4) R(2h, 2k) = 8 (2h, 2k) 0. 


Proof. The formula (5.2) is very easily established. Using (2.41) we 
have at once 


In order to prove (5.3) we proceed as follows: 


(5. 5) S(h, 2k) + S(h + k, 2k) ((¢)) 4. | 


| 


which we have obtained by separating the odd and even p’s. Now the last 
member of (5.5) is equal to 
k-1 h 
))— &) + 8(h, k), 
and this completes the proof of (5.3), in view of (2.31). 
As far as (5.4) is concerned we have 


S(2h, 2k) = ) J = (7) ) 
( ) 2 (( 2k ) k 


which proves the second half of (5.4). The first half now follows immediately 


from (5. 2). 


7 Dedekind writes R(a#) and S(x) with « =h/k instead of our R(h,k) and S(h,k), 
respectively. We have changed his notation since the sums do not depend only on the 
ratio h/k. 
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CoROLLARY. We have 


(5. 61) R(h,k) + S(h,k) =0 for k even [ 42, ] 
(5. 62) S(h, 2k) + S(h+ k, 2k) =28(h,k) for k even 
(5. 63) R(h, 2k) + R(h +k, 2k) =2R(h,k) for k even [ 42. ] 
(5.64)  S(h, 2k) —S(h,k) —R(h,k) for h odd, k odd 
(5. 65) R(h, 2k) = R(h,k) —S(h,k) for h odd, k odd [ 43, ] 


Indeed, (5.61) follows from (5.2) and (5.4); (5.62) from (5.3) and 
5.61); (5.63) from (5.62) and (5.61); (5.64) from (5.3) and (5.4) 
since h +-k is even; (5.65) from (5.64) by means of (5. 61). 


THEOREM 8. For (h,k) =1 we have 
(5.7) R(h,k) —S(h,k) = R(W’,k) —S8(W’,k) [403] 


where hh’ ==1 (mod k), and where d denotes the excess of the number of 
positive least remainders over the number of negative least remainders in the 


k—1 
sequence ph mod k, »=1,2,° °°, [ | 


Proof. We note that ((x)) and ((#—4)) vanish for the same values 
of x, viz., for 2 = 0 or $ (mod 1), and are of opposite sign for all other values. 


More precisely 


(5.8) ((«#— — for ((r—3)) <9, 


for ((~—4)) >0. 


Therefore we obtain 


| 
(5.81) R(h,k) —S(h,k) = ) 
] 


Now it is readily seen that 
hu 1 ¢ k 
where 


k—1 
(5. 82) hy = (mod k), [=] 


Hence the last sum in (5.81) expresses the number d defined in the theorem, 
so that one part of the theorem is proved. 
No two values of | ry | in (5.82) can be the same, and therefore they too 


k—1 
cover the range from 1 to (= . If we put 
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1svs[ 


hp =v (mod k) 


we can either have 


and hence 
p=h’v (mod k), 
or we can have 
hp=—v(modk), 1s» <[*>]. 
and hence 
—p=h’v (mod k), isas [=] 
This shows that the positive (negative) least remainders of ph modk, p= 
ae [=]. are in one-to-one correspondence with the positive (nega- 
tive) least remainders of h’v mod k, v1, - - — =|. Thus the proof 
of the second half of (5.8) is complete. 
Corotitary. For k even and (h,k) =1 we have 
(5. 9) R(h,k) = R(h’,k) =— S(h,k) =—S(W’,k). 
This corollary is an immediate consequence of (5.61) and (5.7). 


6. Relations between r(h,k), s(h,k) and R(h,k), S(h,k). In this 
section we consider relations between the R(h,k), S(h,k) on the one hand 
and the r(h,k), s(h,k) on the other hand. 


THEOREM 9. If (h,k) =1, then 


(6.1) S(h,k) =r(h,k) —s(h,k); 

if, furthermore, hh’ =1 (modk), then 

(6. 2) S(h’, k) = s(2h, k) — 28(h, k) [41] 
and 

(6. 3) R(h’,k) =r(2h,k) —2r(h,k). 


Proof. In order to prove (6.1) we make use of (5.8) and conclude that 


dim 


ka) /2) 
= 48(h,k) = S(h,k). 


u=1 
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The identity (6.2) now follows immediately from (6.1) and (4.3). We 
get thus 
S(h,k) =s(2h’,k) — 2s(h,k). 


Interchanging h and h’ and noting (2.51) we obtain (6.2). 
As for the proof of (6.3), we have 


Incidentally, a similar proof could have been given for (6.2). 


CoroLtiary. For k even and (h,k) =1 we have 
(6. 4) S(h,k) =s(2h,k) —2s(h,k). 
This follows immediately from (6.2) and (5.9). 
7. Further formulae. We are now in a position to derive the remaining 


formulae as consequences of the preceding theorems and corollaries without 
needing to go back to the definitions of the different functions. 


THEOREM 10. For h and k odd and (h,k) =1 we have 
(7.1) Ki(h,k) =s(h, 2k) —s(2h,k). [46, ] 

Proof. By (6.3) we know that 

R(h,k) =r(2h’,k) —2r(h’,k). 
If we now let h’ denote an odd solution of the congruence hh’ =1 (mod k), 
we may apply (4.5) and (4.3) and obtain 
R(h,k) =s(h’, 2k) —s(h’,k) —r(W’,k) 
= §(h’,2k) —s(2h,k). 

Now since h, h’ and & are all supposed to be odd it follows that the congruence 
hh’=1 (mod k) implies hh’ =1 (mod 2h), and therefore 


| 
k 2 ) 
= 9 R (h k). 
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s(h’, 2k) = s(h, 2k), 
because of (2.51). This completes the proof. 
THEOREM 11. For k odd and (h,k) =1 we have 
(7. 2) S(2h,k) =s(h,k) — 2s(2h,k) 
Proof. From (5.2), (6.2) and (6.3) we deduce 
S(2h,k) = R(h,k) + S(h,k) 
= 1(2h’,k) —2r(h’,k) + s(2h’,k) — 2s(h’, k). 
Furthermore, by (4.3) we have 
r(2h’,k) + s(2h’,k) = s(2h*,k), 
where h* satisfies the congruence 
2h’h* =1 (mod k). 
But this congruence may also be written in the form 
2h* =h (mod k), 
so that we get 
S(2h,k) =s(h,k) —2r(h’,k) — 2s(h’,k). 


Applying (4.3) to the last two terms we obtain (7. 2). 

We can now finish the list of Dedekind’s formulae. The remaining set 
of formulae is particularly interesting because these formulae express the 
Dedekind sums s(h,k) in terms of the R(h,k). This is of some importance 
since the summands of the latter are simpler than the summands of the former. 

THEOREM 12. For h and k odd and (h,k) =1 we have 
(7. 3) s(h,k) = R(h, 2k) — §R(h,k) —RR(W,k). [ 44, ] 

Proof. By (6.2), (7.2) and (5. 2) 

3s(h,k ) = — 2S(h’,k) —S8(2h,k) 
= — 28(h’,k) —R(h,k) —S(h,k). 
Let h’ be odd. Then h’ satisfies the congruence 


hh’ = 1 (mod 2k), 
and we may apply (5.65) and (5.9): 


3s(h,k) = 2R(h’, 2k) —2R(h’, k) —R(h,k) + R(h, 2k) — R(h, k) 
— 3R(h, 2k) —2R(h’, k) —2R(h, k). 


This completes our proof. 


3 


nee 
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THEOREM 13. Vor h and k odd and (h,k) =1 we have 
(7.4) 8(2h,k) = R(h, 2k) — %R(h,k) — WR(W’,k). [44. ] 
Proof. Solving the equations (6.2) and (7.2) for s(2h,k) we get 


38(2h, k) = — 28 (2h, k) — S(W’,k) 
= — 2R(h,k) —28(h,k) —S(W,k). 


Let h’ be odd. Then, applying (5.65) and (5.9), we derive the formula 


33(2h, k) = — 2R(h, hk) + 2R(h, 2k) —2R(h,k) + R(h’, 2k) — k) 
—4R(h,k) + 3R(h, 2k) — K(h’,k), 


which completes the proof. 
THEOREM 14. For h and k odd and (h,k) =1 we have 


Proof. We have obviously 


2h’ =1 (mod k), 


so that by (2. 51) 


h+hk 
s i) == §(2h’,k). 
If we again choose h’ as an odd number we may apply (7.4) and (5.9) and 
obtain (7.5). 
THEOREM 15. For h and k odd and (h,k) =1 we have 
(7. 6) s(h, 2h) = R(h, 2k) —4AR(h, k) [444] 
Proof. This theorem follows immediately from (7.1) and (7. 4). 
Dedekind remarks that the equations (7.3), (7.4), (7.5) and (7%. 6) 
together yield 


(1.7) +8 + 2b) = [45] 


2 


which, by virtue of (2.7), agrees with (2.8) in the case p= 2. 


It will be noticed that in Theorems 12 to 15 the “ denominators ’ 
In case the “ denominator ” contains higher powers 


are 


either & or 2h with & odd. 
of 2 the reduction to the R(h,k) is not quite so short. For this purpose we 
need the following 


THEOREM 16. For h and k odd, (h,k) =1 andA=1 we have 


set 
he 
ce 


390 HANS RADEMACHER AND ALBERT WHITEMAN. 


(7.8) 2s (h, 2k) = R(h, 2k) + ¥ 2° R(h, 2k) 
a=1 
— §R(h,k) — 3R(h’,k). 


Proof. This is obviously a generalization of (7.6). Making use of (6. 4) 
and (2.7) we obtain the system of equations 


(h, 2%) == 2%18(h, — 28 (h, 2%k), a = 
Summing from a = 2 to a—A we get 


Qs (h, — 2s(h, 2k) —¥ 2218 (h, 2h) 


R(h, 2%) 


= 
Oo 
=~ 


(because of (5. 61) ) 


R(h, 2k) + R(h, 2%) 
a=1 
— §R(h,k) —$R(h’,k), 
where we have made use of (7.6) in the last step. This completes the proof 


of the theorem. 
Some further formulae [46] with which Dedekind closes his memoir may 


be deduced immediately from (7.3), (7.4), (7.5) and (7.6) by solving these 
linear equations for R(h,k), R(h’,k) and R(h, 2k). 


PART II: Verification of Riemann’s Formulae. 


8.. Verification of Riemann’s formulae. The object of the following 
discussion is to complete Dedekind’s verification of the formulae in Riemann’s 
second fragment on modular functions 2, pp. 461-465. These formulae con- 


cern the functions 


(8. 1) log k, log k’, log y 


which appear in the theory of elliptic functions (Legendre’s notation), and 
which are here expressed in Jacobi’s manner as series in g = e™'”, 
Riemann’s problem was to study the behavior of these functions as tends 


to a rational point 
with y approaching 0 through real values. Riemann, for the sake of brevity, 


does not mention the infinitesimal y at all and consequently disregards the 
real parts of the functions (8.1), which depend on y and tend to infinity as 4 


I] 


I] 


II 


II 
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tends to 0. However, the imaginary parts of the functions tend to certain 


finite limits depending only on the rational value + 


i? the real part of w, and 


t) it is with these limits that we are concerned here. 
Riemann divides the discussion of each of the functions (8.1) into several . 


subcases, according to the parity of h and k in ~, whereas Dedekind’s formulae , 


k? 
[35] cover each function with one equation. Observing that Riemann writes 
q =e?! instead of Dedekind’s q = e™* we are led, by comparing the two sets 
of equations, to the following eight identities which we shall have to prove; 


it is always understood that (h,k) = 1. 


h k-1 hp ; k-1 hp 1 
I, “+5 | 


a 4s(h + k, 2k) —4s(2h,k), h even, k odd; 
h— h’p hp 
of I, 23 (— Qk (—1) 
= + 4s(h + k, 2k) — 4s(2h,k), h,h’,k odd; 
ay 
h hp 1 
+ + k, 2k)’ — 48(2h, k), h odd, k even; 
&/2-1 
ng h odd, k even; 
2 (k-1) /2 4 } 
=1 
k odd; 
(k-1)/2 ( 
Ill, 2 = 2s(h,k) —4s(h + k, 2k), 
k k 


h even, k odd; 


k- 
if 23 = 2s(h,k) —4s(h+k,2k), h’, k odd; 


k-1 
dls Il, 2> (—1)4 2s(h,k) —4s(h + k, 2k), 
hh” =1 (mod 2k), h odd, & even. 


The theorems of the preceding sections enable us to present the proofs in 
an abridged manner. In the following proofs the numbers at the end of some 
he of the lines indicate the formulae which have been used. For the application 
of (7.3),- + -,(%.6) the parity of h has to be observed carefully. 


| 
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Proof of I,. h even, k odd. 
4s(h + k, 2k) —4s(2h,k) = 4s8(h + k, 2k) —4s(2(h +k), 


— 4(R(h +k, 2k) —4R(h, k) —4R(W,k)) (7.6) 
—4(R(h +k, 2k) — 4%4R(h, k) —4R(W’, k)) (7.4) 


= 4R(h,k); 


= — 2R(h, 2k) + 4R(h, k) (5.1) 
4R(h,k). (5. 4) 


Proof of I.. h, h’, k odd. 
4s(h + k, 2k) —4s(2h, k) 
— 4(R(h, 2k) —%4R(h, k) — k)) (2.7), (7.5) 
—4(R(h, 2k) — %R(h,k) — WR(h’,k)) ( 
—4(R(h, k)) 
4(S(h,k) —S(h’,k (5. 7) 


- + 2{S8(h’, 2k) — 8(h, 2k)} 
—4{8(W’, k)} (5.1) 


since hh’=1 (mod 2k). 
whic 


or 
hp 
)) (( )) 
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Proof of Is. h odd, k even. 


= 4r(h, 2k) — 8r(h,k) (4. 1) 
= 4s(2h, 2k) 4s(h, 2k) — 8s(2h,k) + 8s(h,k) (4. 31) 
= 4(3s(h, —s(h, 2k) — 2s(2h,k)) (2. 7) 


= 4(s(h + k, 2k) —s(2h,k)). 
Proof of II,. h odd, k even. 
Put & = 2°%,,A = 1, with k, odd. Then 


21(s(h + k, 2k) —s(h, 2k) 
1, s(h + — 2*1s(h, ) 


R(h, 2k,) + (h We, 2k,) — BR(h, ky) — FR(W, kx) 
a=1 


A+1 


— R(h, 2k:) 2h) + + ky) (7.8) 
a=1 
= 2(R(h +k, 2k) — R(h, 2k)) 


(8.2) s(h-+ kh, 2k) —s(h, 2k) =4(R(h + 2k) — R(h, 2k)) 
h, odd, k even. 


On the other hand 
k/2-1 + = 
k-1 hp 1 k 


= S(h, 2k) —S(h,k) + 


hp k/2-1 hp 1 
(F))+ 3 


1)k k k 


= — R(h, 2k) + $(R(h, 2k) + +k, 2k)) (h — 2) 
(5.61), (5.63) 
= 4(R(h + k, 2k) — R(h, 2k)) - (i — 2) 
which, with (8.2), completes the proof. 


11 


83 
k-1 hp 
h(2k — p) 2k — p 1 
2k hp ] 
or 
| 
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Proof of Ilz. k odd. 


1) h odd. 

s(h + k, 2k) —s(h, 2k) 
= 2k) —4R(h,k) — %R(h’,k) (2. 7), (7.5) 

— 2k) + 4R(h,k) + 4R(W,k) (7. 6) 

=— R(h’,k). 

2) h even. 

s(h + k, 2k) —s(h, 2k) =s(h +h, 2k) —s(h +k + k, 2k) 
= R(h+ k, 2k) —4R(h,k) (7. 6) 
—R(h+k, 2k) + 4R(h,k) + (2. 7), (7.5) 
= R(h’,k) 

Hence, in either case, we have 
(8. 3) s(h + k, 2k) —s(h, 2k) = (—1)"R(h’,k), k odd. 
On the other hand 
(k-1) /2 h’p 1 (k-1) 2 (k-1)/2 h’p 
2 ats —2 2h 
h’ 
== R(h’, k) 3h 1), (5.1) 
which, together with (8.3), completes the proof. 

Proof of I11,. h even, k odd. 

2s(h,k) —4s(h+k, 2k) = 2s(h +k, k) —4s(h + k, 2k) 
= 2(R(h +k, 2k) —§R(h,k) —§R(h’,k)) (7.3) 

—4(R(h +k, 2k) —4R(h,k) —4R(h’,k)) (7. 6) 

= — 2R(h+kh, 2k) =—2(R(h+k,k) —S(h+k,k)) (5.65) 


2(S(h, k) —R(h,k)) ((#))—(Ge-5) (3. 


=1 
Proof of IIIs. h, h’, k odd. 
Qs(h,k) —4s(h + k, 2h) = 2(R(h, 2k) —RR(h,k) —RR(Wk)) (7%. 
—4(R(h, 2k) —4k(h,k) — %R(h’,k) ( 
= — 2R(h, 2k) + 4R(h’,k); 
k-1 h’ k-1 h’ (k-1)/2 
CD) 
= — 29 (h’, 2k) + 48(h’,k) 
= — 28(h’, 2k) + 4R(h’,k) —4R(h’, 2k) (5. 65) 
= — 2R(h, 2k) + 4R(l’,k), (5. 9) 


since hh’=1 (mod 2k). 
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Proof of III;. h odd, k even, hh” =1 (mod 2k). 


as(h, k) —4s(h + k, 2k) = 2(s(2(h +k), 2k) —2s(h-+k,2k)) (2.7) 
49 


= 28(h +k, 2k) = 49 (h, k) —2S8(h, 2k) ; (6.4), (5. 62) 

= — 29 (h”, 2k) + 49(h”, k) (5.1 

= — 28(h, 2k) + 48(h,k), (5.9) 


which completes the proof. 


PART III: Congruences for the s(h, k) and the Factorization of the A;,(n). 


9. Congruences for the s(h,k). Whereas in the preceding sections we 
have studied equations containing the Dedekind sums s(h,k), we shall now 
consider congruences for the s(h,k). Some of these congruences will appear 
as direct consequences of the reciprocity formula (3.1) and others, among 
them one already mentioned by Dedekind, will require a return to the definition 
of s(h, k). The main new result is contained in Theorem 20, which is supple- 
mented by Theorems 21 and 22. We shall apply these theorems to the study 
of certain sums Ax(n) which appear in the theory of partitions. 

In this chapter and & are always supposed to be coprime. We remark 
further that a congruence in which fractions appear will always be understood 
in the ordinary way, viz., that the difference of its members is an integral 
multiple of the modulus (that is, we do not introduce the generalization of 
congruences for fractions due to Gauss, Disquisitiones arithmeticae, art. 31). 

We find it very helpful to introduce a special symbol: 


Definition. The letter 6, appearing as the first factor of a product, repre- 
sents 1 if the following factors are all prime to 3, and represents 3 if at least 
one of the following factors is divisible by 3. 

A product @ab - - - is therefore either prime to 3 or divisible at least by 9. 
Using this notation we may now state 

THEoREM 17. For (h,k) =1 we have 
(9.1) 12hks(h, k) —h? =1 (mod 6k). 


Proof. From the definition (2.6) we obtain 


k h k-1 h h i 


) 
) 
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(9. 2) 2h(k—1) (2k —1) — 


so that 
12ks(h,k) =h(k—1)(k+1) (mod 8), 


from which it follows immediately that 
(9. 21) 12ks(h, k) =0 (mod 3) if and only if 37k. 
On the other hand the reciprocity formula (3.1) yields 


(9. 3) 12hks(h,k) + 12khs(k,h) =— 3hk +2? + 2? +1 
=h?+1 (mod 6k). 


Interchanging h and & in (9.2) and (9.21) we see at once that 12hs(k,h) 
is an integer and. is moreover divisible by 3 if 3h. But if 3]& then 
since (h,k) =1. 

Therefore 

(9. 4) 12khs(k,h) =0 (mod 6k), 


which, together with (9.3), completes the proof. 


THEOREM 18. (Dedekind 3, §6). For k odd we have 


(9. 5) 12ks(h,k) =k +1— (7) (mod 8), 
where (7) denotes the Jacobi symbol. 


Proof. As a consequence of (9.2) we have 


k-1 
12ks(h, k) =— 2h(k—1) —4 [+] + k(k—1) (mod 8) 
k-1 
== (k — 1) (k — 2h )— 42 [~*] (mod 8) 


Now the first sum in the right member of the last congruence is elementary 


since 


where we have made use of (2.31). We obtain therefore 


(k-1)/2 
(9.7) 12ks(h, k) = (k—1)(k—4h +2) +4 > (mod 8). 
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The generalized Gauss’s lemma in the theory of the Jacobi symbol may be 
stated as follows: § 


Introducing (9.8) into (9.7) we arrive, after some simplifications, at the 
desired result. 
In order to deal also with even /: we establish the following supplementary 


theorem : 


THEOREM 19. If k is equal to 2%k,, A\=0, and k, and h are odd integers, 
then 


(9. 9) 12hks(h, =h? +2 + 3k +14 2k (mod 2*), 
Proof. From (3.1) and (9.2) we get 


h-1 


12hks(h, k) — 2k? (h —1) (2h —1) + 12k 
+ 3kh(h—1) — 3hk +h? + 


Proceeding exactly as at the corresponding point in the proof of Theorem 18, 
we find 


ky h- Qhy 
k) == 2k" (h—1) [= ] 
+ 3kh? — 6hk +h? +h? +1 


Then (9.6) and (9.8) together imply 
12hks(h, == 2h? (h —1) + 2h(k —1)(h—1) 


__ 9}: { i—(;) } +- 3k + 2hk + h? + +1 (mod 


where we have noted that h* ==1 (mod8). This leads directly to (9.9). 


*The generalization of Gauss’s lemma is usually attributed to E. Schering, “ Zur 
Theorie der quadratischen Reste,” Acta Mathematica, vol. 1 (1882), pp. 153-170. 
Actually, it had already been obtained fifteen years earlier by Morgan Jenkins, “ Proof 
of an Arithmetical Theorem leading, by means of Gauss’s Fourth Demonstration of 
Legendre’s Law of Reciprocity, to the extension of that Law,” Proceedings of the London 
Mathematical Society, (1), vol. 2 (1867), pp. 29-32. For an exceptionally clear exposi- 
tion of the proof see P. Bachmann, Die Elemente der Zahlentheorie, Leipzig (1892), 
pp. 144-148. The generalized lemma states that if k is an odd positive integer and 
(h,k) = 1, then the Jacobi symbol (h/k) is equal to (—1)™, where m is the number of 
least positive remainders exceeding k/2 in the sequence wh mod k, 1,. (k— 
In order to deduce our version of the lemma we observe that if wh = Xk b+ ty k/2< 
<k, then 2uh = (2A+1)k+ k, and conversely. Hence, if 

/2 


[2uh/k] =2 + 1 is an odd integer, and conversely. Consequently m = = ¥ [2uh/k] 


(mod 2). ai 
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10. The principal theorem. The main feature of the following theorem 
is that it deals with three variables a, b, ¢ simultaneously, as distinguished 
from the pair of variables h and k& of our previous discussions. 


THEOREM 20. Let a, b, c be positive integers such that 


(10. 11) (a,b) = (b,c) = (c,a) =1 
and 
(10. 12) 24 | abe. 


Then we have 


b be 
(10. 2) c)— (s(ve, a) — —(s0 ac) — = (moi! 
Proof. Multiply both members of the congruence (10.2) by 12ac and 


put 
(10.21) A = (12acs(ab,c) —a*b) + (12acs(bc, a) — c?b) — (12acs(b, ac) 
Our task is then to prove that 
(10. 22) A=0 (mod 24ac). 
We shall have to distinguish two principal cases according to the parity of ac 
on the one hand and of 6 on the other. 

Case I. Let ac be odd. Then, because of (10.12), 8|b. We shall 
prove, first of all, that A =0 (mod 3ac) ; and, secondly, that A =0 (mod 8). 

To begin with, (9.1) and (9.4) imply that the congruence 

(12abces (ab, c) —a*b*) + (12abes(bc, a) — c?b?) =1 

holds modulo 6c as well as modulo 6a, and is therefore also true modulo 6ac. 
Again, it follows from (9.1) that 


12abcs(b, ac) — =1 (mod @ac). 


Subtracting the last two congruences and dividing by b, which is prime to a¢, 
we obtain 
(10. 23) A=00 (mod 6ac). 
We still have to prove that A= 0 (mod 3ac). If 3|ac this follows at once 
from (10.23). But if 3f ac then, because of the hypothesis (10.12), 3|b. 
Furthermore, from (9.21) we infer that 

3|12cs(ab,c), 3|12as(be,a), 3 | 12acs(b, ac). 
Hence, in this case, we see directly from (10. 21) that A=0 (mod3). Com 
bining our results we deduce that in any event 


A (mod 8ac). 
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We next prove that A=0 (mod8). For this purpose we appeal to 
Theorem 18 and deduce, since 8 | }, that 


«(‘) 
\e 
\ 

( 

(ac § b b 

t_2(2)(¢ 


| 
= 
| 
+- 
— 
| 
| 
B 
° 
Rs 
co 
~ 


) (moa 8). 


In the last congruence the expression within each brace is even since a and c 
are odd. Moreover, the last product may be evaluated by means of the 
reciprocity law for Jacobi’s symbol. We obtain thus 


But since for any integer n we have 


(10. 24) n=4(1— (—1)") (mod 2) 
we conclude that 
A =0 (mod 8). 


This completes the proof of Theorem 20 when Case I holds. 

Case I]. Let ac be even. Since our theorem is symmetric in a and ¢ 
we may more specifically assume that a is even. It then follows from the 
hypotheses (10.11) and (10.12) that indeed 8 We now specialize further 
and consider first of all 


Case IIa. Let a = 2%, be be odd and 3| bc. This case requires only that 
A= 3. However, it will be convenient, for a later purpose, to assume that 
A= 1 as long as possible. 

Replacing a by 2* in (10.21) we obtain the following expression 


(10. 31) B = c) — 2740) + (12 - 2*) — c?b) 
— 2*cs(b, —b). 

We have to prove that 

(10. 32) B =0 (mod 24. 2%c). 


We shall prove, first of all, that B=0 (mod 3); and secondly, that BE=0 
(mod 


(mod 8) 
b\ 
ac 
hall 
8). 
7 
once 


400 HANS RADEMACHER AND ALBERT WHITEMAN. 
Employing an argument similar to that used in Case I we have by (9, 1) 

and (9.3) 

(12 - 2\bcs(2*b, ©) — 274b7) + (12 - 2bes(be, 24) — c?b?) = 1(mod 6c) 


and 
12 - 2\bces(b, 2\c) — =1 (mod 6c). 


Hence B=0(mod 6c). Now if 3|c it follows immediately that B = 0(mod 3c), 
But if 8Tc, then we have 3|b, which, together with (9.21) and (9.4), implies 
that each summand of B is divisible by 3. In either case we conclude that 


(10. 33) B=0 (mod 3c). 


We next prove that B=0 (mod 2***), From Theorems 18 and 19 we 


infer that 


OA 
= 2) (c+1—2(—— ))— 29074 (2%43-2414 20 (2 


2A, 
(290 QA+1¢ (5")) (mod 24**) 
) 
== — + 2(3 — 8c + + 1)) 


— 2h? + 2(c —1+ be +b) + 2 
C ) 


Qr+1 (1 \G € + (mod ) 
f 9A 9A 
— 25? — 1) te + 2(c+ 1—be+b) 
) C 
— 201 (— 1) (e-1) 1/4 (mod 


Att (b—1)(c— 1) ¢ ] ) (e-1)] 4 —1)} (mod 2'*) 
») \ 


— (mod 24**), 
where we have again made use of the reciprocity law for Jacobi’s symbol and 
(10. 24). Dividing by 6 we now get 


(10. 34) 3 == — (mod 


which for A = 3 yields 
B = 0 (mod 


This completes the proof of the Theorem when Case IIa holds. 


We now return to the more general 
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Case II. Let a= 2*a,, b, c be odd, 3|a,bc and A=3. It is easy to 
prove the theorem in this case by employing the results of Case I and Case ITa. 


For the sake of brevity we introduce the following notation: 


h 

t(h, k) = s(h,k) Lk 
Then (10. 2) becomes in the present case 
(10. 4) t(2a,b, c) + t(be, 2a,) —t(b, 24a,c) =0 (mod 2). 
But this congruence is a consequence of the three congruences: 
(10. 41) t(2%a,b, c) + t(2%be, a,) t(2*b, =0 (mod 2), 
(10. 42) t(be, 2°a,) — t(bea,, 2) — t(2be, a,) (mod 2), 
(10. 43) —t(b, 2\a,c) + t(bea,, 2%) + ¢(2%b, a,c) =0 (mod 2), 


where (10.41) falls under Case I and (10.42) and (10.43) are covered by 
Case Ila. Adding (10.41), (10.42) and (10.43) we get (10.4). This 


concludes the proof of Theorem 20. 
Finally, in order to dispose of the cases in which A=1 and A= 2, we 


treat two cases of lesser generality, involving only two variables b and c. 


THEOREM 21. Let be be odd, 3|be and (b,c) =1. Then we have 


bh be b 
(10. 5) ( (4 ) (bc, 4) (s( 4c) x) 
—— | ( 


—— mod 2). 
Proof. This theorem resembles Case IIa of Theorem 20 with A = 2. 
Let us put 
C' = ( ( tb, c) — 16b) (48¢es (be, 1) — bc?) — (48ces(b, 4c) —b). 


The proof of 
(10. 51) = 0 (mod 3c) 


follows closely the proof of (10.33) in Case Ila of the previous theorem. 


? 
Moreover, since (10. 34) was generally valid for A = 1, we get from there 
C = — 2*b (mod 2°) 
or, since — b 3c (mod 2), we have 
(10. 52) C = 2* - 3c (mod 2°). 
But (10. 51) may also be written in the form 


(10. 53) C = 2*- 3c (mod 3c). 
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Combining (10.52) and (10.53) we infer that 
(10. 54) C = 2*- 3c (mod 2°: 3c). 
If we now divide both members of the last congruence by 48c, Theorem 2} 


follows immediately. 
We close this section with 


THEOREM 22. If be is odd and (b,c) =1, then 


b(c? —1) 


s(2b, c) —s(b, 2c) + 


=0 (mod 2). 
Proof.2 We do not need to assume that 3| bc this time. First we prove, 
along the lines established in the preceding proofs, that 


(10.55)  (24cs(2b,c) —4b) + (24cs(be, 2) — — (24cs(b, 2c) — b) 
= 0 (mod 6c). 


But from the definition of s(h,k/) in (1.2) it is evident that 
s(bc, 2) =0. 
Hence (10.55) reduces to 
24cs (2b, c) — 24cs(b, 2c) — 3b — c?b = 0 (mod 6c). 
Furthermore, it follows from (10.34) that 
24cs(2b, c) — 24cs(b, 2c) — 3b — = — 4b = — (mod 16), 
and therefore that 
24cs (2b, c) — 24ces(b, 2c) — 3b — = — 4bc* (mod 166c), 


or 
(10.56) 24¢s(2b, c) — 24cs(b, 2c) + 3b(c? —1) =0 (mod 166c). 


Now if 3c we infer from (9.21) that 3 divides the left member of (10. 56) 


anyway. Thus the congruence is established modulo 48c. If we now divide 


by 24c we obtain the result announced in our theorem. 


11. Factorization of the A,(n). The Dedekind sums appear, as we have 
mentioned in the introduction, in the theory of the modular transformations 
of log n(r). It is from this source that they appear as exponents in certain 


® Theorem 22 may also be deduced from Theorem 10. The essential point in the 


(k-1) /2 
argument is to show that if h and k are odd and (h,k) = 1, then = [hu/k + 1/2] =0 
ual 
(mod 2). 
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sums of roots of unity in the series for the number p(n) of unrestricted 
partitions of n. These sums are defined by 


(11. 1) Ax,(n) = SY exp —2ritt), 


hmodk 


where the dash ’ beside the summation symbol indicates here and in the sequel 
that the letter of summation runs only through a reduced residue system with 
respect to the modulus. D. H. Lehmer 7 has studied these sums on the basis 
of a different expression for the roots of unity involved. He was able to 
reduce them to sums studied by H. D. Kloosterman and H. Salié. In the first 
place he factored the Ax(n) according to the prime number powers contained 
ink. Secondly, by using Salié’s formulae, he evaluated the Az(n) explicitly 
in the case in which k is a prime or a power of a prime. Both results together 
provide a method for calculating the A;(n). Our theorems of § 10 open a 
new approach to the factorization of the A,x(n), whereas we have nothing new 
to offer with regard to the second of Lehmer’s results. 

In what follows, we shall derive three theorems *° for expressing Axz(n) 
as a product of two A’s whose subscripts are coprime integers whose product 
is 


THEOREM 23. Jf k=kykz, (ky,k2) =1, and if furthermore, 8|k in 
case kk is even, then 


(11. 2) Ay(n) = Ax, (M1) Ax,(N2), 
where n, and nz are determined by the congruences 
1 
(11. 21) = vown + —— (mod 
1 
and 
k,? —1 
(11. 22) ky?v,wn, = + (mod kz), 


respectively, and where v1, v2, w are defined by 


(11. 23) 24 = 
and 
(11. 24) (24, ky), (24, Be). 


Proof. Clearly Ax(n) is periodic in n with respect to the modulus k. 


1° For the sake of clarity our theorems are stated somewhat more explicitly than 
those of Lehmer 7. It should be observed that our theorems and Lehmer’s theorems 
overlap to a certain extent. Lehmer’s Theorem 1 may be deduced from our Theorem 23. 
His Theorem 2 follows from our Theorems 23 and 24. His theorem 4 is the same as our 
Theorem 25. 
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Let n, and nz be two integers to be determined explicitly later on. Then 
we have 
Ax, (11) (M2) 
hymod ky ky kes 


= exp ky) — exp ks) — 


hymod k, 1 hymod kz 
where we have replaced h, by k2h, and hz by kyhz. (This is permissible since 
(h,,k2) =1). Now for each pair of summation indices h,, hz. we define h 


by means of the pair of congruences 


h, =h (mod k,), 
h,=h (mod kz). 


It is clear that as h runs over a reduced residue system modulo h,/2, then each 
‘+> modulo k2) occurs once and only once. 


pair hy, h, (h, modulo ky, kh 
Hence 


(11. 3) Ax, (,) Ax, (M2) 
= exp k,) — + mis(kyh, — 2m 


hmod kyke vy 2 


We may moreover assume that w|h since the assumptions of the theorem and 
the definitions (11.23) and (11.24) imply that (w,h,h.) =1. Therefore 
24|hk,k2. We are now in position to apply Theorem 20 which yields 


Koh kesh h 


= ( (mod 2). 


A comparison of (11.1) and (11.3) on the other hand shows that our theorem 


requires 


2h hns 9 
s(keh, k,) + ( s(kih,k.) — hns 


= (mod 2). 


From the last two congruences we obtain by subtraction 


(11. 4) h(k2?(1 — 24n,) + — 24n2.) — (1 — 24n) ) 
= () (mod 24h,k.). 


Consequently our object is to determine under what circumstances the con- 
gruence (11.4) holds. Now, since wih and (h/w, vyv2kik,) = 1, this congru- 


ence is equivalent to 
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(1 — 24n,) + h,?(1 — 24n.) — (1 — 24n) =0 (mod 
which certainly possesses solutions in n,; and nz if the two congruences 


— + —1) + 24n =0 (mod 1,h,), 
— + (hy? —1) + 24n =0 (mod vk), 


are separately solvable in , and nz respectively. But these are the congruences 
(11.21) and (11.22). We have only to observe that ——— is an integer 
OF 
since v, divides 24 and is prime to k.; the analogous remark holds for ———— 


Furthermore, the congruences (11.21) and (11.22) are solvable with unique 
solutions since (/.°v2w,k,) =1 and (k,*v,;w,k.) =1. This completes the 
proof of the theorem. 

The preceding theorem enables us to decompose A;.(n) for composite k 
if k is odd or is divisible by 2°. We now consider the cases in which k is even 


but is not divisible by 2°. 
THEOREM 24. Jf k = 4h,, with kh, odd, then 


(11. 5) Ax (n) = — Ax, (1) 


where ny and nz are determined by 


(11. 51) 128n, =8n +5 (mod 
and 
k,?—1 
(11. 52) kn. — 2- (mod 4), 


respectively. 


Proof. Exactly as in the proof of Theorem 23, we obtain 


(11.6) Ax, (1) Ag (M2) 


hn. 
= exp|{ wis(4h, k,) ——— -+ ais(kih, 4) ], 
hmod ky 4 
which is valid for any n, and n,. If we now put 3—v-u, v= (3,h,), we 
have (uw, k,) = 1 and may therefore assume that the summation index / in 


(11.6) is always divisible by u. Then 3 


(11.7) (scsi, — at) + (sc ih, 4) — 48 ) (sc, 4h,) 


1 (mod 2). 


hk, and Theorem 21 is applicable: 
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Equations (11.1), (11.5) and (11.6), on the other hand, show that our 
theorem would be proved if we could establish 


Shn 2k hne Qhn 
(s(4t, 1) )+ (sci 4) ) 


(mod 2). 
In view of (11.7) this congruence reduces to 
h(16(1— 24n,) + h,?(1— 24n.) — (1 24n)) =0 (mod 3. 2°k,) 


or 
16(1 — 24n,) + — 24n.) — (1— 24n) =0 (mod v. 2°k,). 


The last congruence is, in turn, equivalent to the two congruences 


(11. 81) — +15+ 3-8n=0 (mod vk, ) 
and 
(11. 82) — 24k,?n. + 16 + 24n + k,? —1=0 (mod 2°). 


If we divide both members of (11.81) by v we get 
u(— + 5+ 8n) =0 (modk,), 


which is the same as (11.51) since (u,/,) 1. Furthermore, it is easy to 
see that (11. 82) may be replaced by (11.52). This completes the proof. 
We conclude with 


THEOREM 25. If k = 2k,, with k, odd, then 


(11. 9) Ax(n) = Ax, (11) A2(N2), 
where n, and nz are solutions of the congruences 
(11. 91) 32n, =8n+1 (mod hk,), 
(11. 92) 


Proof. Since the proof is very much like the proofs of the two preceding 
theorems, it will suffice to sketch it briefly. This time we make use of Theorem 
22. We have merely to show that the congruences (11.91) and (11. 92) are 
together equivalent to the single congruence 


n  4n, _ 
—— — nz — Sh, ) (mod 2) 


or 
k,?—1 
8 


n — 4n, — — =0 (mod 2k;), 


which is clearly the case. 
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ON THE DISTRIBUTION FUNCTIONS OF THE RECIPROCAL OF A 
FUNCTION AND OF A FUNCTION REDUCED MOD 1* 


By E. K. HAvriLanp. 


Let x(t) be a single-valued measurable real function defined for every 
t and let {x(t) < é}r denote the set of those f¢-values in the interval 
—T=t<T for which the inequality x(t) < € is satisfied. Let meas {a(t) 
< &}r denote the Lebesgue measure of this set. For fixed 7, the function 


or(€) = (27) meas {x(t) < €}7 is a monotone non-decreasing function of é 

and 0 Sor(é) = 1. If lim o7(€) exists, =o(€) say, then o(€) possesses 

these same properties. If, furthermore, o(— «) =—0 and o(+ 0) =—1, then 


a(€) or o(x) is said to be the asymptotic distribution function of the function 
xz=x(t). It is the purpose of the present note to prove that, under suitable 
conditions, the functions 1/z(¢) and (a(¢)) possess asymptotic distribution 
functions if x(t) does and to express these distribution functions in terms of 
a(x), the distribution function of x(t). Here (2(t)) denotes, as usual, the 
fractional part of x(t), i.e., x(t) — J. 

We first prove the 


THEOREM: If x(t) possesses an asymptotic distribution function o(é), 
then the function y(t) =1/x(t), (x(t) K0), and y(t) arbitrary if x(t) =0, 
possesses the distribution function r(€) = —o(€"), (ES 0) and r(€) = 
1+ —o(é"), (E=0) if and only if o(€) is continuous at E= 0. It 


follows that x(t) =0 on a set of relative measure zero. 


Proof: From the definition of an asymptotic distribution function, it 
follows that o(€) = lim o7(€) where o7(€) = (27)? meas {x(t) < the 
r 


limit existing for all € up to an at most denumerable set of values, called 
singular values. o(é) is a non-decreasing function of € continuous save at a 
denumerable set of values at most, at which points we shall suppose o nor- 
malized by the agreement o(é) = 3{o(€+- 9) + o(€—0)}. The set of dis- 
continuity points of o must include, but need not coincide with, the set of 
singular points. 

If > 0, the set of points of [— 7’, 7] for which 1/x(t) < é consists of 
all points of [— 7,7] less those for which x(¢) =0 and those for which 
0< a(t) Consequently, 


* Received October 30, 1940. 
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(1) (27) meas {1/x(t) << hr = 
meas {2(t) S + (27)! meas {x(t) < 
If, for any fixed &*, we denote by o(é*) the lim[(27) meas {2(t) 
T>+00 

< é}7], it is easily shown that o(é* —0) So (é* + 0), so that, 
if ¢ be normalized in the same manner as o, the two are identical. Then if 0 
and €?* are non-singular points of o, the right-hand side of (1) approaches a 
limit as 7’ -++ o. Consequently, the same must be true of the left-hand 


side and, on denoting this limit by 7(€), we have 
(2) + 0(0) = 1—o(€"*) + 3[o(— 0) + 0)]. 
r(é) is, from its definition, a non-negative monotone non-decreasing function 
of & Furthermore, 
r(+ 0) —1—o(+ 0) + 4o(—0) + «(+ 0)], 

so that 7(-+ ©) —1 if and only if o(—0) —o(+ 0). Moreover, under 
this last condition, 

r(+0) —1—o(+ ©) + 4[o(—0) + 0)] —o(0). 

It follows from the continuity of o(€) at = 0 that the set of ¢-values 
for which = 0 is of relative measure zero. For if 7/1, is a mono- 
tone increasing sequence and 7”;, 72,- - - a monotone decreasing sequence of 
continuity points of o such that 0, 7”; ~0, (Jj >-+ o), then 

0S meas {x(t) = 

S (27) meas {x(t) < (27) meas {x(t) < 


Let j be chosen so large that 0S o(7”;) —o(7’;) < $¢€ and T then chosen 


so large, say = 7, that 


meas {x(t) < | < €/4 
and 

(27) meas {xr(t) < —oa(7;) | <e/4, 
Then 0 = (27')-? meas {x(t) = 0}7 < ¢ for all T = Tp, i. e. the set of t-values 
for which x(¢) vanishes is of relative measure zero. 

In this connection, Wintner has raised the question of the existence of 
functions 2(¢) which are uniformly almost-periodic, hence continuous and 
such as to possess ' an asymptotic distribution function, and which are further- 
more nowhere zero, but are such that 1/xr(¢) does not possess an asymptotic 
distribution function. The following simple example, providing an affirmative 
answer, is due to Erdés and is published here with his permission. 


1A, Wintner, Spektraltheorie der unendlichen Matrizen, Leipzig, 1929, pp. 252-257. 


12 


A 
ery 
val 
ion 
Seg 
en 
on 
dle 
on 
of 
he 

0, 
It 
it 
e 
d 
a 
vf 
f 
h 


410 E. K. HAVILAND. 


Let fx(x) be a periodic function of period 10** defined by setting 
fu(0) = fe(10%) = 1 
fx(z) = 0, ($10* < < 10% — 410°), 
f(x) linear in [0, $10*] and [10° — 310*, 107*]. 


Then f(z) —¥ fi(x) /2. Clearly, f(x) 0 and the relative measure of 
k=1 


those x for which f(x) < «is > 8/9. 

If é < 0, the set of points of [— 7,7] for which 1/zx(t) < € is the set 
of those points of the interval for which z(t) <0, less those for which 
<0, i.e, less the points for which z(t) Sé*. Then(27T)* 
meas {1/z(t) < é}r— meas {a(t) < 0}y—(2T)* meas {2(t) 
<= £"}r, and letting + we see that 
(3) =0(0) —o(*) = 3[o(— 0) + o(+ 0)] —o(E"), 
which implies that 

r(— ©) = 4[o(—0) +0(+ 0)]—o(—0) =0, 
if and only if o is continuous at x = 0; also that 
t(— 0) = 0(0) —o(— ~) =a(0), 
so that r(€) is continuous at the origin. More generally, it is seen from (2) 
and (3) that if €* is a continuity point of o, then € is a continuity point of r, 
and conversely.” 

Again, let us suppose that z(t) possesses an asymptotic distribution 
function o(g). Then we shall show that x(t), reduced modulo 1, possesses 
a distribution function. More precisely, we have the 


THEOREM: If (a(t)) = a(t) — [x(t)], then (x(t)) has an asymptotic 
distribution function p and 


(4) p(é) [o(n + €) —o(n)]. 
Proof: If 0<£ <1, it follows that, using our previous notation, 
((2(t)) < (nS a(t) <n + 
= < n+ < 


and hence, as these sets are disjoint and z(t) measurable by hypothesis, 


2 The same general method may be applied to the problem of finding the distribution 
function of the product of two positive functions with known distribution functions, 
making use of the convolution of the distribution functions of the logarithms of the 


given functions. 


of 
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0< meas {(2(t)) < — [meas {x(t) << n+ &}r— meas < n}r] 


>) [meas {x(t) << n+ meas {x(t) < 


<= meas {7(t) = N+ 1}7+ meas {x(t) << — 


Since o(é), the distribution function of x(t), is known to exist, we may 
take N so large that 0 = 1—o(é) < ¢/4 for all €= WN and 0Sa(é) < 
for all € = — N and then hold NW fast. Let € be fixed, O=€< 1. In so far 
as o is non-singular at the points 


& = 0,€,1,1+ €,2,2+ +1, 
| (27)-* meas {a(t) < &}r—o(&) | < €/2(4N 4 4), 
provided 7 Let r= max then 
| meas {(2(t)) < [ meas (x(t) <n + Hr 
— (27) meas {x(t) < n}r] + meas << n+ 
—a(n-+ €)] — tery meas {z(t) < n}r—a(n)] | 
N 
=| meas {(2(t)) < [o(n + é) —a(n)] | 
| (27)7 meas {x(t) < N+ 1}¢ 
+ | (27) meas {2(t) <—N}r—o(—N) | 


meas (2(t) <n + +8) | 

+3 meas {x(t) <n}r—a(n) | 
provided T=>+r—r(N,ec). But 

|S [o(n +8) —o(n)]— fo(n + —o(n)] | 


|<, 
so that 
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+00 
| (27)* meas {(2(t)) < Hr [o(n 4+ —o(n)] | < 
n=- 
T =7r=1(e), 
which proves (4) above.® 
Since the discontinuity points of o, reduced mod 1, form an at most 
denumerable set, it is clear that, by a suitable choice of the origin on the é -aXis, 
we may without restriction suppose the points = 0, + 1, + 2,- - - non-singu- 
lar points of «. Then, since the series in (4) converges uniformly with respect 
to € in 0S€=1, we have, on letting €>+ 0, p(+0) =0. Similarly, 
writing the right-hand member of (4) in the form 


shows that p(1— 0) —1, so that p is continuous at é= 0 and é=—1. 

We next consider the connection between the discontinuities of o() and 
those of p(é). Let 8’, 8” be two arbitrarily small positive quantities (< 4), 
Then, if 0< é< 1, 


-N-1 N +00 


(4bis) p(E+38) = (2 + )lo(n + —o(n)]. 
Now 


0= ¥ fon +1) —o(n)] 


=limo(n + 1) —a(N 41) 


=1—o(N+1)=1—oa(N) < €/8, 
if N= N, = N,(e) and if & is chosen so that 0 << €+ 8 <1. Similarly, if 
N = N, = N2(e), the first contribution to the right-hand member of (4 bis) is 
non-negative and < ¢/8, and these appraisals are independent of 8’, subject 
only to the condition mentioned above. Again, for all 8” so small that 
0< €—& <1, we have as before, 
-N-1 


(5) p(é—8") + (T+ + + —o(n)], 


n=-OO n=-N n=N 


*Another proof of the relation (4) may be obtained as follows: Setting 
= = (27')-1 meas {x ( and 


= [o,(n + —o,(n)], (O<€<1), 
n=-m 
=pp™(+ 0), (€=0), 
= pp"(1— 0), (€>1), 
we find that 
+00 m+1 
f exp[2kmit]dp,.”(&) = f exp[2kmig]do,,(&), 
-00 
where k = 0,1,2,--.-. Applications of the Momentum and Uniqueness Theorems and 


the Continuity Theorem of Fourier-Stieltjes Transforms then lead to the desired result, 
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and if VN = Max (N,, N2), the first and third contributions to the right-hand 
member of (5) are each in absolute value < ¢/8. Consequently, if VN = 


Max (Ni, and if 0< é< 1, 
N 
(6) p(E + 8) < fo(n +48) —o(n + 


ost 
cis, Now 
0So(n+é+ 8) —o(n+ €— 8’) Sc/2(2N 41) if 0< 9,8" < by, 
ect (n 
ly, since by hypothesis n + é is a continuity point of o. Hence 
0S p(é+ 8’) — p(E— &) <6 if 0< 8,8” < 8 - -, dy), 

§= 8(N(e),€) = S(e), ie, if n+ € is a continuity point of o(z), (n=0, 

+1,+ 2,---), (0<é< 1), then é is a continuity point of p. And it has 
- already been shown that if r=0,+1,+ 2,--- are continuity points of o 


(which involves no essential restrictions), then p(+ 0) = 0 and p(1—0) 1. 


Conversely, if, for some n, n+ (0 << € <1) is a discontinuity point 


of o, then € is a discontinuity of p. For 


p(é+ 8’) — p(E— 8”) = [o(n + €+0) —o(n+ 
N 
1 +X 
+(> + Dd){[o(n+ é+ &) —o(n+ E- 8”) 
n=-00 n=N+1 
if —[o(n + 0) —o(n + €—0)]}. 
18 On choosing N sufficiently large and then 8’, 8” sufficiently small, we obtain 
et 
at (7) +0) —p(E—0) = [o(n + €+ 0) —o(n + é—0)]. 


The terms of the (necessarily convergent) series on the right are all non- 
negative. Hence, if any are positive, the expression on the left is positive. 

Suppose, in particular, that o() is purely discontinuous. Then p(&) 
ng is also purely discontinuous. For the discontinuities of p(é) are not more 
numerous than those of o and the latter are by hypothesis denumerable, and 
the total variation on these discontinuity points is 1. 

Conversely, suppose that p(é) is purely discontinuous, so that there exists 
an at most denumerable set of points on which the variation of p is 1. The 
variation at each of these points arises from the addition of the variations of o 
at an at most denumerable set of points, as is clear from (7). Hence there 
is an at most denumerable set of points on which the variation of o is 1, i.e. 


is purely discontinuous. 


d 
t. 
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Suppose o(€) is singular, so that there is a non-denumerable zero set 4 
of points on the z-axis such that the variation of ¢ on A is > k > 0, while the 
variation of o on every denumerable set is zero. It follows from the preceding 
reasoning that the variation of p on every denumerable set is zero, while, upon 
reduction modulo 1, the set A goes over into a set A’ of [0,1) on which the 
variation of p is not less than that of o on A. A’ is clearly a zero set and the 
reasoning used in the purely discontinuous case shows that A’ cannot be 
denumerable. In particular, if o is purely singular in the sense that there 
exists a zero set A on which the variation of o is 1, then the same is true for p. 

Conversely, suppose that p(é) is singular. Then there is a zero set A’ 
such that the variation of p on A’ is >k > 0. But the variation of o on A, 
the image of A’, is then > & > 0 and since a denumerable number of zero sets 
is a zero set, A is likewise a zero set. 

Finally, if o is absolutely continuous, so is p. For if there were a zero 
set A’ on which the variation of p was > k > 0, the same would be true for ¢ 
on a zero set A by the reasoning of the previous paragraph. And conversely, 
if p is absolutely continuous, the same is true of o. For we have seen that, 
if o is singular or discontinuous (not necessarily purely singular or purely 
discontinuous), p cannot be absolutely continuous. 

By the classical decomposition theorém of Lebesgue o(£) can be expressed 
in one and only one way in the form 


o(€) =Axoi(€) + Azo2(E) + Asos(€), 
where A,, Az, As are non-negative numbers whose sum is 1 and o;(€) is absolutely 
continuous, o2(€) is purely singular and o;(é) is purely discontinuous. Sub- 
stituting into the right-hand member of (4), we obtain 


And now a repetition of the reasoning of the preceding paragraphs dealing with 
the nature of o and p shows that if o; be any distribution function then 


+50 
+As [os(n + €) —a3(n) J. 
n=- 
is again a distribution function, which is absolutely continuous, purely singular 
or purely discontinuous according as o; is. Since the decomposition of p(é) 
is unique, it follows that pi is the absolutely continuous, the purely singular 
or the purely discontinuous component of p according as 1 = 1, 2, 3. 
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HARMONIC ANALYSIS AND ERGODIC THEORY.* 


By Norsert WIENER and AUREL WINTNER. 


Introduction. Let a space S of points P carry a measure which supplies 
for S a finite non-vanishing value, and let + be a measure-preserving trans- 
formation of S into itself (so that Birkhoff’s ergodic theorem is applicable). 
Then, if f(P) is any L-integrable function of position P on S, the j-average 
M;{f(7i/P)}, where 

1 
exists for almost all P. 

Let C be the boundary of a circle, p a fixed rotation of C, and let the 
measure on C' be the ordinary Lebesgue measure. Consider on the product 
space of S and C the product flow + Xp and the corresponding product 
measure, and apply the ergodic theorem to this product model. It is then 
clear from Fubini’s theorem that Birkhoff’s ergodic theorem implies the fol- 
lowing fact as a trivial consequence: * If f(P) is any L-integrable function 
on § and if A is any fixed real number, then the set of those points P of S 
for which M;{e‘/\f(7/P)} does not exist is a set of measure 0. Hence, it is 
clear that if A is any given enumerable set of real numbers A, then there 
exists on S a set which is independent of the points A of A and is such that 
if P does not belong to that 0-set, then M,{e‘i\f(7/P)} exists for every A 
contained in A. 

On the other hand, it is by no means clear that there exists on S a 0-set 
which contains all exceptional points P belonging to all points A of A simul- 
taneously, if A is, for instance, a Cantor set of frequencies A. Thus there 
arises the question as to the existence of all Fourier averages of the function 
f(r/P) of j for almost all points P of S, if the 0-set of points excluded is 
required to be independent of A, where A is any real number. 

In this direction it was recently shown * that, in the case of the problem 


* Received November 8, 1940. 

*G. D. Birkhoff, “ Proof of a recurrence theorem for strongly transitive systems,” 
Proceedings of the National Academy of Sciences, vol. 17 (1931). pp. 650-655; cf. N. 
Wiener, “The ergodic theorem,” Duke Mathematical Journal, vol. 5 (1939), pp. 1-20. 

* KE. Hopf, “ Ergodentheorie,” Ergebnisse der Mathematik wad ihrer Grenzgebieie, 
vol. 5, no. 2 (1937), pp. 55-56, where further references are giver 

% A. Wintner, “On an ergodic analysis of the remainder term of mean motions,” 
Proceedings of the National Academy of Sciences, vol. 26 (1940), pp. 126-128. 
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of the remainder term of the classical problem of astronomical mean motions, 
there exists such an ergodic harmonic analysis, i.e. that the 0-set can be 
chosen independent of A (£0). Although in this case the ergodic flow is of 
a rather particular structure, it suggests the possibility that the result has 
nothing to do with the torus character of the underlying model (Kronecker. 
Weyl). We shall prove in the metrically transitive case that such is actually 
the case: 


The Fourier average 
where—wo<A< ow, 


exists for every A and for almost all P, where the 0-set excluded is in- 
dependent of 2. 

By an application of a well known procedure which amounts to the 
introduction of the “irreducible integral surfaces ” of the isoenergetic system 
(cf. J. von Neumann, loc. cit.’) the case of an arbitrary measure preserving r 
could, for instance, be reduced to the case of a metrically transitive +, if 
suitable local-topological assumptions are made. However, only the metrically 
transitive case will be considered in what follows. 

The proof will be based on a Lemma (§ 4) the réle of which is that of 
connecting the spectrum in the sense of Wiener * with that part of the spectrum 
in the sense of Wintner® which is called the point spectrum. The existence 
of such a connection is indicated by the fact that the two terminologies 
indeed correspond, from the point of view of optics, to intensity and frequency 
distributions, respectively. The proof of this connection will require an 
adaptation of a proof which has been used in Wiener’s harmonic analysis 
from the beginning.® In particular, use will be made of both the Abelian 


and the Tauberian parts of the following theorem: ? 


If a sequence 


C-1, Cos C15 Co, 


has an average, (1), and if 


*N. Wiener, The Fourier Integral and Certain of Its Applications, Cambridge 
1933, p. 163. 

5 A, Wintner, Spektraltheorie der unendlichen Matrizen, Leipzig, 1929, pp. 267-27]; 
cf. B. Jessen and A. Wintner, “ Distribution functions and the Riemann zeta function,” 
Transactions of the American Mathematical Society, vol. 38 (1935), pp. 48-88 (second 
footnote on p. 51). 

®N. Wiener, “ The spectrum of an array,” Journal of Mathematics and Physics, 
vol. 6 (1927), pp. 145-157. 

7™N. Wiener, loc. cit.*, § 20; cf. loc. cit.®, pp. 152-153. 
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J 


sin je sin je 

— ——}, where =1, 
T j=-0¢ je je j=0 


is convergent for « >0 and tends to the limit (1) as «0; whilst if it is 
only assumed that the series (2) ts convergent for « > 0 and tends to a limit 
as e—> 0, then the Tauberian condition | ¢; | < const. is sufficient to ensure 


the existence of the limit (1). 


l 


then the series 


After the general Lemma (§ 4) in harmonic analysis is established (§ 5), 
we combine it ($7) with a fact (§ 6) observed by Wiener several years ago, 
but not published by him.’ In this manner the theorem italicized above 
follows for the case where the transformation + of S is metrically transitive. 
The passage from metrically transitive transformations to arbitrary volume- 
preserving transformations under suitable topological restrictions for S and r 
could then be treated by an adaptation of von Neumann’s decomposition ° of 
an arbitrary measure-preserving flow into metrically transitive components. 

In § 8, the result will be applied to that case of statistical independence *° 
in which 7 is a mixture. It then follows, in particular, that Kolmogoroff’s 
theorem of large numbers" for the case of independent random variables 
which have a common distribution function can be refined in the same way 
as the ergodic theorem of Birkhoff is refined by the theorem italicized above. 
In fact, Kolmogoroff’s theorem is a particular case of the mixture case of 
Birkhoff’s theorem. 

It should finally be mentioned that, after obvious modifications, the results 
to be obtained can be transferred from sequences (sums) to functions (integrals). 

1. In order to avoid an interruption of the following considerations, 
it will first be shown that if 


is any sequence of real or complex numbers for which 


(4) > 
j 

®Cf. E. Hopf, loc. cit.?, p. 55. 

°J. v. Neumann, “ Zur Operatorenmethode in der klassischen Mechanik,” Annals 
of Mathematics, vol. 33 (1932), pp. 587-642 and pp. 789-791. 

In this connection, cf. P. Hartman and A. Wintner, “ Statistical independence 
and statistical equilibrium,” American Journal of Mathematics, vol. 62 (1940), pp. 
646-654. 

1 A, Kolmogoroff, “ Grundbegriffe der Wahrscheinlichkeitsrechnung,” Ergebnisse 
der Mathematik und ihrer Grenzgebiete, vol. 2, no. 3 (1933), p. 59. 
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where 
-1 co 

(5) Ye +8, 

then 

€ j=-00 
holds for every fixed k (—0,+1, + 2,-- +), where it is understood that 
sin 


In fact, if & is fixed and 7» + o, then, uniformly for 0 <e« <1, 


sin(j—k)e __ sing dx 
(j—k)e sin je | | dz 
je je 
while 
(j-k)e 
|(j7—k)e— je | | & | const. 


< 


| 
H 
je 


Hence, if & is fixed and j-> + o, then 


(j—k)e je 


holds uniformly for 0 <<e< 1. Since (4) and (7) imply that 


Min(}j—*le 17) ~ 


00 , in? je 
= | a; —“~ 0 as e—> 0, 
j=-0o 


it follows that 


j=-00 (j—k)e Je 


where & is arbitrarily fixed. It follows, therefore, from (4), (5) and from 


the Schwarz inequality that, for every fixed k, 


= ( < as e—> 0), 
j=-00 (j—k)e Je 


This completes the proof of (6). 
2. It follows that if (3) is any sequence satisfying (4), and if 


(8) ~ aor + etia 
j 


[cf. (5)], then, for every fixed k, 


W 
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27 


1 
(9) +f | + |? & 0 


j=-00 
0 


First, it is clear from the Fischer-Riesz theorem and from the assumption 
(4), that (8) defines (a) — doz as a function of class (LZ?) and of period 2z. 
It is also clear from (8) that, if ¢ is arbitrarily fixed, 

(x + «) ~ + a4; 
According to (5) and (7), this can be written in the form 


sin je ,, 
+e) ~2 & a; esse, 
j 


=-0O 
Hence, if & is any integer, 


But application of the polarized form of the Parseval relation to the last two 


s(x +) —d(x—e)} ~2 & ote, 


Fourier series (L*) gives 
co 
eke | + €) |? da & ajdjx 
0 


Hence, (9) follows from (6). 


1 


7 sin je sin(j —k)e 


j—k 


3. Let (3) be a sequence for which the sequence of auto-correlations, 
exists. By this is meant that the average (1) exists for the product cj = ajdj~, 
where & is arbitrary, and that px, is the resulting function of k; so that 
(11) pa = ; =0,+1, + 2,- *). 
It is easy to see that 
fx and | Pk | 
Since po < co by assumption, it is clear from (11) and (1) that 
|?—O(1) aslow; 
j=-l 
hence, partial summation shows that (4) is necessarily satisfied. 
It is known that every sequence of auto-correlations is a sequence of 
trigonometric momenta.!* In other words, if all averages (10) exist for (3), 


then there exists a monotone function 


12 Cf. N. Wiener, loc. cit.® 


| 


NORBERT WIENER AND AUREL WINTNER. 


a(x); 22, 
for which 
27 
0 


[In order to see this, it is sufficient to verify that 


N. N 
(12 bis) > 2 M YmYn = 0 


m=0 m=0 
for arbitrary Yo, y:,° * -, yn and for every N. In fact, the representation (12) 
of (11) then follows from the Herglotz criterion for the Toeplitz-Cara- 
théodory problem in the theory of the logarithmic potential. But (12 bis) 
may be verified by approximating the given sequence (3) by periodic sequences 
(3), for which sequences the existence of (11) and the representation (12) 
are trivial. The passage from the o of the approximating sequences (3) to 
the o of the given sequence (3) follows directly from Helly’s theory of 
monotone functions. 

It may be mentioned that also the converse of the theorem quoted is true." 
In other words, there exists for every given o a sequence (3) for which all 
averages (11) exist and satisfy (12). Needless to say, (3) is not uniquely 
determined by o. 

4. In view of the Weierstrass approximation theorem, the trigonometric 
momenta of an angular distribution o determine o uniquely, if the monotone 
function o(z), 0 = aS 2z, is thought of as normalized, for instance, by 


a(x—0) —a(2), and a(0) —0. 


In this sense, o is, in view of (12), uniquely determined by the sequence (3), 
and will be called the spectral function of (3). On the other hand, the 
spectrum of (3) may be defined as the set of those points 2» of the interval 
0 = 2S 22 for which 


a(a’) << a(x”) whenever 0S a <a" S22, 


130f, A. Wintner, “On the distribution function of almost-periodic angular 
variables,” American Journal of Mathematics, vol. 55 (1933), pp. 606-610, where further 
references are given. 

14 Cf, N. Wiener and A. Wintner, “ On singular distributions,’ Journal of Mathe- 
matics and Physics (M.1.T.), vol. 17 (1938), pp. 233-246, § 5. 

It should be mentioned as a correction of a statement made incidentally but 
erroneously in the introduction of the paper just mentioned, (p. 234, top), that § 1, 
loc. cit. does not lead to a monotone function which is constant almost everywhere and 
has Fourier-Stieltjes constants which tend to 0 as rapidly as a power of 1/n. 
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where it is understood that 2 = 0 is taken to be identical with «= 2z. It is 
clear that every point which is a discontinuity point (mod 27) of o is in the 
spectrum of o, but not conversely. The set of those points of the interval 
04S 2n at which o is discontinuous (mod 27) will be called the point 
spectrum of (3). Accordingly, the point spectrum is either vacuous or forms 
a finite or infinite (possibly dense) sequence of points on the interval 
2x. 

The lemma indicated in the Introduction can now be formulated as 
follows : 

LeMMA. I/f a sequence (3) is bounded, and if its sequence (10) of auto- 
correlations (11) exists, then its Fourier average M;{aje'*} exists and vanishes 
for every real X which, when reduced mod 2z, is not contained in the point 


spectrum of (3). 

Since the point spectrum consists of the discontinuity points of the mono- 
tone function o, it follows, in particular, that those wave lengths A for which 
the amplitude /;{a;e'/} either does not exist or exists but does not vanish 
form a set which is at most enumerable. Actually, this exceptional set, if any, 
is stated to be contained in the set of those points each of which carries a non- 
vanishing fraction of the total optical intensity. In particular, the amplitude 
exists and vanishes for every wave length whenever the spectral function has 
no discontinuities. It may be mentioned that the Lemma could be refined 
by restricting the square sum of the absolute values of the upper averages 
by an inequality of the Bessel type. 

It will be clear from the proof that the restriction | a; | < const. can be 
replaced by more general Tauberian assumptions for (3). However, it remains 
undecided whether or not the Lemma remains correct if (3) is not restricted 
by some Tauberian assumption. 

5. The proof of the Lemma proceeds as follows: 

Since | a; | < const., the series (2) is convergent for every « >0 if 
Where is arbitrarily fixed. In addition, the averages (11) are 
supposed to exist. Hence, the Abelian theorem quoted in connection with (2) 
is applicable to c; = aj;4;-~. Accordingly, if & is arbitrarily fixed, 


lim— ajajx = M;{aj;a;-~.}, where ( = 1, 
«90 T j=-x je je j=0 


Hence, from (9), 


27 


lim othe | +) — —e)|? dx = 40? Mj {ajdj-x}. 
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According to (12), this can be written in the form 


where f(z) =e", Since k—0, +1, +2,---, it follows that the last 
relation holds for every f(z) which is a trigonometric polynomial, and so for 
every 2 which is continuous and of period 27. Hence, the last relation holds 
for any f(x) which is the characteristic function of a subinterval «= ¢Sp 
of 0S 25 2z, provided that = « and = 8 are continuity points of o(z), 


Consequently, 
B+0 


B 
— [2 <= 27 
lim sup f | + «) —¢(t@—«) PdxS2 f da (x) 


a-0 


holds whether xa and «= are or are not continuity points of o(z), 
Accordingly, if A is any point between a and £, 


A+E B+0 
lim sup f | Pdr f do(x). 
A-€ a-0 


Let A be arbitrarily fixed in the interval a << A < B, and let e—-rA—/ 
and B—>A-+ 0. Then the integral on the right tends to the saltus of o(2) 
at «=. On the other hand, the Schwarz inequality shows that the integral 
on the left is a majorant of 

Ave Ate 


|S + «) }dx since f 12 dz. 
A-€ 


Consequently, 


A+€ 
lim sup se dx | = 4r{o(A + 0) —o(A—0)} 
€>0 € 
holds for every A. 
Finally, it is easily verified from (8) that 
+ <) —$(2— 6) 23 — dag 


J J 


cf. (5). According to (7), this can be written in the form 


A+€ 


€ =-00 je 
A-€ 
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Hence, the last inequality is equivalent to 


2e (sin je\? 
lim sup |— ayjetss 


€-0 T j=-0O jE 


? _o(A+0) —o(A—0) 


Now suppose that A is not in the point spectrum (cf. §4). Then 
o(A+ 0) =o(A—0), and so the preceding inequality reduces to 


lim ajetir = 0. 
WT j=-00 jE 
This means that if c; = ajes*, then (2) tends to 0 as e—>0. Furthermore, 
these c; remain bounded as 7» + , since | a; | < const. by assumption. It 
follows, therefore, from the Tauberian theorem quoted in connection with (2), 
that M;{c;} exists and is 0 for cj = aje*4, 
This completes the proof of the Lemma announced in § 4. 


6. Let a space § of points P carry a Lebesgue measure, and let the 
measure of S be finite. Let + be an essentially one-to-one and measure- 
preserving transformation of S into itself. Finally, let f(P) be any given 
function of class (Z) on S. Then, according to Birkhoff’s ergodic theorem, 
there exists an average M;{f(7/P)} for almost all points P of S. 

Suppose that the given function f(P) is of class (Z?). Then, if & is any 
fixed integer, 9.(P) =f(P)f(r*P) is a function of class (Z) on S. Hence 
there exists a finite average Mj{gx(7/P)} for almost all points P of 8, if & is 
fixed. Since k —0, +1, + 2,---, and since the sum of a sequence of zero 
sets is a zero set, it follows from gx(P) = f(P)f(r*P) that there exists on 9 
a set of measure zero such that if P is any point not in that zero set, the 
sequence of auto-correlations, 


(13) (k= 0, #1, +2, °°), 
exists for the sequence of numbers, 
(14) a; =a;(P) =f (xP), (j=0, £1, +); 


it being understood that (3) and (11) are represented by (14) and (13) 
respectively, where P is fixed. Correspondingly, (12) becomes 


(15) ~f (k—=0, £1, 


where op(x) denotes, for almost all P, the spectral function of (14), if P is 
fixed on the complement of a zero set. 
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It is clear from this proof for the existence of the averages (13), that the 
sequence (13) is independent of P for almost all P whenever the transforma- 


tion r+ is metrically transitive on S. 


7. It is now easy to show that if f(P) is any function of class (L) on 


a space S on which 7+ is metrically transitive, then all Fourier averages, 
M;{e'™(P)}, —o<ca<o, 


exist for almost all P, where the zero set excluded is independent of d. 

It will be sufficient to prove this on the assumption that f(P) is bounded, 
In fact, suppose that the proof has been completed for the case of bounded 
functions. For the given function f(P) of class (LZ), choose a sequence of 
bounded functions f,;(P), fe(P),- such that 


| f(P) —fr(P)| dS 30 asn—> o. 


8 


By assumption, the limit 


lim 3 (7IP) = M } 

j=-l 

exists for almost every P and for every A, if n is fixed. Since the sum of a 
sequence of zero sets is a zero set, it follows that the zero set excluded can be 
chosen as independent of both A and nm. Hence, in order to show that 
M;{e'f(7iP)} exists for almost all P and for every A, it is sufficient to 
ascertain that 

1 | 


1 l gd 
lim sup ef ————_ et (rIP) | 


tends with 1/n to 0 for almost all P and for every A. But this upper limit is, 
for fixed n, fixed P, and for every A, majorized by the upper limit of 
In\T 
as 1—» «©; while the latter upper limit is, for fixed n and for almost all P, 
identical with 
taco 1 * "meas S 
8 
since r is metrically transitive. 
This proves that f(P) can be assumed to be bounded without loss of 


generality. In particular, f(P) is now of class (L*), and so § 6 is applicable. 
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Hence, the sequence of auto-correlations, (13), exists for almost all choices 
of Pin (14). In addition, the sequence (13) is independent of P for almost 
all P, since r is metrically transitive (cf. the end of §6). It follows, therefore, 
from (15) and from the uniqueness theorem of the trigonometric momentum 
problem, that the spectral function, op(x), of (14) is independent of P for 
almost all P. Let 


denote the sequence of those real numbers which are congruent (mod 27) with 
values x contained in the point spectrum of this common monotone function 
o=op; it being understood that a zero set of points P is excluded, and that 
the Am exist only if o has at least one saltus. 

Since f(P) is a bounded function, (14) is a bounded sequence for every 
fixed P. It follows, therefore, from the Lemma of § 4, that if P is chosen 
arbitrarily but not on a zero set, then Mj{e4f(7/P) } exists (and, incidentally, 
vanishes) for every A which is distinct from every Am. Since M; (7IP)} 
exists for almost every P and for every m (cf. the second paragraph of the 
Introduction), the proof is complete. 


8. As an application, suppose that 7 is a mixture. This implies that 7, 
besides being metrically transitive, is such that the condition of statistical 
independence 

} = Milf JMG {9 } 


is satisfied for almost all points (P,Q) of the product space S with itself, 
iff and g are of class (L*) on S. In particular 


holds, by Fubini’s theorem, for almost all points P of S, if h is fixed; hence 
also if & varies. But, if meas S =1 for simplicity, then 


=f f(P)dS and — 
8 S 


since + is metrically transitive. Hence, (15) reduces to 


aT 
S 


0 


where o =p for almost all P. Thus the k-th trigonometric moment of o is 
independent of &. A o for which this is true has at = 0 a, saltus and is 
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constant for 0<2< 2x. Hence, by the uniqueness of the trigonometric 
momentum problem, the set of those real numbers which are congruent 
(mod 27) with values contained in the point spectrum consists of the multi. 
ples of 2z. 
It follows, therefore, from the parenthetical remark in the last paragraph 
of § 7, that if + is a mixture and if f(P) is any function of class (L), then, 
for almost all P, 
if A5S#=0 (mod 2z), 

(16) = fas fas if A= 0 (mod 2zn), 

where the zero set excluded is independent of dA. 

This implies an harmonic law of large numbers, which may be formulated 
as follows: 

If 

walt), colt) ait), °°, 


where 0 St =1, is a sequence of independent functions which are of clas 
(L) and have one and the same distribution function of vanishing first moment 
(expectation), then M;{e‘s\x;(t)} exists and vanishes for almost all t and for 
every real X, where the zero set excluded is independent of d. 


Kolmogoroft’s law of large numbers in case of a common distribution 
function 1 concerns the case A=0. The possibility of simultaneously in- 
cluding all wave lengths » expresses a high degree of chaotic homogeneity" 
in the distribution of the values of the function 2;(¢) of 7, where ¢ is arbitrarily 


fixed in the complement of a ¢-set of measure 0. 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY, 
THE JOHNS HOPKINS UNIVERSITY. 


15 By this is meant that any finite number of these functions forms a set of fum 
tions which are independent; cf. A. Kolmogoroff, loc. cit.™', p. 50. 

16 In this connection, cf. P. Erdés and A. Wintner, “ Additive functions and almos 
periodicity (B?),” American Journal of Mathematics, vol. 62 (1940), pp. 635-64, 
end of the second paragraph of §1 (p. 636). 
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ON MONOTONE AND CONVEX SOLUTIONS OF CERTAIN 
DIFFERENCE EQUATIONS.* 


By Hucu J. Haminton. 


1. Introduction. Recently Fritz John? established certain sufficient 
conditions on the function g(x) in order that the monotone non-decreasing 
solutions wu of * 

(1) u(x+1)—wu(r) = 


should be essentially * unique, and sufficient conditions on the function G(z) 
in order that the strongly convex ® solutions U of 

(2) U(e#+1)—U (x) = G(z) 

should be essentially unique. John also exhibits (under certain conditions) 
the general monotone non-decreasing solution u of (1) and the general strongly 
convex solution U of (2). 

In § 2 we show how solutions of problems of existence, essential unique- 
ness, and form of strongly convex solutions U of (2) are provided by solutions 
of the corresponding problems with respect to monotone non-decreasing solu- 
tions uw of a related equation of form (1), and conversely. By means of this 
duality, we use, in § 3, John’s results relative to (1) to obtain improvements 
on his results relative to (2). That the conditions secured by John and our- 
selves are merely sufficient, and not necessary, for the conclusions of the 
theorems in which they appear is established by examples which we construct 
in§4. §5 comprises extensions of our methods to a wider class of difference 
equations, investigated by John, and in § 6 we apply these results to John’s 
conclusions. 


2. The Basic Theorems. We first assemble certain properties of strongly 
convex functions, deducible by means of the Lebesgue theory of integration.® 

* Received September 26, 1940. 

Presented to the Society, November 23, 1940. 

2“ Special solutions of certain difference equations,’ Acta Mathematica, vol. 71, 
pp. 175-189. 

* All definitions and properties of functions are to be interpreted throughout this 
paper to hold for 0 < # < ™, unless otherwise stated. 

*That is, save for an additive constant. 

5A function U is called by John strongly conver if no point on any chord of the 
curve y =U (a) lies below the curve. See John, op. cit., p. 175 (2). 

° By the symbol — we denote equality almost everywhere; by F* and F~ we denote, 
respectively, the right-hand and left-hand derivatives of F’. 
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A necessary and sufficient condition that a function F be strongly conveg 
is that? 


(3) F(z) f(x) dx + constant, 

where f is monotone non-decreasing. 

(4) F* and F~ exist and are monotone non-decreasing. 
(5) F is absolutely continuous. 

(6) = f =F’. 

(7) F(x) + constant = 


THEOREM 1. Necessary and sufficient conditions that there exist a 
strongly convex solution U of (2) are that G be absolutely continuous and 
have a right-hand® derivative G*, and that there exist a monotone non- 


decreasing solution u of 
(1*) u(z-+1)—u(zr) = G*(z). 


If U =F isa strongly convex solution of (2), then w= F* is a monotone non- 
decreasing solution of (1*). If uf is a monotone non-decreasing solution 
of (1*), then U =F 1s a strongly convex solution of (3), where 


(8) +k]de; k= G(1) — 


Proof. The necessity follows from (5) and (4). To establish the suff- 
ciency, we note first that® F as defined in (8) is absolutely continuous, 
whence 


P(e +1) —P(2) = f(x +1) —f(e) = + 


But F(2) —F(1) = G(1). Hence! + 1) — F(x) = ; and since, 
by (3), F is strongly convex, the conclusion follows. 


THEOREM 2. A necessary and sufficient condition that the strongly convet 


7 Hardy, Littlewood, Pélya, Inequalities, Cambridge, 1934, p. 75, Theorem 9]; 
Titchmarsh, The Theory of Functions, Oxford, 1932, p. 372, ex. 8. 

® The theorems of this paper remain valid if right-hand derivatives are replaced 
throughout by left-hand derivatives. 

® Titchmarsh, op. cit., p. 364, § 11.71. 

10 Tbid., p. 361, § 11. 53. 
11 Tbid., p. 365, lines 5 and 6. 
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solutions U of (2) be essentially unique is that the monotone non-decreasing 
solutions u of (1*) be essentially unique. 

Proof. Necessity. Let wf and u=¢ be monotone non-decreasing 
solutions of (1*). Then, by Theorem 1, U = F and U = @ are strongly con- 
vex solutions of (2), where 


F(a) = f° = + ¥ de, 


¥ being defined with respect to @ as k is with respect to f. Hence, by assump- 
tion, (x) — (zx) |’ 0, whence 
(9) f(a) = (2) —k. 
We pause to state this result as a 

LemMaA. If the strongly convex solutions U of (2) are essentially unique, 
then the monotone non-decreasing solutions u of (1*) are almost essentially 
unique.” 


Setting ¢(r) + k’—k, we see that is a monotone non- 
decreasing solution of (1*). and, by (9), that 


(10) f(z) =y(z). 
We shall now show that 
(11) f(z) = y (2). 


If (11) is false, then there exists a number € such that (say, for definiteness) 
f(é) =v(é) — efor somee > 0. In view of the satisfaction of (1*) by u—f 
and we have f(x +1) —f(z) —y(z), whence f(y + n) 
—e for n=0,1,: where mod n, and0< It 
follows from (10) that f(z) has a jump of at least « for r—y+n (n=O, 
1,-- +). Let 8(z) be any function which is strictly monotone increasing from 
0 toe for 0 = =», and define x(x) thus: 


(12) x(x) =f(r) + 8(a—n) forn<rSn+y 
and, if n< 
x(x) = f(x) forn+yn<rSn+1 (n=0,1,---). 


Then u—y is a monotone non-decreasing solution of (1*), whence, by 
the lemma, f(a) and x(x) differ almost everywhere by a constant. Since this 
contradicts (12), the validity of (11) follows, and this part of the proof is 


complete. 


12 That is, differ almost everywhere by a constant. We shall say that the functions 
of a set are'almost unique if each pair of them are almost everywhere equal. 
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Sufficiency. Let U =F and U = © be strongly convex solutions of (2), 
Then, by Theorem 1, w= F* and wu = are monotone non-decreasing solu- 
tions of (1*). Hence, by assumption, F*+—#+*=—C. By (7), therefore, 
F(z) = @(z) + Cr+ C’. But all solutions of (2) differ by periodic func- 
tions, so that C = 0, and the theorem is proved. 

3. Applications. From John’s Theorem A, which states that the 
condition 
(13) inf g(x) 
is sufficient in order that the monotone non-decreasing solutions u of (1) are 
essentially unique, we are led by Theorem 2 to 

THEOREM 3. If 

(14) inf 0, 
then the strongly conver solutions U of (2) are essentially unique. 
The corresponding theorem of John (his Theorem B) uses the condition 
lim inf = 0, which, because G*(x)dx + C, is seen to 
700 1 
be weaker than (14). 
Similarly, we are led to Theorem 4 (below) by Theorems 1 and 2 and 
John’s Theorem A’, which exhibits 
(15) u(x) =C—g(xr) + 2) ] 
as the general monotone non-decreasing solution u of (1) when g(x) decreases 
monotonely to zero. , 
TueEoreM 4. If G*(x) is monotone non-increasing and lim G*(x) = 0, 


then all strongly convex solutions U of (2) are given by 
(146) U(«#) +lim {> —G(a#+4)] + 2G(n)}, 
where C is an arbitrary constant. 
@ 
Proof. By Theorem 1 in particular, U(r) =C + f [u(x) + k]dz, 
e 1 


2 

where k = G(1) — f u(x)dz, u(x) being given by (15) with g=@. 

Termwise integration being valid ** in (15), we find that U has the form given 


18 We emphasize that the existence of strongly convex solutions U of (2) implies the F 


existence of G*. 
14 Compare John, op. cit., p. 177. 
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in (16), save for the terms lim [G(n + 1) — G(n + 2)] and lim [@(n + 2) 
n->0O 


—G(n)]z. Expressing the quantities in brackets as integrals of G*, we see 
that the limits exist and are zero,’° and the proof is complete. 
It can be shown that the form for U given in (16) may be replaced by 
that given in John’s Theorem B’ (which requires the existence and continuity 
of @’), with G’ therein replaced by G*. 


4. Non-necessity of certain known sufficiency conditions. We now 
exhibit equations of the forms (1) and (2) which establish the non-necessity 
of the conditions (13) and (14) for the conclusions for which their sufficiency 
has been established. Let us define y by the equations 


0 for 


(17) y(z) 1 for lSa< 2, 
n for (n—1) + 1/(n—1) n= 


Co 


The equation 

(18) u(t +1)§— u(r) = G(2), 

where = then has the monotone non-decreasing 
solution w= wy. Hence all solutions w= f of (18) are of the form 

(19) f=y+4, 


where # is periodic of period 1 and is determined, therefore, by its values for 
1<2< 2. If f is monotone non-decreasing, we must have, in particular, 
f(n) =f(n—1/n) for n=3,4,---, whence, by (19), the third part of 
(17), and the periodicity of 4, 


(20) n—=3,4,--- 


But from (19), the second part of (17), and the non-decreasing mono- 
toneity of f, we see that ¢(2) must be monotone non-decreasing for 1S x < 2. 
In view of (20), then, ¢ is constant. Thus the monotone non-decreasing solu- 
tions u of (18) are essentially unique. Yet g(x) = 1 for all z, in contra- 
distinction to (13). 

er 
Let us next define = y(x)dx and G(x) = +1) — ¥(z). 
7 0 
Then U = © is a strongly convex solution of 
(21) = 
But it is easily seen that ¥* coincides with y, whence G* coincides with 4. By 


Theorem 2 and the results of the preceding paragraph, then, the strongly 


** Compare John, op. cit., p. 182. 
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convex solutions U of (21) are essentially unique, whereas G*(x) = 1 for all Z, 
in contradistinction to (14). 


5. An extension of §2. John devotes a second part of his paper to ex. 
tensions *® of his theorems relating to equations (1) and (2). The corre. 
sponding equations are of the forms 


(1’) + = 9(2), 
(2’) (x + G(x), 


where the ad, are real and subject to certain restrictions expressed in terms of 
the roots of the “ characteristic equation,” 


It is our purpose in this section similarly to extend, in a certain measure, 
Theorems 1 and 2 of the present paper. 


THEOREM 5a. Necessary conditions that there exist a strongly conver 
solution U of (2’) are that G be absolutely continuous and have a right-hand 
derivative G*, and that there exist a monotone non-decreasing solution wu of 


(1’*) + p) = G*(2). 


If U=F is a strongly convex solution of (2’), then u=F* is a monotone 


non-decreasing solution of (1’*). 
Proof. Similar to the “ necessity proof ” of Theorem 1. 


THEOREM 5b. If p=1 is not a multiple root of (22), then necessary 
and sufficient conditions that there exist a strongly convex solution U of (2') 
are those of Theorem 5a. If u=f is a monotone non-decreasing solution of 
(1’*), then U =F 1s a strongly convex solution of (2’), where 


P(z) + k= (601) f f@ays pay 


in case p= 1 is a simple root of (22), and where 


1° Op. cit., pp. 183-188. 
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? n n 
F(a) f(a)de + 1;1==[G(1)— f f(a) dap 
1 yal 
in case p= 1 is not a root of (22). 


Proof. The necessity follows from Theorem 5a; the sufficiency can be 
established along lines similar to those used in the “sufficiency proof” of 
Theorem 1. 

The equation 


(23) —2U(2+1) + U(x) = 3a? + 62—1, 


for which p = 1 is a double root of the characteristic equation, establishes the 
necessity of some such restriction as that of Theorem 5b. For u(x) = 2? is a 
monotone non-decreasing solution of 


u(x -+ 2) —2u(a+1) + u(r) = 6, 


which bears to (23) the relation which (1’*) bears to (2’), whereas there is 
no convex solution of (23), since by definition the second differences of convex 


functions are non-negative.” 


THEOREM 6a. /f p= 1 is a simple root of (22), then a necessary and 
sufficient condition that the strongly convex solutions U of (2’) be essentially 
unique is that the monotone non-decreasing solutions u of (1'*) be almost 


essentially unique. 


Proof. The proof of the necessity is similar to that in the proof of 
Theorem 2, as far as equation 9, use being made of the first formula in Theorem 
5b. To establish the sufficiency, we suppose U = F and U = @ to be strongly 
convex solutions of (2’). By Theorem 5a, u = F* and w= are monotone 
non-decreasing solutions of (1’*). Hence, by assumption, /*(x) — = C. 
By (7), then, F(z) = + Cx+C’ Since U=F and satisfy 
(2’), we then obtain 


(24) Ce + pan t+ C’S ay = 0. 
u=0 u=0 


Since the coefficients of Cz and C’ vanish, while that of C does not, we secure 
the desired result. 

If p =1 is not a root of (22), then no two distinct solutions u of (1’) 
nor any two distinct solutions U of (2’) differ by constants. We have in 


this case 


"Hardy, Littlewood, Pélya, op. cit., p. 70, § 3. 5. 
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THEOREM 6b. If p=1 is not a root of (22), then a necessary and 
sufficient condition that a strongly convex solution U of (2’) be unique is that 
the monotone non-decreasing solutions u of (1’*) be almost unique. 


Proof. We establish the necessity as in the proof of Theorem 6a, using 
the second formula of Theorem 5b. In proving the sufficiency we are led, as 
in the proof of Theorem 6a, to equation (24), but with C—0. Since the 
coefficient of C’ does not vanish, the proof is complete. 

Although it would be of no little interest to determine whether the word 
“almost ” can be deleted '* from the statements of Theorems 6a and 6b, yet 
in the sufficiency of the conditions lies their reasonably greatest value, and 
their sufficiency obtains a fortiori when the word is omitted. 


6. Anapplication. Using the results of the preceding section and John’s 
Theorem C, we secure the improvement on his Theorem D which is to be 
obtained by omitting the hypothesis of continuous differentiability and 


replacing derivatives by right-hand derivatives. 


PoMONA COLLEGE. 


18 A task which appears to present considerable difficulty in the general case. 
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ON THE SOLUTION OF PARTIAL DIFFERENCE EQUATIONS.'* 


By ALBEert E. HEINs. 


1. Introduction. We consider here the solution of a certain partial 
difference equation of mathematical physics. While the study of ordinary 
difference equations has been widely treated in the literature, partial difference 
equations have not received the same full attention. Both ordinary and partial 
difference equations may be found in the study of dynamics, probability and 
other branches of mathematical physics. Indeed Lagrange and Laplace con- 
sidered the solution of partial difference equations in their studies of prob- 
ability and dynamics. More recently, there have been mathematical discus- 
sions of partial difference equations by Phillips and Wiener? in 1923 and 
Courant, Friedrichs and Lewy * in 1928. Within the last decade there have 
been a number of papers which follow the fundamental notions introduced in 
these joint papers. 

Here we follow another approach. In 1937, S. Warschawski considered 
the solution of ordinary linear non-homogeneous difference equations with 
constant coefficients. His point of departure from the other known methods 
was the introduction of the values of the solution over certain intervals into 
a reduced equation obtained by applying the Laplace Transform to the given 
difference equation.* While as far back as 1912 Bateman * had introduced a 
similar procedure into the study of ordinary differential equations, and had 
also indicated how these methods might apply to partial differential equations 
this work of Warschawski was, as far as the author is aware, the first attempt 


1Received April 25, 1940; presented to the American Mathematical Society, April 
14, 1939 and April 12, 1940. 

* Phillips and Wiener, “ Nets and the Dirichlet problem,” Journal of Mathematics 
and Physics (1923), pp. 105-124. 

*Courant, Friedrichs and Lewy, “ Ueber die partiellen Differenzengleichungen der 
mathematischen Physik,” Mathematische Annalen, vol. 100 (1928), pp. 32-74. 

‘Integral transformations have been used by Lagrange and Laplace for the solution 
of linear difference equations. (ef. Nérlund, Differenzenrechnung, Springer, Berlin 
[1924], chapter 11). Indeed Laplace used integral transformations for the solution of 
differential equations. The advantage of the transformation in the form that we use it 
is that we can introduce initial conditions into our problem with the transformation. 
For a discussion of the differential and integral equation problem see Doetsch, Theorie 
und Anwendung der Laplace-Transformation, Springer, Berlin (1937). 

° Bateman appears to have been the first author to apply the form of the Laplace 
Transform that we use to the solution of linear differential equations with constant 
coefficients. Proceedings of the Cambridge Philosophical Society, vol. 15 (1910), p. 423. 
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to apply such methods to ordinary difference equations. Here we show that a 
procedure similar to the one introduced by Warschawski may be applied to 
boundary value problems of partial difference equations. At present we limit 
ourselves to the solution of partial difference equations in two variables with 
constant coefficients. Furthermore we remark that the equations we can 
handle by this method are of the type which come as finite analogues of para- 
bolic or hyperbolic differential equations. These methods are definitely not 
adaptable to difference equations which are finite analogues of elliptic partial 
differential equations. For a discussion of partial difference equations we refer 
to the two joint papers of Phillips and Wiener, and Courant, Friedrichs and 
Lewy. 

2. Formulation of the problem. We consider here the solution of the 
partial difference equation ° 


(1) F(«#+1,t) + F(«#—1,t) = 2F(2,t+ 1) 
with the following prescribed conditions. For 0 < 1, F(z, t) reduces toa 
prescribed function of x of period one with respect to ¢; that is 


(2a) F (x,t — [t]) is prescribed. 


Furthermore for 0 = 2 < 1, F(x,t) reduces to a prescribed function of ¢, of 
period one with respect to x. That is 


(2b) F(x— [zx], t) is prescribed for =0 and =0 fort <0. 
For the interval p= x < p+ 1 there is a condition similar to (2b). 
(2c) p,t) is prescribed fort =0and=0 fort < 0. 


The condition (2a) will be called an “initial condition” since F(z, t) is 
prescribed in the first unit interval in ¢,0 =¢< 1. The conditions (2b) and 
(2c) are called “ boundary conditions” since these functions are prescribed 
over unit intervals of the z range, OS 

If the functions of (2a), (2b) and (2c) satisfy the following conditions 
in the variable ¢ we are able to apply the Laplace Transform with respect to 


this variable. For every finite 


1. the functions (2b) and (2c) are functions of bounded variation with 


respect to ¢ in any finite interval of ¢; 


® The difference equation which we consider here is a finite analogue of the one F 


dimensional partial differential equation of heat conduction. Cf. Courant, Friedrichs 
and Lewy, loc. cit., pp. 67-69. Negative differences appear in the equation (1) because 
we have replaced by F(x + 1,t) —2F(a,t) + F(#—1,t). To put this equa 
tion into a form with positive differences, one merely replaces 2 by # + 1. 
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* CO co 
2, the integrals | est F(a — [x], t)| dt and | [a] + p,t)| dt 
70 0 
are bounded for R(s) sufficiently large ; 
3, F(x,t— [t]) is a function of bounded variation in 0S? <1. 


Concerning the variable z, in the function F(z,¢t), which is not subject to 
transformation, we assume that the functions (2a), (2b) and (2c) * are piece- 
wise continuous for all in 0S For every finite x and ¢ we 


understand that 


F(x,t) =}{F(« +0,t +0) + F(«—0,t+ 0) 
+ F(z#+0,t—0) + F(a—0,t—0)}. 


8. Reduction of an ordinary difference equation solution to boundary 
value form. We consider the non-homogeneous linear difference equation with 


constant coefficients § 
(3) ay +d) = $(2) 


in which the a)’s A= 0,- -,n, are constants and is a given function 
of x. This difference equation has the general solution 
1 


n 
In the equation (4), P(«) is the characteristic polynomial > a,a\ and P’(«) 
A=0 


is its derivative with respect to « The a, k—1,---,m, are the roots of 
P(«) =0 and in the solution (4) are assumed to be distinct. The symbol 


S — > (x + 1) 


is the Norlund sum of @,-*1(t). For the solutions of the difference equation 
which are defined for all x, the A,’s are arbitrary functions of x of period 
one. In the special case in which the variable x takes on integer values only 
the A;’s are constants. 

For the particular problem which we shall treat, n = 2. Without loss of 
generality we take a2 1. We suppose further that the sum 


(x+1r) 


7 The character of the solution of a non-homogeneous difference equation depends 
on the character of ¢(a) and the periodic functions (see equations (3) and (4)). The 
solution we obtain to (1) will be piecewise continuous in 2 Nérlund, chapter 10. 

Nérlund, chapter 10. 
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converges uniformly in 0 = «2S p and that the integral in the Noérlund sum 
is convergent. In this case the ratio of the infinite integral and P’(q), 
k = 1,2, may be absorbed into the arbitrary periodic functions A, and 4,, 
Thus for n = 2, the solution (4) takes the special form 

-r-1 


+1) 


(5) = Cia? + Cray? + 
r=0 


where now 


—a, + Va,? — 4ay — a, — Va," — 4ay 


<5 | Pian J, 1 al (a2). 2 ( al, 


In order to apply the boundary conditions more conveniently we will 
rewrite the first two terms on the right of (5) in the forms C,¢,7-'a,'! and 
C,a,%-l21g,[¢], But since C, and a,*-! are both functions of period one, their 
product is also of period one and we set this product equal to B;. Bz is defined 
in the same fashion. Hence ® 


(6) (2) Bray's) + 


r=0 — 


+r). 


If we now assign the solution over any two intervals, successive or 
separated, the coefficients B, and B, can be determined. Since our attention 
is centered on boundary problems, we will treat the case in which we assign 
y(v) for OS r<1land pSxr<p+1. These boundary functions are of 
period one with respect to 2 since they are linear combinations of functions 


which are of period one with respect to x. Then 


o(x«— [r]+7r) 


y(e—[2]) > 


r=0 — 
and 
[ax] + p) = yo = Bia? + Boa? + Dd [xr] + pti 
r=0 1 2 


Solving for B, and B, and substituting back into (6) we have 


(7) r=p — a2) (%2? — a?) 

r=m (2, 


® By [x] we mean the integer part of z. 


Fi 


i 
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where m = [a]. This in turn may be rewritten in the form 7° 


Y1 ( Yo ( — a,™ 
— (a? — a?) 
i — G2) (G2? — a?) 


M 


Two closing remarks may be made in connection with the solution (7a). 
First, this solution bears a remarkable similarity to the solution of a non- 
homogeneous differential equation with prescribed boundary conditions. In 
the latter problem the @’s of the difference equation are replaced by exponential 
functions, and the two finite sums by two integrals. Secondly, had we assigned 
the solution of the difference equation for 0S2<1 and 1=ax< 2 the 
solution obtained would have been precisely that which Warschawski had 


obtained for n = 2 by other methods. 


4. Solution of the problem. We now return to the partial difference 
equation which we proposed to solve. Suppose we take the Laplace Transform 
of the equation (1). Let the Laplace Transform of be f(z,s) 


f(z, 8) = “F(a, t) e-stdt. 


0 


It follows that 


+ 1)e*tdt = e*f(z,s) — (x, t) dt 
Jo 


and hence 
71 
(8) — 2e*f(2,s) + = — t) dt. 


If we now write as a matter of abbreviation 


1 
(9) — 2e8 F(a, t)estdt = (2,8), 


equation (8) is seen to be an ordinary difference equation of the form (3) 
containing a parameter s. Thus this one step of transformation has reduced 


1 The simplification of (7) to (7a) is valid for 0 <m <p. Hence we can only 
write the boundary solution in this form if we agree that all sums vanish when their 
summation limits are decreasing. Thus for m = 0, the first sum in the equation (7a) 
vanishes since the factor a,” —a," is zero. The second sum vanishes since it is taken 
between the limits 0 to L. 

For details on the Laplace Transformation see Bochner, Vorlesungen weber 
Fouriersche Integrale, Leipzig (1932); Doetsch, Theorie und Anwendung der Laplace- 
Transformation, Berlin (1937); Titchmarsh, Fourier Integral, Cambridge (1937). 
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the partial difference equation (1) to an ordinary non-homogeneous difference 
equation with coefficients depending on a parameter s. The “ initial condi- 
tion ” i.e., F(z, ¢t) specified in 0S ¢ < 1, has been brought into this reduced 
equation through the integral (9). It is readily seen that the characteristic 
roots of the equation (8) are 


== + == — V/e7# — ], 
In order to apply the boundary conditions, it is necessary to transform the 
functions F(«— [a],¢) and F(x— [x] + p,t) into functions of s. We put 


f(z — [2], 8) [a], t)dt 


and 
f(«— + p,s) — [x] + p, t)dt. 


Noting the solution of the equation (3) we see that the equation (8) has the 
solution 


— 


— %,? 


c=m+1 (a, — G2) — 
(01° — — a,?™) (x — [x] + ¢,8) 
— (% — (a? — 


where now m = [z]. 
The problem of determining F(z,t) is now reduced to the evaluation 
of the integral 


(10) P(z,t) (a, s) ds, 
g-ico 
Consider the first term 


— 

To begin with, we note that due to the algebraic form of a, and 2. the coeft- 
cient of f(«— [a], s) is a rational function of Furthermore, for m =0 
this coefficient is the ratio of two identical polynomials. For 0 < mS p this 
coefficient is a proper fraction in e*. Hence for 0 < mS p this coefficient may 
be expanded without difficulty into a finite sum of fractions of the form 


Ao" — — By 
where now 

| 
Bim d 
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— (a.? — | 
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k 
and Bx = cos > k=1,:++,p—1. In this case the coefficients Brym are 
1 . . k 
sin (0<mSp;k—1,:--p—1). 


Similar partial fraction expansions exist for the other terms, but one must be 
certain that the fractions decomposed are proper fractions. 
The evaluation of the inverse transformation for the term (11) has two 


possible cases. 
Case 1. m=O. Here 


1 (a? — a4? 


) 
— f(a [x], s)ds 
1 | 
f e8 T(z fe}, s)ds (x t). 
21 J 6-100 — 


Case 2. 0< Here we have 


1 et kam . 1 
S'sin sin — ————- , 0), 
or 

p-1 ken h nt k 

P P A=0 


where n= [7]. In a similar fashion we may evaluate the other partial 


fraction expansions, and for the interval 0 << m < p we shall have 


p-1 n-1 
F(z, ¥ si sin = (co: 
(12) P k=1 } P r=0 p 
2 sin > sin (cos =) F(«— [xr] +c¢,t—[#]). 


Thus we have a solution of the partial difference equation (1). For 
0St<1, ({t] =n= 0), should reduce to F(a, t — [t]). Forn =0 
the sums over F(x — [x], t) and F(a— [2] + p,t) vanish and we are left 
with 


P k=1 P c=0 


* Integrals of this type may be handled by expanding 1/(e* —,.) in powers of e-* 
and making use of the basic properties of the transformation. For the case in which 
F(a— [x], t) is constant, see R. H. Fowler, Proceedings of the Royal Society, (A) vol. 
99 (1921), p. 462. For the general case see Doetsch, Festschrift der Technischen Hoch- 
schule Stuttgart, 1929. 
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For c=4m the k sum in this last sum vanishes, and for c= m this k sum 
reduces to 1, since 


p-1 . kre 


> sin sin —— 
(0 


Hence for [¢] =0, equation (12) reduces to F(z,t—[t]). We have already 
pointed out the peculiarities in connection with the boundary conditions, 
While the integral (10) indicates the solution and satisfies both “ initial” 
and “boundary conditions,” the process of taking partial fraction expansions 
forbids a solution of the form (12) for0Sa<land pSar<p+l. We 
note further that the solution in either form (10) or (12) satisfies the original 
difference equation. 

With proper weight factors, we can obtain, as a limiting case, the solution 
of the corresponding differential equation, provided that our functions are 
well behaved. With regards to this point, some interesting remarks have been 
made by Courant, Friedrichs and Lewy on the hyperbolic case. 


(O0<m<p). 
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EXPONENTIAL ANALOGUES OF THE LAMBERT SERIES. 
By E. S. KENNEDY. 


1. Introduction. 


The series 


ie, gn 


(1. 1) > Qn 


was first studied, at least for the special cases a, = 1 and an =n, by Lambert,’ 
in 1771, and it is from him that this class of series takes its name. 

In 1913, Knopp * published a memoir summarizing results obtained up 
to that time, and considerably extending the theory. He drew attention to 
the close relations existing between the convergence properties of (1.1)- and 
those of 

(1. 2) Anz" 


n=1 


the so-called associated power series. 

Of late years, generalizations of the classical Lambert series (1.1) have 
been studied by Feld, Garvin, Sedgewick, Doyle, Fort, Dobbie, and others. 
References to this literature are made in the bibliography. 

In (1.1) and (1.2) replace 2" by e~*, where {An} is any real sequence 
such that An Ansi ©. We obtain 


(1.3) 


the class of series which forms the subject of this paper, and 
per, 


(1. 4) > Ane, 


n=1 
The former shall be referred to here as the general K-series, while the latter, 
analogously to (1.2), is known as the associated Dirichlet series. In all of 
the above, {a,} is an arbitrary sequence of complex constants. 
Conforming to Dirichlet series usage, the special case of (1.3) resulting 
when An = log n, 


* Received June 11, 1940. 

1Presented to the American Mathematical Society October 29, 1939. The author 
makes grateful acknowledgment to Dean Tomlinson Fort of Lehigh University, under 
whose direction the present paper was written. 

*See Lambert, 1, in the appended bibliography. Further references to the bibliog- 
taphy give only the author and a reference number. 

* Knopp, 5. 
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is called the ordinary R-series. Insofar as the present treatment deals with 
the general series, it generalizes Lambert series theory. However, such results 
as involve only the ordinary case, and these constitute the major portion of 
the paper, make up a theory which is rather a parallel to than an extension 
of that connected with series (1.1). 

The #-series is included as a special case (for a= 1) of the more general 
series 


6 
1.6 dn , Q, 


studied by Iyer * in 1935. 

In the present paper, § 2 below is devoted to definitions, while questions 
of convergence are dealt with in § 3. In § 4 it is shown that any R-series can 
be developed as a unique Dirichlet series and vice versa. A number of 
examples are given, including an /i-series representation of the Riemann zeta 
function. §5 gives a theorem for the series (1.5) corresponding to Stol/’ 
generalization of Abel’s power series theorem. In the following section a 
theorem of Knopp is applied to show the existence of a large class of ordinary 
R-series which represent functions having a natural boundary. The con- 
cluding two sections are devoted to a theorem analogous to that of Franel in 
the Lambert series theory. In § 7 the theorem is proved for “ real ” approach; 


in § 8 it is shown to hold also for a more general type of approach. 

2. Notations and definitions. 

New or less familiar usages and notations employed in the sequel ar 
defined below: 


(a) Analogously to the } a, notation of number theory, for any naturdl 


min 
number n, dm shall denote the sum of all a’s of which the index m is a 
mVn 
integral root of n. 

(b) For any natural number n, if there exist natural numbers m, k >! 
such that n = m*, then n shall be called root-composite. Otherwise n is sail 
to be root-prime. 

(c) <A Stolz-path (the “ komplexe Anniherung ” of Knopp) shall denote 
any regular curve terminating at a point on the boundary of the region of 
convergence of a series, and lying entirely within an angular region definel 
as follows: 


Iyer,1. 


444 
q 


are 
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Assume that there exists a tangent to the boundary at the point in 
question. Consider two half-lines issuing from this point on the same side of 
the tangent as the region of convergence, each making a non-zero acute angle 
with one extremity of the tangent. The angular region is comprised between 
the two lines. 


(d) Terms of series of constants are denoted by small letters; partial 


sums by the corresponding capital letters, for example, An ue (ly. 

(e) Square brackets, [ ], denote the integral part of the real number 
enclosed by them. 

(f) p(n) and A(n) denote the number-theoretic Mobius and Mangoldt 
functions respectively.® 

3. Convergence. 

The theorems cited below have been stated, at least in part, in the work 
of Iyer mentioned above. They are proved by application of Abel’s conver- 
gence theorem.°® 

oO 
THEOREM 1. Jf the series of constants San converges, the R-series 


n=1 


converges for all points z==a--iy, x0; if Sa, diverges, the R-series 
n=1 

converges and diverges at the same points as the associated Dirichlet series. 


The theorem for absolute convergence may be stated by replacing the 
word “ converges ” with “ converges absolutely ” wherever the former appears 
in the theorem above. 

THEOREM 2, 

(a) If the R-series converges at any point z% = 2% + Yo, L > 0, it con- 
verges uniformly over an angular region with verter at % defined by 


| arg (z— 2) 


(b) Jf the R-series converges at any point 2 =2% + iyo, % <0, tt 
converges uniformly over an angular region with vertex at z similar to the 
region defined in (a) above, but with sides inclined to the left instead of to 
the right. 

THEOREM 3. 

(a) If the R-series converges absolutely at a point 2 = 2X + tYo, X > 0, 
it converges absolutely uniformly over the half-plane comprising points 


i, r= 


5 Landau, 1, Bd. 2, s. 567; Mobius, 1; Pélya und Szegié, 1, s. 124. 
* Knopp, 6, s. 324. 
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(b) If the K-sertes converges absolutely at a point z =) + ty , % <0, 
wt converges absolutely uniformly over the half-plane comprising points 
0, where « is fixed. 


It follows from the foregoing theorems that the region of convergence 
of the A-series is either the half-plane of convergence of the associated 
Dirichlet series or the entire plane (the axis of imaginaries excepted), de. 


oO 
pending on whether > dn converges or not. This is directly analogous to the 
n=1 


Lambert series, and extends the convergence properties of (1.1) to the general 

k-series. But unlike the Lambert series, the region of absolute convergence 

of the R-series does not, in general, coincide with its region of convergence, 

In this respect the behavior of the series resembles that of a Dirichlet series, 
co 

If both } | an | and } a, diverge, the R-series possesses an abcissa, line, and 
n=1 


n=1 


half-plane of absolute convergence. In the case of the ordinary series (1.5), 
the width of the strip of conditional convergence will never exceed unity, and 
if an = 0, the two lines of convergence will coincide. 

Since the terms of the R-series are analytic functions over the entire plane, 
except for singularities on the axis of imaginaries, the R-series represents an 
analytic function in any region of uniform convergence. Uniqueness of repre- 
sentation will be demonstrated in the sequel. 

A useful identity is 


Qn = — an — On 


which holds when any two of the three series involved converge. 


In the event of the convergence of } an, expression (3.1) shows that the 


n=1 
R-series represents an analytic function on each side of a singular locus, here 
the axis of imaginaries. On the other hand, if Sa, diverges, the series fail 
n=1 
to represent a function in any region to the left of this line. These two facts 
in conjunction with (3.1), eliminate the necessity of considering hereafte 


points to the left of the axis. 


4. Dirichlet series expansions. 

Any Lambert series can be expanded in a unique power series, and vit 
versa. An analogous theory is developed below involving Dirichlet and 
series. It should be made clear, however, that while there exist unique prt 
cesses in both directions, it is not generally true that the sequence of 2’s 


the resulting series will be identical with the sequence of d’s of the original ont 


4 
4 
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In general, the former will contain all the elements of the latter, and others 
in addition. 

The theorems below deal only with points in the half-plane to the right 
of the axis of imaginaries. 

THEOREM 4. Corresponding to any general R-sertes (1.3) there exists 
a unique Dirichlet series which converges absolutely in the region of absolute 
convergence of (1.3) and represents the same analytic function in this region. 
Conversely, given any Dirichlet series, a wnique R-series can be found which 
converges to the same value as the Dirichlet series in the region of absolute 
convergence of the latter. 


Proof. By continued long division, every term of (1.3) can be expanded 
in a geometric series of the form 


oo 


m=1 
which is absolutely uniformly convergent in any region R(z) >k >0. Then 


>¥ 8n(z) can be written as a double series of the form 
n=1 


(4. 1) > ane 


m,n=1 


From the double series form a single series by choosing the terms in ascending 
order of the indices mA. Should any two or more elements of this set be 
equal, factor out the common e~”**, and write the coefficient as the sum of a 
finite number of a’s. This process is unique; it exhausts all the terms of the 
double series, and it yields a Dirichlet series. 

Conversely, consider any Dirichlet series 


ee) 
> 


n=1 
If in this series, terms are inserted at the proper places having as index Aj 
every integral multiple of every preceding A; (unless such terms already 


appear), the series may be rewritten 


> 
n=1 


without any change in value, provided that the coefficients b; of all inserted 
terms are made zero. It is now possible to construct a double series like (4.1), 
displayed as an infinite rectangular array, in such a manner that the sums of 
the coefficients of like powers of e will equal the given coefficients, {bn}, of 
the Dirichlet series. 

This gives a formal reversible relation between the R-series and the 
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Dirichlet series. It remains to show that the transformation is valid in the 


region stated in the theorem. 
Assume first that the R-series converges absolutely at a point z. Consider 
the double series of the absolute values of (4.1). This double series of 


positive terms has its rows converging to the values 


e7Ant 
| Un | 1 e-Ant > 
and the sum of the row-sums, 


n=1 

is also convergent. .For it is the sum of the absolute values of the terms of 
the R-series at the point on the axis of reals just above or below the chosen 
point z. Convergence follows from Theorem 3. Hence the double series of 
absolute values converges so that the terms can be deranged at will without 
affecting convergence. 

On the other hand, if the Dirichlet series converges absolutely at a point 
z, then so does the double series (4.1). For in this double series the coefficients 
of —z in the various exponents of e become indefinitely large for terms taken 
either sufficiently far to the right or sufficiently far down in the array. It is 
then clear that the terms of (4.1) which contribute to any partial sum of the 


co 

series > b,e~* lie to the left of and above some diagonal curve in the finite 
n=1 

upper left-hand portion of the array. 

Choose now any finite rectangle from the upper left-hand corner of the 
double series of absolute values. The sum of the terms of this rectangle is 
less than or equal to some partial sum of the assumed convergent positive- 

co 
termed series > | b, | e*. But since this partial sum is always bounded, so 


n=1 
also is the sum of the terms of the rectangle. Hence the double series of 


absolute values converges, i.e., (4.1) converges. 

The known uniqueness properties of the Dirichlet series now give corre- 
sponding properties for the general f-series. Two R-series having the same 
{An} and representing the same analytic function over a portion of their 
common region of absolute convergence must have their corresponding co- 


efficients identically equal. 
In the case of the ordinary R-series, Theorem 4 takes the simpler and 


more elegant form given below. 
THEorEM 5. Any ordinary R-series (1.5) can be written as an ordinary 


Dirichlet series 


(4. 2) bnn-*, 


"35 


(4.5 
"55 
"65 
(ly i 
| 
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and conversely, the transformation being valid in the region of absolute con- 
vergence of the two series. Coefficients of either of the two series in terms of 
the coefficients of the other are given by the expressions * 


(4. 3) bn — = 4m, 
mVn 
and 
los 
mvn \log m 


Proof. For this case the doubly infinite array (4.1) becomes the array 
(4.5) below. 
(4. 5) a,2-* + a,3-* + (a, + a,)4-* + a,5-* + a.6-* + a,7-* + (a, + @,)8* + (4, + + 
== * -++- 28-2 


N 


3-2 


a44-7 


== 


a,874 


= 


But it is seen by inspection that a term of the m-th row will enter into the n-th 
column if and only if the coefficient of am is equal to n-*. But the form of 
this coefficient is m-**, k = 1,2,-- +. That is to say, the relation n = m*, or 
m=n'/k, must hold. But this is (4.3). 

It remains to show that the inversion formula of (4.3) is (4.4). By 
definition, By, — San, and for all m’s which are integral roots of n, 


mVn 
log n log n 
log m og m/ 


"Cf. $2, (a), (f). 


1— 

: 

8-2 

—Z 
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Now, given an n, for a; to appear in the above expression we must haye 
*=—-m and mn. From the second of these relations, d = log n/log m, 


Summing, 


and hence »(d) will appear as a coefficient of ai. But m?= (i*)4—n, and 
kd = log n/log 1, from which it follows that d must be a divisor of log n/log i, 
Conversely, if d is a divisor of log n/logi there will exist an integer k such 
that 7*4—=n. So the summation on the right above can be written 


a 
g 
ogi 


since the inner sum has the value 1 if and only if d= 1 = log n/log i, i.e, 
if m1. In all other cases it has the value zero.® 

Following are two expressions involving the “m+n” summation which 
will find application in the list of examples given in this section. 


LEMMA 1. 
Tu log n § 1, if n ts root-prime.® 
\log m 0, if n ts root-composite. 
Proof. Let n = m,4 = m"2 =: = m,*, with m, << << << Mm —n, 
Vv 


Then the set ki (t= 1, 2,- -,v) is the set of divisors of k,. Then the sum- 
mation above includes the values of the Mobius function when it takes as 
arguments all the divisors of k,. But this summation is known '° to be unity 
for k,; = 1, and zero for all other k,’s. 


LEMMA 2,22 


log n log n, if n 1s @ prime. 
Sp — | En, 


mv/n , tf n ts composite. 


Proof. As in Lemma 1, form the set kj. Written out, the above summs 


tion is then 
(1s) + A (ms) A( mss) + 


For n a prime the sum degenerates to one term, the final one, which, by virtue 
of the definition of the Mangoldt function, and since p(1) = 1, equals logn. 
For n composite, it may also be root-composite or not. If it is root-composite, 


/ 


§ Landau, 1, s. 575. 
2, 

10 Landau, loc. cit. 
(2). 
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then the summation consists of two or more terms. But always A(m) = 
A(m;), 1=1,2,---,v. Factoring these from the sum there remains 


log n 
> ( = ) 0, 
log m 


by Lemma 1. If n is root-composite, then there is again but a single term in 
the summation. Now, however, A(n) —0, since n is itself composite and 


cannot be written as an integral power of a prime. 

The examples of #-series expansions given herewith are valid in the region 
of absolute convergence of the series: 

(1) In Theorem 5 above, let a, ==1. Then each member of the resulting 
set of Dirichlet coefficients, bn, equals the number of ways in which n can be 
expressed as an integral power. 

(2) Let ax. Then each corresponding b, equals the sum of the 
integral roots of n. 


(3) The Riemann zeta function, 


—1+ 
1—n*’ 


where the prime denotes that all terms where n is root-composite are deleted. 
For the zeta function is representable by an ordinary Dirichlet series in 
which = 1. Then relation (4.4) becomes 


log n 

myn m 


which, by Lemma 1, is zero if n is root-composite, and unity for all others. 


(4) Let ** = A(n). Then by Lemma 2, equals log n for all prime 
n’s and is zero otherwise. So 


n-* 
A(n)n-* = > log = — 


The above expression is not new,’* the third part dating from Euler.** 


es 
(5) Put f(z) =Dan and g(z) = > ann. 


n=2 


Then (4.5), by summing along diagonals, gives 


f(z) = g(mz). 


m=1 


18 Cf. §2 (f). 
18 Pélya und Szegé, 1, s. 127, 333. 
14 Opera Omnia,” Series I, Bd. 8, s. 288. 
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Let an = 1, so that g(mz) = (mz) —1. 


Hence 
— 
1 2-2 4- 5-* 
6) =1— — = 


where dn = p(v)u( Yn), in which y is the largest natural number for which 
the equation n = k” (k a positive integer) holds. 
oo 
For it is known? that {(z)"' = Sip(n)n-*. By use of (4.4), the cor. 


n=1 
responding #-series coefficients are 


dr = Dd p (78 ) p(m). 


- 
log m 


But all m’s in the summation, save perhaps the first, are root-composite, hence 
each contains the square of a prime, hence all such »(m)’s are zero. So the 
summation degenerates to at most a single term, as stated above. 

Two useful partial sum formulas are deducible from the infinite triangular 
array (4.5). The first is 


| 
n n log m 
(4. 6) bw? => (an m-* 
p=2 m=2 k=1 


To obtain the second, put z= 0 in (4.6). There results 


n n on 
(4. 7) ay 


log v 


which is a formula for the sum of the first (n—1) constant coefficients of the 
Dirichlet series in terms of the first (n—1) coefficients of the equivalent 
R-series. 


5. An Abelian theorem. 


A Lambert series theorem analogous to the classical power series theorem 
of Abel was first proved by Franel,’*® and later extended by Knopp and others. 
Iyer gave a similar theorem for series (1.6), using, as did Abel, approach 
along the axis of reals. In the case of the ordinary R-series, and with appro- 
priate restrictions, Iyer’s result can be shown to hold also under a generalized 
type of approach. Two preparatory lemmas are stated below without proof. 


16 Landau, 1, s. 593. 
16 Franel, 1; Knopp, 5, s. 292. 
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o 
LEMMA 3. If converges absolutely, and 0 << An < Ann ©, 


n=1 


n 
Sn = 1/An a is a null-sequence. 


n 
CoROLLARY. Lf pn—~ An, then 1/pn > ay is also a null-sequence. 


LemMA 4. Jf k and n are natural numbers, k,n = 2,k <n, then 


| Plog 
| Llog k 1 


| [log n | ~ log k 


| 


log n) —1° 


THEOREM 6. Jf the ordinary R-series (1.5) converges absolutely for 


R(z) > 0, and if the series of constants > an/log n converges absolutely, then 
n=2 


for approach to the origin along any Stolz-path,* 


L . 
z20 \ 1—n* n=2 log n 


Proof. Replacing the R-series by its Dirichlet series equivalent (4. 2), 


here valid, the limit to be evaluated becomes 


x | > 


n=1 
Application of a theorem of Knopp ‘® and formula (4.7) now show that the 
limit on the right is 1° 


n Clog a 
- ay 
v=2 log 
noc \[log n] [log n] 
But 

| Plog n | | Clog 4 | 
| ily 
| log nm dy | n | log k 
| [log n] p=2 lOg v kez | [log n] log k | 


which is, by application of Lemma 4, 
2 | | 
— (log n) —1 2 
and by the corollary of Lemma 3 this is a null-sequence; hence the theorem. 
6. A natural boundary theorem. 


It is an immediate consequence of a theorem of Knopp *° that the class 


Cf. $2, (c). (a): 
*® Knopp, 4, s. 122, Satz III; 1, s. 28; 5, s. 300. 20 Knopp, 3, s. 284. 
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of ordinary F-series having the axis of imaginaries as a natural boundary is 
at least as large as the extensive class of functions representable by Lambert 
series and having the unit circle as a natural boundary. In fact let us assume 
a Lambert series having a natural boundary at the unit circle. The function 
so represented can be displayed as a power series in z uniformly convergent 
over any closed region within the unit circle and having a set of singularities 
everywhere dense on the circumference of this circle. By use of Knopp’s 
theorem, construct from the power series an ordinary Dirichlet series abso- 
lutely convergent to the right of the y-axis and having a set of singularities 
everywhere dense on this axis. Apply Theorem 5, here valid, to write the 
Dirichlet series as an ordinary F-series. Since the function displayed by the 
latter two series is the same, regardless of its representation, the R-series is of 
the type sought. The conclusion to be drawn is stated formally as follows: 
THEOREM 7%. Corresponding to any function represented by a Lambert 
series and having a natural boundary at the unit circle there exists a unique 
ordinary R-series (1.5) representing a function which has the axis of imagi- 


naries as a natural boundary. 


But this process finds no application in testing particular R-series for 
natural boundaries. More direct theorems appear in the sequel. 


7. An analogue of Franel’s theorem. 

A theorem similar to that of Franel, but involving the ordinary R-series, 
is given in this section. Two important differences will be noted between 
Franel’s theorem and Theorem 8 below. In the first place, Theorem 8 will 
not give an Abelian theorem as a special case, whereas Franel’s theorem does s0. 
Secondly, Theorem 8 is much weaker than Franel’s theorem, or, which amounts 
to the same thing, restrictions placed on the sequence of constants @» are far 
stronger in the former case than in the latter. This would seem to be a 
consequence of the sequences corresponding to {An} in the two cases. For the 
Lambert series, An is n, the sequence of positive integers, and AA, is a constant. 
But for the ordinary R-series A, = log n, which, although it becomes indef- 
nitely large with increase in n, does so much more weakly, and AA, > 0. 

The theorem is preceded by a lemma, stated below without proof. 


Lemma 5. If n and k are any natural numbers greater than one, n not 
an integral power of k, and yo = 2n/log k, then 


1 2 
eivolog | yoAlog n 


THEOREM 8. Let z=2-+ iyo, where x > 0, and yo is a fixed element 
of the set (2rk’/logk),  =+1,+2,+3--++;k=2,3,4,---, in which, 
if k is root-composite, say k = c4, then k’ must be chosen relatively prime to d. 
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If, then, the coefficients of the ordinary R-series (1.5) are so chosen that 


= log{1 + 


converges absolutely, 


1 a = 


Proof. Since, for any k’, the sequence log{1 + (1/n)!*l} approaches 


zero monotonically, it follows that the series of constants > | d» | also converges. 
n=2 

Hence by Theorem 1 the R-series converges absolutely over the half-plane 


R(z) > 0. 

Consider the subset of terms of the series for which n =k’, n and v 
natural numbers. Call the summation of these terms 3,, and denote the sum- 
mation of all other terms by 32. In the sequel, the symbols 3, and %z will be 
used both to denote subseries of (1.5) and as symbols of summation. 

A typical term of %, is 


= Ay,” 


Put e~“oe)z — ~ where, since x > 0, € > 1, so that 


Far 
= 


oO 
a Lambert series in real variables. Since S| a, | converges, so also does 
n=1 


oo ox 
a” |, whence (a”/v) converges even more rapidly. Hence Franel’s 


theorem can be applied to give 


ao ay” 


L (1— &) Lav 


y=1 V 


Replacing € by its value, and using the fact that the Lambert series above is 
composed of the subseries 3, of the original R-series, we have that the above is 


S, _n* Sw 
L (1 ) 210 


and since (1 —k-*) ~xlogk as x 0 through real values, 
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It remains to show that 


= 0. 


To prove this limit it suffices to show the uniform convergence of the serie; 
22 An/(n* —1) in some closed interval OS 2K, K any positive number, 
But for any K, 

An 


| | an | 


| 
< | Qn | 2| | On an _ | an | 
S2: | | = S 2: yoAlog n Yo log(1 + 1/n)° 


Then the series of positive constants 


2 | dn | 
0 log(1 + 1/n) 


is the dominant series required in the Weierstrass M-test. It is convergent 


by hypothesis, and uniform convergence is proved. 

For k’ = 1, the case just considered, the sequence {n‘%} progresses around 
the unit circle in such a manner that a term of 3, occurs with each revolution, 
With i’ > 1, k’ revolutions will take place between each successive term of 3,, 
But during intermediate revolutions no element of the sequence can approach 
closer to z = 1 than a distance ene the arc) of 


k’ 
4 (log n*’), 


where the A operates on n*’ as an argument. For with k fixed, the sequence 


nivo e27i(log n/logk)k’ e2Ti(log nk’ /log k) 


is a subsequence of the set n”, k’ =1. Hence the preceding demonstration 
applies also if A log n is replaced by 


A log = log(n*’ + 1) —log log {1 + (1/n)*}. 


nk’ 

Negative values of hk” do not alter the above argument. For then only 
the direction of rotation of n'” about the origin is reversed—it advances 
around the unit circle in a clockwise instead of in a counterclockwise direction. 
But absolute values of the quantities involved are unchanged. Hence the 


theorem. 

Theorem 8, like the theorem of Franel, immediately gives rise to a natural 
boundary theorem, which follows. 

THEOREM 9. If the hypotheses of the preceding theorem are fulfilled for 


an infinite number of positive k’ and an infinite number of negative k’ in such 
a manner that the least upper bound of the set of differences between adjacent 
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is fimte, and if > ax/log k” ~0 for an infinite number of k, (which is 


always the case, for instance, when an >) then the axis of imaginaries is a 
natural boundary of the function represented by series (1.5). 


Proof is left to the reader; it is only necessary to show that the set of 
singularities iyo 1(27k’/logk) is, under such circumstances, everywhere 
dense on the y-axis. 

This theorem makes it easy to display particular R-series representing 
functions with a natural boundary. If, for instance, an is a sequence of 

positive terms such that } (!)an converges, the F-series having {an} as its 


n=2 


sequence of constant coefficients is of this type. 
8. The theorem with generalized approach. 


In theorem 8, approach to the singular point in question is restricted to 
aline parallel to the axis of reals. Use of a different method of proof makes 
it possible to generalize the type of approach permissible, and this without 
placing further restrictions upon the coefficients. Again two lemmas are stated 


without proof. 
LeMMA 6. If sy—= and 6 is any real constant not an integer, 
n=1 
the sequence {sy} ts bounded, and | sv | S| ese 78 |. 


Lemma 7. Jf n, hk, and k’ are natural numbers, n, k’ = 2, then for n® 


not an integral power of k, 


( | (= log {1 (1/ n) 1) 


THEOREM 10. If the coefficients of the ordinary R-series are so chosen 
that 


Qn 


+ 


converges absolutely, then for R(z) > 0, 2 = iyo: Yo @ fixed element of the 
set (2ek’/logk), = +1,+2,+3,::-; and where, 
if k= c*, d and k’ shall be relatively prime) for approach to z along any 


Stolz-path,?* 


L Zz Zo) tn 
= 1—n-* | 2 log k” 
Proof. Since 
1 
=> 
n=1 
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an expression valid outside a unit circle with center at 2) —1, the limit to be 
evaluated is, replacing the F-series by its Dirichlet development, here valid, 


| 


Put z=7-+ 2, then replace 7 by z throughout to get for the above, 


(b,n-*) 


n 


L 


Application of the theorem of Knopp used in proving Theorem 6 now reduces 


the proof of the present theorem to a demonstration that 


20 


now \ [log n] log 


or, which is the same thing, given any e > 0, it must be shown that there exists 


an M such that for all n > M, 
kn 
log k 20 


] 

| | 
2 | 

| Trlogk] | 


2 


provided that in addition, 


l 
| 
[nlogk] | 
where is any natural number satisfying the expression + 1S pS —1. 


sy use of (4.6), the first of the two expressions carrying absolute valu 


signs is 
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logk || 
Tr log | = + | + 
| nlogk | 
ag | | > ( 
| ual | 


So to prove the theorem it is necessary to show that for all n’s and fixed 
k and hk’, each of the two expressions within braces in the inequality above is 
of lower order than n. 


This is true of the first expression, since 


and since }) | a, | converges. 
n=2 


3y application of Lemma 6, the second expression within braces is less 
than or equal to 


log k log 2\| rk’ log 3\| 
[n cse( + ese ( log k 


where, since absolute values of the cosecant are used, | k’ | can replace k’ 


without change of value. Application of Lemma 7 now gives the theorem. 
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ON THE ITERATION OF FUNCTIONS WHICH ARE ANALYTIC 
AND SINGLE-VALUED IN A GIVEN MULTIPLY-CONNECTED 
REGION.* * 


By Maurice H. HEINs. 


Introduction. The object of the present study is to consider the fol- 
lowing problem: Let Gz be an arbitrary multiply-connected region of the 
z-plane, the boundary of which contains at least three points. Further, let 
w =f (2) be analytic and single-valued for zC G, with the added requirement 
that 2 C G, implies f(z) C G;. Defining fn(z), the n-th iterate of f(z), by 


the inductive relations 

(I. 1) fo(z)==2, fu(z) =f fra(z)], (n=1,2,---), 
we ask what can be said about the asymptotic behavior of the sequence {fn(z) } 
as 

Up to the present, only two special isolated results which are related to 
this problem have been obtained. First, Ritt ? showed that, if w—f(z) is 
analytic and single-valued for zC G, where G; is a region of finite connec- 
tivity p (> 1), the boundary of which consists of p (analytic) Jordan curves, 
and if further f(@-) C @, and the boundary of f(G_-) is at a positive distance 
from the boundary of G;, then there exists a point  C Gz, such that f(g) =€ 
and | f’(€)| <1. The other result is that of Aumann and Carathéodory.® 
It is their so-called “ Starrheitssatz” which asserts that, if G; and f(z) are 
of the type defined in our proposed problem, and if further f(z) is not a one- 
to-one map of G, onto itself, and has the property that f() —¢ for some 
{C G:, then there exists a constant Q(G@:,£) (0 << 1) which is indepen- 
dent of f such that | ’(¢)| SQ. 

P. Fatou was concerned with the problem which we have proposed. In 
fact, shortly before his death he presented an oral summary of his studies of 
this question at a s¢ance of the Société Mathématique de la France. No 
account of this work has ever been published, and it is impossible to say what 
results he acquired and how generally he investigated the question. 

We shall see in the present study that the behavior of the sequence {fn(z) } 


* Received November 10, 1940. 

1 Presented in part to the Society, December 28, 1939. Awarded the Bowdoin Prize 
at Harvard University 1940. 

2 J. F. Ritt, “On the conformal mapping of a region into a part of itself,” Annals 
of Mathematics, vol. 22 (1921), pp. 157-160. 

*G. Aumann and C. Carathéodory, “ Ein Satz iiber die konforme Abbildung melhr- 
fach zusammenhiingende Gebiete,” Mathematische Annalen, Bd. 109, pp. 756-763. 
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may be described in fairly simple terms. Under appropriate hypotheses on the 
boundary of G;, it will be found that if we exclude those f(z) which define a 
one-to-one conformal map of G; onto itself, then lim f(z) exists and depends 
continuously on f(z). ied 

Preliminaries. In this section we shall state succinctly certain results 
of the general theory of analytic functions which are important for the present 
study. 


Jutia’s LemMa.* Let w=—f(z) =u-+ wi be analytic in + ty for 
x >0 such thattu=0forx>0. Let c denote g.l. Then, if c< + 


li f(z) aro <s10 <8 F ‘ther. f(z be ex “200 
im ——— —c, where | argz | S8(0S eg urther, f(z) may be expressed 


270 


as follows: 


f(z) + fi(2), 
where R[f,(z)] 20 for R[z] > 0, and lim = (0, where z is restricted 


> us 
to lie in the sector defined by | argz| =8(0S8 <>). 


This lemma will be of the greatest service to us. Sometimes, when it 
will be convenient, we shall consider the implications of this theorem for the 
function U[f(Tx)], where U and T define linear transformations z | U and 
a | T respectively, the first mapping the right half-plane onto the interior of 
some circular region (to be specified), the second mapping some specified 
circular region onto the right half-plane. 

The conformal mapping of the universal covering surface of a given 
multiply-connected region onto the interior of the unit circle.® 

Let G: be a given multiply-connected region, the boundary of which 
contains at least three points. Then there exists a function x(z) with the 
following properties: 

1. x(z) is analytic at every point z of G: and can be continued throughout (,, 
2. | a(z)| <1, 3. a(z) assumes every value of the interior of the unit circle 
in the z-plane, 4. 2,42 implies x(z,) #a(z.). The existence of such 4 
function is assured by the fundamental theorem of conformal mapping. <(?) 
is determined up to a linear fractional transformation mapping the interior o! 
the unit circle onto itself. The inverse function z(x) is analytic and single- 


valued for | a| <1. The image of | < 1 under z(z) is the universil 


4R. Nevanlinna, Hindeutige analytische Funktionen, Berlin (1936), pp. 52-55. 
5G. Julia, Lecons sur la représentation conforme des aires multiplement connexes, 


Paris (1934), pp. 10-26. 
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covering surface ° of G;. In particular there always exists a function z = z(z) 
mapping | «| < 1 onto G:® such that 2(0) = 2 where 2» is a specified point 
of and 2’(0) > 0. It is also true that z= is automorphic under a 
properly discontinuous group &: {7} of hyperbolic and parabolic linear frac- 
tional transformations mapping the interior of the unit circle onto itself. That 
is, if TC GY, then z2(7) =2z(x). If the connectivity of G. is finite, & is a 


Fuchsian group; otherwise, Fuchsoid. 


Iteration.’ We shall recall certain fundamental notions of the theory of 
iteration in so far as they will be used in the course of the present study. 

Let w—f(z) be analytic in some neighborhood of 2: | Z— 2 | es 
(8>0). Then, if f(z) = 2, % is said to be a fixed point of the map defined 
byw =f(z). In particular, if | f’(z.)| <1, then zp is said to be an attractive 
fixed point. 

We have defined by means of the relations (I.1) the n-th iterate of a 
function w= f(z) which is analytic and single-valued in a given multiply- 
connected region @-; with at least three boundary points and which has the 
property f(G:) C G;. Abandoning our requirements on the structure of G:, 
we shall understand that the n-th iterate of w= f(z) is to be defined by the 
relations (I.1) if w=f(z) is analytic and single-valued for zC G, and 
{(G:) C G., G: being now an arbitrary region. This definition permits us to 
establish the well-known 

THEOREM P. 1: Jf 2 is an attractive fixed point of w=f(z) (defined, 
of course, in the neighborhood of z)), then in some neighborhood N(z) of 2 
each member of the sequence {fn(z)} is defined, and further in this neighbor- 


hood the sequence {fn(z)} converges uniformly to Zo. 


Let | | =» <1. Then there exists a positive number such 
that 
for 0 < |z— 2% |S Hence | f(z) | for | z— 2 | 8(m). 
Thus the image of | z— 2% |8(m) under f(z) is contained in the set de- 
fined by | z—2z)| < 8(u) and hence the iterates of f(z) are defined for 


|z—z |< 8(p). Further, we have for | z—2z | < the relations 
(P. 2) | fu(z) — Zo | =v | | (n == 1,2,-- -) 


Since vy < 1, the theorem follows immediately. , 


® Thid. 5. 
7G. Julia, “ Mémoire sur Vitération des fractions rationelles,’ Journal de Mathé- 
matiques, sér. 8, vol. 1 (1918), pp. 47-245. 
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Stieltjes’ theorem * on normal families and Theorem P. 1 allow us to infer 
immediately 


THEOREM P. 2: Let w=f(z) be analytic and single-valued in a given 
region Gz, the boundary of which contains at least three points. Further lef 
f(G.) C Gz, and let there exist a point % CG: which is an attractive fixed 
point of the map defined by w=f(z). Then the sequence {fn(z)} converges 
continuously to 2) for zC G;. 

Denjoy ° and Wolff have given a definitive answer to the problem of 
iteration when the domain G; is the interior of the unit circle: | z| <1. This 
result may be stated as follows: Let w—f(z) be analytic for | z| <1 and 
such that | f(z) |< 1for!z| <1. Then, if w= f(z) does not define a non- 
Euclidean rotation of the interior of the unit circle onto itself, there exists g 
unique point £(f), (| (f) |= 1) such that the sequence {f,(z)} converges 
continuously in the sense of Carathéodory to ¢ for |z| <1. Further, if 
| {| <1, we have the relations f(£) = ¢ and | f’(£) | <1; on the other hand, 
if | | —1, then the angular derivative of f(z) at ¢, lim Maat | 
and cannot exceed unity. Conversely, if 7 is of sasduiue unity and 


exists 


lim | 3) Rema exists and is not greater than unity (where lim 
| 


is appropriately defined), then the sequence converges continuously in the 


sense of Carathéodory for | z| < 1 and has 7 as its limit. | 

This result of Denjoy and Wolff may be complemented as follows: It is | 
clear that to each function w = f(z)(#£z) which is analytic in the interior 
of the unit circle | z | < 1 and takes on values which also lie in the interior of 
the unit circle, there corresponds a unique point  (|¢|=1). Namely, i 
w == f(z)(#z) defines a non-Euclidean rotation, then ¢ is to be taken as thi 
center of the rotation; if w—f(z) is not a non-Euclidean rotation, then { 
is to be taken as lim f,(z). Thus @ is in a perfectly definite sense a complet 

valued functional of f(z) (s#z) and to indicate its dependence upon f we shall | 
denote it by £(f). It is altogether natural to inquire whether the dependence: 
of £ upon f(z) is continuous. This question is to be answered in the affirmative 
in the sense that, if we have a sequence of functions f(z) (& =1,2,° °° 
each of the functions f™ satisfying the requirements laid down for the gener! 


function w=—f(z), and if the sequence {f')} converges continuously fo 


8P. Montel, Lecons sur les familles normales de fonctions analytiques ef leuri 
applications, Paris (1927), pp. 28-30. 
®A. Denjoy, “Sur Vitération des fonctions analytiques,” Comptes Rendus 4 


l'Académie des Sciences de Paris, Tome 182 (1926), p- 255. 
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|z| <1 to a function f*(z)(4z) which belongs to the same class, then the 
relation 


holds. (Let us remark that because of the normality of the family of func- 
tions {f(z)}, a convergent sequence of such functions converges to a function 
of the same class, to z itself, or else to a constant of modulus unity. This 
latter case may be treated simply.) 

The proof of the assertion just made is based upon a combined use of 
Julia’s Lemma and Pick’s extension of Schwarz’s Lemma. 

To simplify notation, let us denote ¢(f™) by &. It is- then clear that 
two possibilities may arise: 1° the sequence of points {€} has a limit point 7 
in the interior of the unit circle, or else 2° all the limit points (assuming, 
a priort, that there may be more than one) of the sequence {f} lie on the 


circumference of the unit circle: | z |= 1. In the first case, there exists a sub- 
sequence {fn,} of {&} such that lim {,,— 7%. Since the relation 
k>00 
lim f(z) = f*(z) 
k->00 


holds continuously for |z|< 1, it follows that f*(Z) —Z, and from a 


simple application of Hurwitz’s Theorem, that lim ¢—Z. This is pre- 
k->00 
cisely what we wished to establish. The second possibility may be disposed 
of similarly, but here the technique is necessarily somewhat more elaborate. 
Let us suppose that there exists a subsequence of {&}, say {€n,}, which con- 
verges to Z, where | Z, | =1. We shall show that 7, — ¢(f*). Furthermore, 
we shall see that the sequence {.} cannot have two distinct limit points, 7; 
and Z., on the circumference of the unit circle; and hence we shall be able to 


conclude that lim £(f")) = £(f*) holds in this case, too, when we adopt the 
k>x 


convention that, if f* is a constant of modulus unity, then ¢(f*) is to be taken 

Let us denote by T; an oricycle *° tangent to the unit circle at the point 
Z,; and if ¢,, is an interior point of the unit circle, let us denote by I, the 
non-Euclidean circle with center £,, passing through that interior point of the 
unit circle where the oricycle I’, intersects the diameter of the unit circle passing 
through Z,; on the other hand, if | £,, | = 1, then let us denote by In, the 
oricycle tangent to the unit circle at £,, having a (Euclidean) diameter of the. 
same length as that of T;. It is evident that, as / becomes infinite, the cycle 
or oricycle T,,, tends toT;. But if z lies in the interior of Tn,, fn,(z) les in the 


1 


'G, Julia, Principes géometriques danalyse 1, Paris (1930), pp. 79-92. 


and 
non- 
sts a 
|_| 
th 
Lt is 
Ol 
the 
lex- 
hal! 
nee 
tive 
er 
for 


466 MAURICE H. HEINS. 


closed interior of Ty,. This is a consequence of Pick’s theorem, if £,, is an 
interior point of the unit circle; on the other hand, if | fn, | = 1, then this 
assertion follows from a combined application of Julia’s lemma and the theorem 
of Denjoy and Wolff. Let z) be any point lying in the interior of T,. For 
sufficiently large, z) also lies in the interior of Ty,. Now, if we restrict our 
attention to such indices noting that fn, (2) lies in the closed interior of 
and that the sequence {fn,(z)} ‘converges continuously for | z| <1, we con- 


clude that either lim fn,(2) is 7, in which case f* = Z,; or else lim fn, (2) 
k>00 © 


is distinct from Z, and lies in the closed interior of T,. The possibility that 


lim fn,(Z0) lies on the boundary of T, and is distinct from Z, is readily ex- 
k> 

cluded by the principle of the maximum which would imply that f*(z) would 
be a constant of modulus less than unity. But then the {&} would have a 
limit point in the interior of the unit circle by virtue of Hurwitz’s Theorem, 
This is, however, contrary to the hypothesis that the {&-} have no limit point 
interior to the unit circle. Since z) is any interior point of the oricycle Y,, 


we conclude that either f* = Z,, or else for all z in the interior of T,, f*(z) is 
also in the interior of T;. Now IT, was taken as an arbitrary oricycle tangent 
to the unit circle at Z,; hence our assertion is valid for every oricycle tangent 
to the unit circle at Z,; hence either f* = Z,, or else if f* is not identically 
constant, the theorem of Denjoy and Wolff implies that £(f*) = Z,. 
Suppose now that the sequence {f.} has a limit point Z.(| Z.| =1) 
distinct from Z,. Exactly the same reasoning permits us to infer that either 
f*=Z, or €(f*) =Z.. This is manifestly impossible if 7,54 Z,. Hence 


we see that, if f* is not identically constant, lim {(f) = {(f*). We may, 
00 


if we wish, extend the domain of definition of the functional {(f) in the fol- 
lowing manner: if | f| <1 and fz, then let (f) have the connotation 
already assigned to it; if | f|—41, then let ¢(f) =f. Having made this 


convention, we may conclude 


THEOREM P.3: Let w=f(z) (+z) be analytic and of modulus not 
greater than unity for |z| <1. Then the functional €(f) is continuous in f, 
in the sense that f — f* (#z) continuously for | Zz | <1, implies that 
c(f™) > ¢(f*). 


CHAPTER I. Iteration in a Doubly-Connected Region Bounded 
by Two Jordan Curves. 


In this chapter we shall consider the iteration of a function w = f(z) 


which is single-valued and analytic in a given doubly-connected region Gs 
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bounded by two Jordan curves T, and T. and which has the property that 
zC G, implies f(z) C G.. The results of the present chapter will be sub- 
sumed under the more general theorems to be obtained later. But the technique 
employed in the present chapter is of interest in that it yields information 
on the structure of the class of mapping functions w = f(z). 

Let z= (2) define a one-to-one and conformal map of K[z] > 0 onto 
G,°©. The mapping function z= is automorphic under a group of 
linear fractional transformations mapping the right half-plane, R[a] > 0, 
onto itself. In particular % is a cyclic group consisting of the powers of a 
hyperbolic linear fractional transformation 7’ mapping the right half-plane 
onto itself. By an appropriate choice of the mapping function, z= ¢(z), T 
may be taken to be a transformation of the form «x | Ax where d is real and 
greater than unity. Let z be a given point of G:, and let x» denote some 
antecedent of z) under the map z = ¢(«). Further, let 1) be some antecedent 
of f[¢(2 )] under the map defined by z= ¢(r). That is, let = 
f[¢(v.)]. Then, if we choose that determination of ¢*(z) such that 
= Xo, is analytic locally at a and may be con- 
tinued analytically throughout R[x] >0. Denoting by ¥(2), 
we see that Y —y (x) is analytic and single-valued throughout R[x] > 0 by 
virtue of the Monodromy Theorem, and further R[y(r)| > 0 for R[x] > 0. 

Now Y¥ ~y(z) satisfies of necessity a functional relation of the form 


(1. 1) y(Ar) = A"y (2) 

where n is to have one of the values 0, 1,+2,---+. Let us note that 
] = f[¢(z)] and that the various determinations of differ 
from one another only by a factor of the form A"(n =0,+1,+2,:-°:). 


But there exist functions Y¥ = (2) satisfying the requirements imposed only 
if|}n|=1. It is certainly clear from the construction of y(x) that it cannot 
be either of the constants 0, o. Let us eliminate the possibility where y 
satisfies a relation of the form (1.1) with |n| > 1. 

The relation (1.1) permits us to calculate the angular derivative of y(7) 
at infinity, which we shall denote by c(< + ©). Confining our attention to 
real and positive x we see that 


c= lim 


Let 2, be a point of the positive real axis. Then 


(1. 2) (Aro) = AY 


and 


(1.3) lim = 
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The relations (1.2) and (1.3) imply that 


lim A¥(n-1) = 
k-00 Xo 


Ifn>1,c—-+ and this is manifestly a contradiction of the hypotheses 
imposed on ¥(x). Thus our attention may be restricted to the case where 
nS1. Now, if R[y] >0 for > 0, then likewise R[1/¥] >0 for 
R[x] >0. Denoting 1/y by y* we see that 
y* (Ar) =A*y* (x), 

if y satisfies the relation (1.1). Applying the reasoning just employed for 
y to y* we see that — n cannot exceed unity. Hence |n|<1. 

If | n | 1, ¥(x) is of a particularly simple form. For, if y satisfies the 
relation (1.1) with n = 1, then 


(2; 4) W(A"Zo) (Xo) 
Vo 
where 2 is any given point of the right half-plane. Hence (2s) = ¢, the 
Lo 


value of the angular derivative of y at «©. Since this relation is independent 
of the particular x chosen, we infer that, if 


then y(x) = cz, where c is real and positive. In the same manner, we find 
that, if wy satisfies the relation 


y(Av) (2), 


then y(z) is necessarily of the form - where c¢ is again real and _ positive, 


At all events, X —y(zx) defines a (1,1) conformal map of R[z] > 0 onto 
itself for |n|—1. Returning to G:, we see that w = f(z), the transform of 


which is X —y(z), is a “ rotation ” 


of Gz if nm =1, and is a (1,1) conformal 
transformation of G, onto itself which interchanges T, and T, if n =—1. 
In either case the iterates {f.(z)} of f(z) do not converge, save in the banal 
situation where f(z) =z. If f(z) #z, then the convergent subsequences of 
the sequence {f;(z)}, which is normal, converge to “ rotations ” of G: or (1,1) 
conformal transformations of G, which interchange T, and I». 


Let us now turn to the case where ¥(a) is automorphic, that is, where 


=y (2). 


The angular derivative of y(x) at © is readily seen to be equal to zero. This 
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implies, as a consequence, that {Wn(x)}, the iterates of p(x), cannot converge 
to o. This is a consequence of the theorem of Denjoy and Wolff. A similar 
argument shows that the sequence {Wn(x)} cannot converge to zero. Since 
y(x) is automorphic under «| Ax, it cannot define a non-Euclidean rotation 
of the right half-plane. Hence the theorem of Denjoy, and Wolff implies that 
the sequence {¥~(x)} converges continuously for R[x] >0 to some point é 
where R[E] = 0, and if —0, then Now —f(¢) and, 
in general, 


(1.5) (Yn) = fn() (n= 1,2,- 


But {Wn(x)} converges to €&. Hence, if R[E] > 0, the sequence {fn($(z) )} 
converges continuously to ¢(é) for R[w| > 0 and therefore {fn(z)} converges 
to ¢(€) for zC and since y(é) €, f(¢(é)) = (€). On the other 
hand, if R[€] 0, where 0, the sequence {¢[Wn(x) ]} converges con- 
tinuously to a unique point of the boundary of G;. This follows from the 
fact, that, since T, and T, are Jordan curves, the mapping function z = (2) 
may be extended so as to be continuous on the imaginary axis deleted at zero 
and infinity, and that, when this extension is made, points of the imaginary 
axis exclusive of zero and infinity correspond to points of T, and T,. Since 
lim Yn(x) = €(4 0, ©) for R[x] > 0, we infer that lim ¢[yn(z)] exists, 

hence that lim f,(z) exists for zC G@, and is a point of the boundary of G:. 


Hence we conclude: 


THEOREM 1. 1: Let w=f(z) be analytic and single-valued for z C G.z, 
where Gz is a doubly-connected region, the boundary of which consists of two 
disjoint Jordan curves, and let zC Gz imply f(z) C Gz. Then, if w= f(z) 
does not define a (1,1) conformal map of G; onto itself, the sequence of iterates 
{fn(z)} of f(z) converges continuously for zC Gz to a unique point of the 
closure of Gz. 


CHAPTER II. The General Problem. 


In this chapter, we shall investigate the asymptotic behavior of the iterates 
of a function w= f(z), analytic and single-valued in an arbitrary multiply- 
connected region @-, the boundary of which contains at least three points; 
the function w = f(z) is to have the property that z C G, implies f(z) C G:. 
Only three possibilities can arise and these can all be realized effectively. The 
fact that the boundary of G, contains at least three points is of the greatest 
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significance, since this fact permits us to infer that the sequence {fn(z)} ig 
normal for z C 

Let us consider the possibilities that may arise. First, if there exists q 
point G, such that f(£) =, then either w= f(z) defines a (1,1) con- 
formal map of G- onto itself, or else | ’(£) | = Q(G:,f) < 1 where Q is the 
“Starrheit ” constant for G: and ¢.1° In the first case, f/(£) is of the form 
er/4-°"i where p and q are integers. Further, there are only a finite number of 
such (1,1) conformal transformations of G: onto itself. In the second cage, 
Theorem P. 2 assures us that the sequence {f,(z)} converges continuously for 
zC G, to £. This is essentially the content of the “ Starrheitssatz.” 

Suppose now that there exists no £C Gz for which f(£) =f. Then 
either for some whole number n)(> 1) there exists a point tC G- such that 
fn.(7) = 7, or else for every n there exists no r C Gz for which f,(r) =r. If 
the first possibility occurs, and if for the alleged no and r the relations 


(2.1) | f’ng(7) | 1 


obtain, then w = fn,(z) defines a (1,1) conformal map of G: onto itself, and 
hence w—f(z) does also. For, if w=—f(z) omitted any point of 80 
would w = f,,(z) and if the relation f(z,) = f (22), 2: C G:, k = 1,2) 
obtained, then likewise the relation fn,(21) = fn,(Z2) would obtain. This is 
manifestly impossible and our assertion, that w= f(z) defines a (1,1) con- 
formal map of G; onto itself, follows. 

On the other hand, suppose that fn,(€) and | f’n(f)| <1. We 


assert that in this case lim f,(z) continuously for zC and that 


f(f) =¢ and | f’(£) | <1. To prove this statement, let us note that the 
sequence {fxn,(z) } converges continuously for zC to as k—o. Hence 
the relation 


(2. 2) lim f — lim (2) ] 
k-00 k- 00 
holds continuously for z C G@:; hence f(£) = ¢. Further | | = | |" 


and thus | f’(£) | <1. Therefore by virtue of Theorem P. 2, the sequence 
{fn(z)} converges continuously to ¢ for z C G:. 

There remains now the sole possibility that the relation f,(7) = 7 holds 
for no whole number n and rC G:-. It is evident, a priori, that one and only 
one of the following situations may occur: either there exists a point z C G: 
such that the set of iterates {f,(z.)} has at least one limit point interior to Gs: 
or else for all z C Gz the set {f,(z)} has no limit point interior to G.. The 


11 Ibid. 8, pp. 61-65. 
12 Ibid. 3. 
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first hypothesis will permit us to conclude that the map defined by w = f(z) 
jsa (1,1) conformal map of G; onto itself. 

Let Z, C Gz be a limit point of the set {fn(Z)}, (42 C G:). Then there 
exists a subsequence {fx,,(20) } of the sequence {fn(z.)} which converges to Zo 
asn—> co. Furthermore, the indices /, may be so chosen that 


that 
lim (kn4;—kn) = + 


X 

and that the sequence {fi.,,s,(2)} converges continuously for zC G-, since 
the set {fn(z)} forms a normal family. Let f*(z) denote the limit function 
of the sequence {fx,.,-x,(z)}. Now the relations 

fina (20) = fren (Zo ) (n =1,2,-- 
coupled with the fact that the sequence {fx,.,-x,} converges continuously for 
G: imply that 
(2. 2) Zo = f*(Zo). 


Now f,(z) for zC and all n. Hence f*(z) =z for zC G, by 
virtue of Hurwitz’s Theorem. But if the sequence {fn(z)} has a subsequence 
which converges continuously to f* =z for zC G,, then w= f(z) is neces- 
sarily a (1,1) conformal map of G, onto itself. Certainly w=—f(z) can 
omit no point of G: nor can any point of G; have two distinct antecedents 
with respect to the map defined by w = f(z). 

These last deductions permit us to state a simple sufficient condition for 
the existence of an attractive fixed point. 

TreoreM 2.1. Jf there exists a point 2 CG: such that the sequence 
{fn(zo)} has a limit point in the interior of Gz, and tf further w= f(z) 
omits a single point of Gz or else takes on the same value at two distinct points, 
z, and z, of G:, then the map defined by w=f(z) has an attractive fired 
point £C G:. 

The theorem of Ritt?® quoted in the Introduction is an immediate 
consequence of Theorem 2.1. It is clear that the hypotheses of Ritt’s Theorem 
may be relaxed to the extent that we need only require the boundary of G, 
to contain at least three points. Naturally, if the harmonic measure of the 
boundary of G@: is zero, then the theorem is trivial, since in this case w = f(z) 
reduces to a constant." 

Only one possibility is left: for every zCG@:, the sequence {fn(2)} 
“Ibid. 4, pp. 135-136. 


)} is 
sts a 
con- 
the 
‘orm 
of 
for 
hen 
hat 
If 
and 
80 
2) 
3 18 
on- 
Ve 
lat 
he 
1¢e 
nN 
ce 
1s 
ly 
Tz 


472 MAURICE H. HEINS. 


converges to the boundary of G, in the sense that every limit point of the 
sequence {fn(z)} belongs to the boundary of G:. We may assume without 
loss of generality that the boundary of G; is bounded and that GQ: itself is jp 
the extended z-plane. Let z= ¢(x) denote a function which maps <1 
one-to-one and conformally onto G,™, and let X =y(x) denote a transform 
of w= f(z) with respect tog. It is clear that X = y(zx) cannot have a fixed 
point <1). For the relation 


(2.3) $l¥(x)] = f[¢(z)] 
would imply that 
(2.4) fl¢(é)] = 


This is manifestly impossible. 

Let us denote ¥(0)(+40) by yo and let us denote by C the set of « 
defined by | «|r (where r lies strictly between | ¥.| and 1). The set 0 
and its image under the map XY —y(z) have a non-void intersection.'® Let 
us now denote by K the set of points in G: covered by the image of C with 
respect to the map z= (x). The intersection of K and its image with 
respect to w = f(z), which we shall denote by f(K), is not void. This is an 
immediate consequence of the relation (2.3). Defining fn(K) (n =0, 1, 2,-::) 
inductively by the relations 


(2. 5) fo(K) =K, f:(K) =f(K),---, 
fn(K) =f[fna(K)] (n> 0), 


we see that the intersection of fn(K) and fns(K) is not void for any 


fe @) 
n(=9). Hence the set sum S/f,(K) is connected. As n— , the set 


n=0 
. fn(K) tends to the boundary of Gz. Let T denote that subset of the boundary 
of G, with the following property: to each point CT there corresponds a 
subsequence of {fn(K)} namely {fr,(K)} which converges to £ as n>, 
By a standard argument employed by Valiron ?* in his study of iteration in 
the interior of the unit circle, it is readily established that T is either a single 
(accessible) point of the boundary of G: or else is a continuum. Recalling 
Stieltjes’ Theorem and the fact that the sequence {f,(z)} is normal, we infer 
that, if T is a single point £), then the sequence {fn(z)} converges continu- 
ously to £) for zC G,; and, on the other hand, if I is a continuum, then to 
each point £ CT there corresponds a subsequence of the sequence {fn(z)}; 
{fc,(z)} which converges continuously to ¢ for zC G:. 


Valiron, “Sur litération des fonctions holomorphes dans un demi-plan,’ 
Bulletin des Sciences Mathématiques (2), vol. 55 (1931), pp. 105-128. 
16 Ibid. 15. 
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Let us note that, if the connectivity of a region Gz is finite and exceeds 
two, or 1s infinite, then the group of (1,1) conformal transformations of Gz 
onto itself 1s properly discontinuous.'* This theorem coupled with our pre- 
ceding discussion permits us to conclude 


THEOREM 2.2. Let, Gz be a multiply-connected region, the boundary of 
which contains at least three points, and let w = f(z) be analytic and single- 
valued for zC G, and have the property that zC Gz implies f(z) C G:. 
Then one and only one of the following mutually exclusive possibilities can 
occur. 

1°. w=f(z) ts a (1,1) conformal map of Gz onto itself and is either 
periodic in the sense that there exists a whole number no such that fn,(z) =2 
or else w =f (z) has the property that a subsequence {fx,(z)} of {fn(z)} 
converges continuously to 2(fn,x2,k =1,2,---). This latter possibility 
occurs only if Gz is doubly-connected (cf. Theorem 1.1). . 


2°. The map w=f(z) has an attractive fixed point G.(f(£) =, 
<1) and the sequence {fn(z)} converges continuously to for zC 


3°. The sequence {fn(z)} converges continuously to the boundary of Gz 
in the sense that every convergent subsequence of {fn(z)} converges to a point 
of the boundary of G:. In this case, either {fn(z)} converges to a single point 
of the boundary, or else the totality of limit points of the convergent sub- 
sequences of {fn(z)} constitute a continuum forming a part of the boundary. 


An AppiicaTion. If the boundary of G; is totally discontinuous, it is 
clear from Theorem 2. 2 that, if w = f(z) does not belong to category 1° or 2° 
of this theorem, then {fn(z)} converges continuously for zC G, to a single 
point of the boundary of G,. This fact will permit us to give a definitive 
answer to a question left open by Julia in his prize memoir.’® 

In this paper Julia studies the iteration of functions Z = ¢(z) which 
are rational and not of the first degree. By the set / he means the set of 
points {z} on the Riemann sphere which satisfy for some n the requirements 

gn(z)—=2, b'n(2)| > 1, 
and by E” he means the closure of £ relative to the Riemann sphere. Analyzing 
the possibilities that may arise, he concludes at one point: 

“Si £’ est un ensemble parfait discontinu, il n’y a qu’une region R (the 
set of points where the family {¢,(z)} is normal) composée du tout le plan, 


sauf E’; il ne peut done exister qu’un point-limite & convergence réguliére 


|¢(z)| <1, 


7H. Weyl, Die Idee der Riemannschen Fliche, Leipzig (1923), pp. 163-165. 
18 Thid. 7, p. 123. 
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mais jamais deux points limites distincts, 4 convergence réguliére, ni un 
groupe circulaire limite. 

Le point limite 4 convergence réguliére, si l'on reconnait son existence, 
aura pour domaine de convergence tout le plan sauf L’.” 

We shall see that there always exists an attractive fixed point for 
4 = ¢(z) in R which guarantees the realization of the italicized condition 
left in doubt by Julia. Let us remark that R has the property that zCR 
implies ¢(z) C R. Since the degree of ¢ exceeds unity, it is clear that ¢ 
belongs to category 2° or 3° of Theorem 2.2. The latter possibility is never 
realized. For if @ belonged to category 3° of Theorem 2. 2, then {¢n} would 
converge continuously for zC G, to a single point £ of EL’; for FE’ is totally 
discontinuous. Taking the variable z in the extended z-plane, we may assume 
that HL’ is bounded. Let % be any finite point of R. Then lim ¢:(z) =¢. 


Since ¢(z) is rational, we infer that 


$(f) =¢. 


Let C denote a circle with center £, the circumference of which, I, lies 
entirely in R. Since € is a fixed point of the map Z = ¢(z), the images C, 
of C under the maps defined by 


Z = $n(2) (n =1,2,---), 


all contain the point ¢ in their interior. Let In denote the image of I under 
the map Z ¢n(z), (n=1,2,-- +). Since T lies in and is bounded from 
E’, as co. Hence for n sufficiently large, say for n = mo, In, and 
the image of C-+T under the map Z = @y,(z) lie entirely within C. An 
immediate application of Schwarz’s Lemma to the function Z = ¢p,(z) for 
zC OC permits us to conclude that | ¢’n,(£)| <1. Since 


| | = | 


we see that | $’(£)| <1. This implies that {¢n} is normal at ¢ and hence 
¢£C R. The contradiction is manifest. We conclude that in the case under 
consideration there always exists an attractive fixed point in R to which the 
sequence {¢n(z)} converges continuously for zC R. 


CHAPTER III. The Boundary of G. consists of p (= 2) Disjoint 
Jordan Curves. 


In this section we shall consider an important case of the iteration 
problem; Gz is to be bounded, to be of finite connectivity, and is to have as 
its boundary p(=2) disjoint Jordan curves. In this case one may study 
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quite simply the properties of the transform X —y (a) of w=f(z). Further, 
we shall see that, if w= f(z) belongs to category 3° of Theorem 2.2, then 
the sequence {fn(z)} converges to a single point of the boundary of G:. 

Let -,%p(p = 2) denote the components of the boundary of Gz. 
It will be convenient to map G@;™, the universal covering surface of Gz, onto 
the right half of the z-plane. Let z= ¢(2) denote a function which accom- 
plishes such a mapping. The function $(x) is automorphic under a group § 
of linear fractional transformations 7 which map R[x] > 0 onto itself. All 
of these transformations are either parabolic or hyperbolic and may be gen- 
erated from p—1 fundamental substitutions which may all be taken hyper- 
bolic.1® The behavior of the mapping function ¢(2) in the neighborhood of 
R[z] = 0 is well-known. The points of the imaginary axis (inclusive of the 
point at infinity) may be partitioned into the following categories: 


1°. The points of certain open intervals « (including possibly the point 
at infinity) on the imaginary axis. These points have the property that, as 
z(R[«] > 0) converges to one of these points é, (2) converges to a unique 
point of the boundary of G:. . 

2°. The fixed points of T(T CG). 

3°. The limit points of the set defined in 2° which do not belong to 
the set 2°. If p = 2, the set 3° is vacuous and the set 2° consists of precisely 
two points. If p > 2, then the points of 2° and 3° constitute a perfect totally 
discontinuous set. 


The intervals « have the following important property. Let Ca denote 
an arc of a circle lying in the right half-plane and having the same endpoints 
as a, the tangents to C, at its endpoints making angles of the same numerical 
magnitude with the imaginary axis. If this angle of opening is chosen suffi- 
ciently small, then the image under z—¢(za) of the region of R[x] > 0 
bounded by « and C, lies within an assigned distance of one and the same 
component Tx:a) of the boundary of G,. Under any TC §, C, and @ are 
carried respectively into an arc of a circle of the type Ca and an interval of 
R[x] = 0 of the type « such that the tangents at the endpoints of the image 
of Cg under 7 make the same angle with R[x] = 0 as do the tangents at the 
endpoints of Cz. The map under ¢ of the region in R[x] > 0 bounded by 
the images of « and C, under 7 coincides with the map under ¢ of the region 
bounded by « and Cg, since ¢ is automorphic under §. 

We associate with each « a Cy of the type described, such that the tangents 
at the endpoints of (q all make the same angle with respect to R[x] =0. 


19 Ibid. 5, pp. 31-39. 
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It is clear that the system of regions bounded by @ and Cg is invariant under all 
T C §. Now it is possible (since the connectivity of G- is finite) to choose 
the common angle of opening between Cz and @ so small that the images 
under ¢ of the regions bounded by Cq and «@ either coincide or are disjoint, 
By this we mean that the images under @¢ of regions bounded by «@ and (, 
which are homologous with respect to 7 coincide; whereas there is a complete 
disjunction between the images of regions bounded by non-homologous «@ and 
C,. If the closures of regions bounded by Cq and a@ are deleted from R[x] =0, 
there remains a region R* with the property that its image under ¢ is bounded 
from the boundary of G;. 

Our object in introducing the region R* is to establish that, if Gz isa 
region of finite connectivity p(= 2) bounded by p disjoint Jordan curves, 
and if w=f(z) belongs to category 3° of Theorem 2.2, then the sequence 
{fn(z)} actually converges continuously for zC G;. 

As in Chapter II, let us consider any function X = y(2x) defined by the 
relation 


(3.1) ¢l¥(x)] = flo(x)], 


where z= ¢(x) maps R[x] > 0 (1,1) and conformally onto G.®. It is clear 
that for R[x] > 0, R[y(x)] > 0. Hence we may invoke the theorem of 
Denjoy and Wolff *° suitably modified to apply to R[z] > 0. Excluding the 
evident cases where 1 = y(2) is an elliptic transformation of R[x] > 0 onto 
itself or where Y —y(ax) has an attractive fixed point in the interior of 
> 0, we may infer that the sequence {y,(a2)} converges continuously 
for R[x] > 0 to a point y of the imaginary axis or else to infinity. 

Suppose now that the limit of the sequence {y,,(x)} is an interior point 
of an interval of type a The relation (3.1) implies the relations 


(3. 2) = fn(d), (n = 


Let 2% be a point of R[z] >0. A sufficiently small neighborhood V(.xo) o 
Zo is mapped by z = ¢(x) onto a simple neighborhood of the point z) = (2). 
By the theorem of Denjoy and Wolff we know that the images of N(2,) under 
the transformations 


(3.3) X =y,(2) (n 


tend to a point y belonging to an interval of type a By virtue of well-known 
continuity properties of the mapping function, z = ¢(x), when x(R[2] >) 
tends to yo, its image under ¢ tends to a unique point £) on the boundary of 
G;. The relations (3.2) permit us to conclude that for z in some neighbor: 
hood of 2, the sequence {f,} tends to £) as n—> co. Stieltjes’ Theorem” 


20 Ibid. 9. 
21 Thid. 8. 
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implies that the sequence {f,} converges continuously to for zC Gz as 
n—> 

There remains but one case to be treated: the sequence {y%,} converges 
to a point of the second or third category of R[«] — 0 described above. With- 
out loss of generality we may assume that this point is at infinity and that 
¢= 0 is a point of the second or third category. This may always be achieved 
by an appropriate linear transformation of R[«] > 0 onto itself. Consider the 
sector S in R[x] > 0 defined by the relation 


<8 (0<8< 7/2). 


(3. 4) 
For 8 sufficiently small, S C R*. Hence the image of S under z= ¢(z) lies 
5 

in G, and is at a positive distance from the boundary of G;. It is always 
possible to choose a sequence of points on the positive real axis in the z-plane, 
say {&}, such that the relations 

(3. 5) lim & = + o, lim $(&) = Zo, 


k- 00 


cbtain, for some Z, C G, at a distance from the boundary of G- which is not 
less than the distance of ¢(S) from the boundary of G;. Since the relation 


(3. 6) lim = ©, R[x] > 0, 


XO 


holds, it is a consequence of the theorem of Denjoy and Wolff ** that y(z) 
may be written in the form 


(3. 7) c=, 
where R[yi] = 0 for R[x] > 0, and limy,/x—0(xC 8). Hence, since 


arg y = arg (1+ y,/cz), 


we conclude that for *& sufficiently large y(&) C S; therefore noting that the 
relation 


(3. 8) ] = f[o(&) 


holds for each index /, we infer that f(7,) is at a distance from the boundary 
of G, which is certainly not less than the distance of (8S) from the boundary 
of G:. Repeating this argument for each yn (n = 1, 2,- + -) we conclude that 
the sequence of points {fn(Z>)} is bounded from the boundary of G;. The 
proof of Theorem 2.2 implies that case 3° of that theorem is to be excluded. 
Hence we have established 


THEOREM 3.1. Jf G; is a region of finite connectivity p(= 2) bounded 


22 Ibid. 9. 


r all 
Ages 
int, 
lete 
and 
0, 
ded 
1S a 
ves, 
nce 
the 
of 
the 
of 

— 
er 
) 
f 


478 MAURICE H. HEINS. 


by p disjoint Jordan curves, and if case 3° of Theorem, 2.2 obtains, then the 
sequence {fn(z)} converges continuously for zC Gz to a unique point € of 
the boundary of G;. 


Let X —y(x) denote a fixed determination of y defined by (3.1), 
Then all other y satisfying (3.1) may be expressed in the form 


(3. 9) =T Yo, 


where 7 C Y. Let us now consider what happens to a (2) satisfying (3. 1) 
when we replace « by SC Y. Since ¢(x) is automorphic with respect to the 
group & we conclude that 


(3. 10) = Us[y¥(z)] 


obtains, where Us(C 9) depends solely upon S. Thus wy defines a homo- 
morphism of § into a subgroup of &. If Gz is of finite connectivity p(= 2) 
there exist p—1 elements of 8: S,,8.,- - -,Sp-1 which generate Denot- 
ing Ug by Ux when S is precisely S; (k =1,2,: - -,p—1), we find that y 
satisfies a set, of p—1 relations 


(3. 11) = Usly(z)] 


which imply the relations (3.10). The equations (3.11) are characteristic 
for the transforms ¥(x) of f(z). All transforms y satisfy a set of relations 
of the form (3.11) ; and conversely, if y is analytic, R[y] > 0 for R[x] > 0, 
and if y satisfies (3.11), then the function f(z) defined by (3.1) is a single- 
valued analytic map of G, into itself. 

Let us remark that the iterates of y also satisfy relations of the form 
(3.11). Now if w= f(z) does not define a (1,1) conformal map of Gz onto 
itself, then the iterates of y converge either to an interior point of R[x] >0 
or to a point of R[x] —0 of an interval of type « In either case, it is well 
known from the theory of automorphic groups ** that % is properly discon- 


tinuous in the neighborhood of lim w(x). That is, there exists no point 


> 0) for which the set has a limit point either 
in R[x] > 0 or on an interval of R[x] —0 of type a. 
Denoting lim n(x) by & and remarking that the y, satisfy functional 


equations of the form 


where U;,‘") C & is the homomorphic image of 9S; defined by X —y,(2), 
we see that for n sufficiently large U;'") (k =1,2,:--+,p—1) must be the 


23 Ibid. 5, pp. 26-31. 
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identity of 8. For, if we consider any point 2)(R[a.] > 0), then for n 
sufficiently large and yn(Sxao) are all in an 
assigned neighborhood of £. Hence Ux") must be the identity of 9 for n 
sufficiently large, since & is properly discontinuous at £. This is equivalent 
to saying that for m sufficiently large, Wn is automorphic with respect to &. 
This result is not true for the transform yo of a (1,1) conformal map of G, 
onto itself w = f)(z). For in this case, y and its iterates are linear fractional 
transformations of R[x] >0 onto itself. Hence no iterate of wy can be 
automorphic with respect to 8. This establishes 


THEOREM 3.2. Let py denote any transform of w=f(z). If f(z) does 
not define a (1,1): conformal map of Gz onto itself, then the iterates of w of 
sufficiently high index are automorphic with respect to &. On the other hand, 
if w=f(z) defines a (1,1) conformal map of Gz onto itself, then no iterate 
of any transform of f is automorphic with respect to &. 


Theorem P.1 complements in a natural way the theorem of Denjoy and 
Wolff. The proof of the analogue of Theorem P.i for regions G, of finite 
connectivity p(= 2) bounded by p disjoint Jordan curves is easy. An unpub- 
lished result of the author implies that no (1,1) conformal map of Gz onto 
itself is the limit function of a sequence of maps of G; into itself, each member 
of which is not (1,1). For obvious reasons we shall confine our attention to 
the subclass of maps of G, into itself which are not (1,1). By virtue of 
Theorem 3.1, we may associate with each f(z) in this subclass a {¢(f) 
defined by 
(3. 13) =lim f,(z), (2 C G,). 

Let {f} (& = 1, 2,---) be a sequence of maps of this class which converges 
to f(z) of the same class as k—> «©. We propose to show that 


= lim ¢(f). 
k->0o 


The proof is simple. Let y) (a2) denote a specific transform of f‘°) (z), 
and let there be associated with each f(z) (k =1,2,---) a transform 
y™ (a) = 1, 2,- - -) such that 


(3. 14) lim y™ (x7) = (a) 
k->0o 


obtains continuously for R[x] > 0. This can always be accomplished. Appro- 
priately modified, Theorem P.3 applies to R[x] > 0 as well as to |x| <1. 
Here, too, we shall associate with each y(x) analytic for R[x] > 0(R[y] > 0 
for R[«] > 0) £(w) exactly as we have done in Theorem P. 3. 
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By virtue of the proof of Theorem 3. 1, ¢(y°)) is either an interior point | 
of R[x] > 0 or else is an interior point of an interval of type a. Applying 4 
Theorem P. 3, we infer . 


(3. 15) lm = ¢(p). 
k->00 


The relation (3.15) coupled with the continuity properties of the mapping ' 


a 


function z= ¢(zx) imply the validity of 


THEOREM 3.3. Let Gz be a multiply-connected region of finite con — 
nectivity p(= 2), the boundary of which consists of p disjoint Jordan curves, 7 
Then the functional £(f) is continuous in f for f belonging to the class of © 
single-valued analytic maps of Gz into itself which are not (1,1) maps of G, 4 


onto itself. 


INSTITUTE FOR ADVANCED STUDY. 
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